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ANOTHER PROOF OF HUREWICZ THEOREM

MIROSLAV REPICKY

ABSTRACT. A Hurewicz theorem says that every coanalytic non-Gs set C
in a Polish space contains a countable set ¢ without isolated points such that
QN C = Q. We present another elementary proof of this theorem and generalize
it for k-Suslin sets. As a consequence, under Martin’s Axiom, we obtain a char-
acterization of X1 sets that are the unions of less than the continuum closed
sets.

1. Hurewicz schemes

Several proofs of the Hurewicz theorem are known. The original proof by
W. Hurewicz [2] is based on the notion of “Héufungsystem” (which we call
Hurewicz scheme below). The proof presented by A. Kechris [3, Theorem
21.18 and Theorem 21.22] is based on the so called separation game. Recently
Michal Stas [5] gave another simple and elementary proof of this theorem.
Our proof is relative to the proof by M. Stas but, in addition, we introduce
a notion of a D-proper mapping between metric spaces and obtain another
variant of his characterization. We present a natural generalization to k-Suslin
sets.

DEFINITION 1.1. Let X be a metric space.

(1) A mapping ¢: ““w — X is an H-scheme on X (i.e., Hurewicz scheme)

if the following two conditions are satisfied:

(a) p(s7n) # @(s™m) for all s € <“w and n # m,

(b) ¢(s) = lim, s @(s7n) for all s € <“w.
(2) An H-scheme ¢ is separated if there is a system of open sets {V; : s € <“w}

such that for all s € <“w,

(c) @(5) € i\ Upew Vo, and
(d) {Vi—~p :n € w} is a disjoint system of subsets of V;.
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We say that the system {V; : s € <“w} is normal if
(e) limge<w, diam(V;) =0, i.e., (Ve > 0)(V¥s € <“w) diam(V}) < e.
(3) An H-scheme ¢ : <“w — X is complete (in X), if for every g € “w, the
sequence {(p(g In) }n c., converges in X.

DEFINITION 1.2. For an H-scheme ¢ : <“w — X we denote

H(p) = rng(p) \ rng(e),
Glp)={z € X:(3f €“w) z =lim,c (fIn) }.

It is easy to see that H(yp) is a G set and, if X is a Polish space, then G(y) is
analytic. For every H-scheme ¢ we can define a (partial) function f, : “w — X
by fo() = limy, o @(z[n), if the limit exists. The set G(¢) is the range of f,.
The function f, is total if and only if ¢ is a complete H-scheme. If ¢ is an
H-scheme on a complete metric space separated by a normal system of open
sets, then f, is total, injective, and continuous.

By Hurewicz [2], an H-scheme ¢ is normal, if it satisfies condition rng(yp) =

G(p) Urng(yp), i.e., H(p) € G(p). We need a stronger property because of the
next lemma.

LEMMA 1.3. Let ¢ : <Yw — X be an H-scheme on a metric space X separated
by a normal system of open sets {V; : s € <“w}. If (sy, : n € w) is a sequence
in <Yw, T={s € <Yw:3% s Cs,}, and x € X, then x = lim,_,o ¢(s,) if
and only if one of the following conditions holds:

() there is s € <“w such that T = {slk : k < |s|}, V*°n s C s, and x = ¢(s),

or

(i) there is g € “w such that T = {glk : k € w}, Vk V*n gk C s,, and

In particular, G(p) = H(p).

Proof. Assume that z = lim, . @(s,). For every s € T we have z € V.
By condition (d) it follows that 7" does not contain any two incomparable ele-
ments. If T is finite, let s be its maximal element. There are increasing sequences
{nk}rew and {mg}re, such that s™my C s, for all k. Then

d(p(5), p(sn,)) < d(p(s), p(s™my)) + diam(Vs~p, )
and hence

o(s) = klim ©(Sn,) = .
— 00

If ¢ is a proper subsequence of s, then ¢(t) € V; \ V; and so ¢(t) # x. Hence
we cannot apply the same argument for any ¢ below s which means that V*n
s C s,
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If T is infinite, then there must be g € “w such that T = {g[k : k € w}. Then
for every k, p(glk) € Vg \ Vyi(kt1), hence p(glk) # x and, like in the previous

case, Vk V°n glk C s,,. Then x = lim,,_,o ¢(g[n) because z € [ Vgin. O

ncw

EXAMPLE 1.4. The Cantor space “2 can be represented as a topological closure
of an H-scheme separated by a normal system of open sets. By induction let us
define t, € <2 fors € “Yw: tg = Pand t3~, = ts0"1. Then ¢ : <“w — “2 de-
fined by ¢ (s) = ts 70 (0 is the infinite sequence of 0’s) is an H-scheme separated
by the normal system of clopen sets {[t;] : s € <“w}. Clearly, rng(¢c) = “2 and
G(pc) = H(pc) = “2\ mg(pc) ~ “w.

THEOREM 1.5. If X is a metric space and ¢ : ““w — X is a complete H-scheme
separated by a normal system of open sets, then H(p) = G(¢) ~ “w and rng(p)
s a compact perfect set homeomorphic to the Cantor space.

Proof. Let v : <“w — Y be any other complete H-scheme on a metric spa-
ce Y separated by a normal system of open sets. There is a homeomorphism

f : ™a() — me(P) such that f((s)) = (s) and f(f,(9)) = fu(g) for all

s € ““w and g € “w. This is possible because the convergence of {‘P(S")}new

and {w(sn)}new depends on the sequence {s;,}nc. in the way described by
Lemma [[3l Apply this fact to the H-scheme on the Cantor space from
Example [[4l O

2. Hurewicz theorem

DEFINITION 2.1. Let X be a metric space. An H-scheme ¢’ : <Yw — X is
a subscheme of an H-scheme ¢ : <“w — X, if there is an injective mapping
h: <Yw — <“w such that |h(s)| = |s|, t C s implies h(t) C h(s), and ¢'(s) =
¢(h(s)) for all s € <“w.

Subschemes of H-schemes preserve normality, separateness, and completeness.
If ¢’ is a subscheme of an H-scheme ¢, then rng(¢’) C rng(¢) and G(¢’) C G(¢).
The notion of a subscheme is similar to the notion of “Restsystem” in [2].

LEMMA 2.2. Fvery H-scheme has a subscheme separated by a normal system
of open sets.

Proof. We define open balls V; and a function h: <“w— <“w by induction on
|s| for s € <“w so that

¢(h(s)) €V, and diam(V;) < 9~ (nts(n) for s w.
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Set h(P) =0 and let Vj be an open ball with center ¢(h(0)). Let s € <“w be
arbitrary and let us assume that h(s) and V; are defined and ¢(h(s)) € V;. Let
{k? } new be an increasing sequence such that

p(h(s)7k3) € Vo and d(p(h(s) ki), 0 (h(5)) < A () kD). ¢ (h(s)))-

Set h(s™n) = h(s)"k; and choose open balls Vi, C V; \ {p(s)} with cen-
ters ap(h(s“n)) for n € w so that their closures are pairwise disjoint, do not
contain ¢ (h(s)), and their diameters are sufficiently small. O

DEFINITION 2.3. Let f:Y — X and f(Y) C D C X. The function f is said to
be D-proper, if for every nonempty open set U C Y the set f(U)\ D is nonempty
and has no isolated points.

LEMMA 2.4. Let X andY be metric spaces, let f: Y — X be continuous, and let
fY)CDCX IfY is complete and f is D-proper, then there exists a complete
H-scheme ¢ : <“w — X \ D such that G(¢) C f(Y).

Proof. By induction on |s| for s € <“w we define a sequence (V; : s € <“w) of
nonempty open balls in Y and an H-scheme ¢ : <“w — X \ D such that

(1) diam(V;) < 2~!*l and dlam(m) < 278l

(2) {Vi~pn :n € w} is a disjoint system of subsets of V;,

(3) ¢(s) € fF(V)\ D.

Let V3 C Y be any open ball such that diam(Vy) < 1 and diam(m) <1
and let () € f(Vy)\ D. This is possible because f is continuous and D-proper.

Let us assume that V; and ¢(s) € f(V;)\ D have been constructed for a given
5 € ™w. Since ¢(s) is not an isolated point of f(V;)\ D, we can choose a disjoint
sequence (U,, : n € w) of open balls in X such that U, N (f(Vi) \ D) # 0,
U, C B(p(s),27™~1), and o(s) ¢ U,; hence diam(U,,) < 2=™~% For each n € w
let us choose an open ball V,~,, C f~1(U,) NV, in Y with diameter < 2-™~1
such that f(Vi~,) C U, and let o(s™n) € f(Vi~p) \ D.

Clearly, ¢ is an H-scheme and conditions (1)-(3) are satisfied. We prove that

G(p) € f(Y). Let g € “w. Since Y is complete there is a unique y € (), c., Vgtm-
Then f(y) = limy,— oo ¢(gIm) because f(y) € f(Vyim) C f(Vgim) and hence
d(f(y), plglm)) <27 O

Let x be an infinite cardinal number. For a set D C X let I..(D) denote
the ideal over D generated by unions of < k closed sets in X which are subsets
of D and let I,(D) = I +(D). Let us recall that cov(M) denotes the least
cardinality of a family of meager sets covering the real line.
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THEOREM 2.5. Let w < k < cov(M). Let X be a metric space, let AC D C X,
and let A be a k-Suslin set. The following conditions are equivalent:

(1) A ¢ I<C0V(M)(D)'
(2) A¢ I.(D).
(3) There is a continuous D-proper mapping f: Y — X for some complete

metric space Y such that f(Y) C A and the weight of Y is less or equal
to K.

(4) There is a continuous D-proper mapping [ :' Y — X for some complete
metric space Y such that f(Y) C A.

(5) There is a complete H-scheme ¢ : <“w — X \ D such that G(¢) C A.

(6) There is a complete H-scheme ¢ : <“w — X \ D separated by a normal
system of open sets such that G(p) C A.

(7) There is a compact perfect set P C X such that PN D C A, P\ D is
countable, and P\ D = P.

Proof. The implications (1) = (2) and (3) = (4) are trivial, the implication
(4) = (5) is Lemma[Z4] and (5) = (6) follows by Lemma 2.2

(2) = (3) Let g : 6« — X be a continuous function such that g(“k) = A.
As “k has a base of open sets of size k, there is a maximal open set Uy in “k such
that g(Up) € I.(D). Denote Y = “x \ Uy and f = g|Y. The function f: Y — X
is continuous, Y is a complete metric space, and f(Y) C A. We verify that [ is
D-proper.

Let V be an open set in Y, i.e., V. = U \ Uy for some open set U C “k. If

f(V) € D, then g(U) = (9(U) \ g(Uo)) U (9(U) N g(Uo)) C g(V) U g(Us) C

Ff(WV)ug(Uy) € I,(D) and hence V C U C Uy. It follows that if V' is a nonempty
open set in Y, then f(V)\ D # 0. We prove that f(V)\ D has no isolated points.
On the contrary, assume that € f(V)\ D is an isolated point and B is an
open ball in X such that BN f(V)\ D = {z}. The set FF = f(V)N B\ {z} is
an F, set in X contained in D, the set V/ =V N f~1(B\ {z}) is open in Y, and
gV')y C f(V)NnB\{z} C F € I,(D). Let U' C “k be such an open set that
V! =U"\Uy. Then g(U") = (9(U")\ g(Up)) U (9(U") N g(Un)) € g(V')Ug(Uo) €
I.(D). It follows that V' = () because V' C U’ C Uy. Then f(V)N B\ {z} =0

and x € f(V) C D because = € f(V). This is a contradiction.
(6) = (7) If ¢ : <“w — X \ D is a complete H-scheme separated by a normal

system of open sets, then by Theorem [[LE] P = rng(y) is a compact perfect set,
and since G(¢) = H(p) C A C D, then PN D = G(p) and P\ D = rng(y).

(7) = (1) Assume that P is a compact perfect set satisfying (7). Then P\ A =
P\ D is a countable dense subset of P. So, if A € I.cov(at)(D), then PN A and
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hence also P is the union of < cov(M) nowhere dense subsets of P. This is
impossible and therefore A & I cov(r)(D). d

Let us note that the proof of the theorem requires neither that the metric
space X is complete nor that X has a countable base. If we use another definition
of a k-Suslin set, then there may be some restrictions (for example, a set in
a metric space of weight < k is a result of the Suslin operation A" applied
to closed sets if and only if it is a continuous image of “k, see [4, Proof of
Theorem 2B.1]).

Condition (3) as a variant of (4) was suggested by the referee.

Michal Stas [5] has proved the equivalence of conditions closely related
to (2) & (6) « (7) for analytic sets (i.e., wi-Suslin sets). His proof of the
implication (2) = (6) contains a direct construction of an H-scheme by induction
using the following lemma.:

LEMMA 2.6. Let X be a space with a countable base of open sets. Let A C D C X.
Then for every open set U C X such that ANU ¢ I,(D) there are infinitely
many points p € U\ D such that ANV ¢ I,(D) for all neighbourhoods V

of p. O

Let us look at the meaning of the clause “infinitely many points p € U” in the
lemma. Let us note that the set A in the lemma need not be analytic. But if A is
analytic and ANU ¢ I1,(D), then by Theorem 2.5 there is a continuous D-proper
mapping f: Y — X defined on a Polish space Y such that f(Y) C AnU. For
every open set V' C X such that f(Y)NV # 0 the function f](f~*(V)) is again
D-proper. Hence for every p € f(Y)\ D and for every neighbourhood V' of p we
have ANV ¢ 1,(D).

It is well-known that every X3 set is wi-Suslin. By Theorem [ if
cov(M) > wy, then a E% set A in a (possibly non-complete) metric space is
the union of < w; closed sets if and only if there is no compact perfect set P
such that P\ A is countable dense in P. (Take D = A in the theorem.) In
particular, we have:

COROLLARY 2.7. If Martin’s Aziom holds, then a 3 set A is the union of < 2%
closed sets if and only if there is no compact perfect set P such that P\ A is
countable dense in P. O
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