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MIXED PROBLEM FOR DEGENERATE

NONLINEAR ULTRAPARABOLIC EQUATION

Nataliya Protsakh

ABSTRACT. This paper describes the solvability of mixed problem for nonlinear
ultraparabolic equation with degeneration. The result is obtained in the cases
of the weak and the strong degenerations. The conditions of solvability depend
on the relations between the coefficients of the equation and the parameter of
degeneration.

1. Introduction

Equations that on the certain domain or set change to a new object are called
degenerate equations on this set. We consider the mixed problem for nonlinear
ultraparabolic equation that degenerates on the initial hyperplane. This equation
changes its type to parabolic when t = 0. The conditions of existence and the
uniqueness of the solution for the problem depend on the relations between the
coefficients of the equation and the parameter of degeneration. Note that prob-
lems for degenerate parabolic and hyperbolic equations were studied in works
[1–6, 9, 10], the solvability of the mixed problem for nonlinear ultraparabolic
equation without degeneration was studied in [7, 8].

2. Preliminaries

Let Ω be a bounded domain in R
n with the boundary ∂Ω; y0 < +∞, D =

Ω×(0, y0), QT = D×(0, T ), 0 < T < +∞;Qt,τ = D×(t, τ);Dτ = QT

⋂{t = τ},
τ ∈ [0, T ], ∂Ω ⊂ C2, ΣT = ∂Ω× (0, y0)× (0, T ).

2000 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: 35K70.
Keywords: degenerate ultraparabolic equation, mixed problem, weak solution, existence of
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In the domain QT we consider the equation

ϕ(t)ut − λ(x, y, t)uy −
n∑

i,j=1

(
aij(x, y, t)uxi

)
xj

(1)

+

n∑
i=1

ci(x, y, t)uxi
+ d(x, y, t)u+ g(x, y, t)|u|p−2u = f(x, y, t)

with the boundary conditions

u|ΣT
= 0; u(x, y0, t) = 0, (x, t) ∈ Ω× (0, T ). (2)

We assume that coefficients of the equation (1) satisfy such conditions

(Φ): ϕ ∈ C
(
[0, T ]

)
, ϕ(t) > 0, t ∈ (0, T ]; ϕ(0) = 0, ϕ′ ∈ C

(
(0, T ]

)
; ϕ′(t) � 0,

t ∈ (0, T ];

(A): aij ∈ L∞(QT ),
∑n

i,j=1 aij (x , y , t) ξi ξj � a0
∑n

i=1 |ξi|2 for almost all

(x, y, t) ∈ QT , i, j ∈ {1, . . . , n}, ξ ∈ R
n, where a0 is a positive constant;

(L): λ ∈ C (QT ), λy ∈ L∞(QT ), for almost all (x, y, t) ∈ QT , λ � 0, λ �≡ 0;

(G): g ∈ L∞(QT ), g(x, y, t) � g0 > 0 for almost all (x, y, t) ∈ QT , where g0 is
a constant;

(P): 1 < p <∞.

Let us introduce the spaces H0,ϕ(QT ) and H̃0,ϕ(QT ) as a closure of the set
of infinitely differentiable functions in QT , such that u|ΣT

= 0, u|y=y0
= 0 under

the norm

‖u;H0,ϕ(QT )‖2 =

∫
QT

[
ϕ(t)|u|2 + ϕ(t)|uy|2 + ϕ(t)|ut|2 +

n∑
i=1

|uxi
|2
]
dx dy dt

and

‖u; H̃0,ϕ(QT )‖2 =

∫
QT

[
ϕ(t)|u|2 + ϕ(t)|uy|2 +

n∑
i=1

|uxi
|2
]
dx dy dt,

respectively.

���������� 1� We say that the equation (1) has the strong degeneration if∫ T

0
dt

ϕ(t) = ∞, and (1) has the weak degeneration if
∫ T

0
dt

ϕ(t) <∞.

In the case of the strong degeneration the initial condition is

lim
t→+0

√
ϕ(t)u(x, y, t) = 0, (x, y) ∈ D. (3)

���������� 2� Function u ∈ H0,ϕ(QT )∩Lp(QT ) is said to be the weak solution
to the problem (1), (2), (3) (in the case of the strong degeneration) if it satisfies
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the equality∫
QT

L(u, v) dx dy dt
def≡

∫
QT

[
ϕ(t)utv + λ(x, y, t)uyv +

n∑
i,j=1

aij(x, y, t)uxi
vxj

+

n∑
i=1

ci(x, y, t)uxi
v+d(x, y, t)uv+g(x, y, t)|u|p−2uv−f(x, y, t)v

]
dx dy dt = 0

(4)

for all functions

v ∈ {
v : v ∈ L2(QT ) ∩ Lp(QT ), vxi

∈ L2(QT ), i = 1, n, u|ΣT
= 0

}
and the initial condition (3) holds.

In the case when the equation (1) has the weak degeneration we set the initial
condition

u(x, y, 0) = 0, (x, y) ∈ D. (5)

���������� 3� Function u ∈ H̃0,ϕ(QT )∩Lp(QT ) is said to be the weak solution
to the problem (1), (2), (5) (in the case of the weak degeneration) if it satisfies
the equality∫
DT

ϕ(T )uv dx dy +

∫
QT

[
−ϕ(t)uvt − ϕ′(t)uv + λ(x, y, t)uyv +

n∑
i,j=1

aij(x, y, t)uxi
vxj

+

n∑
i=1

ci(x, y, t)uxi
v+d(x, y, t)uv+g(x, y, t)|u|p−2uv−f(x, y, t)v

]
dx dy dt = 0

(6)

for all functions

v ∈ {
v : v ∈ L2(QT ) ∩ Lp(QT ), vxi

, vt ∈ L2(QT ), i = 1, n, u|ΣT
= 0

}
.

Denote by

c0(t) = sup
Qt

n∑
i=1

|ci(x, y, τ)|2
ϕ′(τ)

, λ1(t) = sup
Qt

|λy(x, y, τ)|
ϕ′(τ)

,

d0(t) = sup
Qt

|d(x, y, τ)|
ϕ′(τ)

, c1(t) = sup
Qt

n∑
i=1

|ciy(x, y, τ)|2
ϕ′(τ)

,

d1(t) = sup
Qt

|dy(x, y, τ)|
ϕ′(τ)

, c2(t) = sup
Qt

n∑
i=1

|cit(x, y, τ)|2
ϕ′(τ)

,

λ2(t) = sup
Qt

|λt(x, y, τ)|
ϕ′(τ)

, d2(t) = sup
Qt

|dτ (x, y, τ)|
ϕ′(τ)

,
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ν0 = 1 + inf
[0,T ]

sup
[0,τ ]

[
λ1(t) + 2d0(t) +

2c0(t)

a0

]
, ν1 = ν0 − 2,

δi (i = 0, 6) is a small positive number,

max
[0,T ]

{
c1(t);

(
d1(t)

)2
; ess sup

D
gyy
}
� ω1(t),

max
[0,T ]

{
c2(t);

(
d2(t)

)2
; ess sup

D
gtt
}
� ω2(t),

c0(1)(t) = sup
Qt

n∑
i=1

|ci(x, y, τ)|2,

λ1(1)(t) = sup
Qt

|λy(x, y, τ)|,

d0(1)(t) = sup
Qt

|d(x, y, τ)|,

c1(1)(t) = sup
Qt

n∑
i=1

|ciy(x, y, τ)|2,

d1(1)(t) = sup
Qt

|dy(x, y, τ)|.

3. Main results

a) The problem (1)–(3). Assume that the function f satisfies the condition

(F): ∫
QT

[
ω1(t)|f |2 + |fy|2[
ϕ(t)

]ν0+2δ0
ϕ′(t)

+
|ft|2[

ϕ(t)
]ν1+2δ0

ϕ′(t)

]
dx dy dt < +∞,

lim
ε→0

∫
Dε

|f(x, y, ε)|2[
ϕ(ε)

]ν1+1+2δ0
dx dy < +∞, f

∣∣
y=y0

= 0

for almost all (x, t) ∈ Ω× (0, T ).

	
����� 1� Under the hypotheses (A), (L), (Φ), (F), (G), (P) and assumptions
that

gy(x, 0, t) = 0

for all (x, t) ∈ Ω× (0, T ), ci, di, λj ∈ L∞([0, T ]) i = 0, 1, 2, j = 1, 2, ω1(t), ω2(t)
are nonnegative monotone nonincreasing on [0, T ] functions, the weak solution
to the problem (1), (2), (3) exists.
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P r o o f. Let {ϕk}∞k=1 be the orthogonal basis of the space H
1
0 (Ω)∩Lp(Ω), which

is orthonormal in the space L2(Ω), and ψs = cos (2s−1)π
2y0

y (s � 1). Denote by{
ϕk,s

}∞
k,s=1

=
{
ϕk(x)ψs(y)

}∞
k,s=1

.

It is obvious that ϕk,s ∈ H1(D), ϕk,s|∂Ω×(0,y0) = 0, ϕk,s|y=y0
= 0. Let us consider

functions

uN (x, y, t)=

N∑
k,s=1

cNks(t)ϕ
k,s(x, y), N ∈ {1, 2, . . .},

where cNks(t) is the solution to the problem∫
Dt

L
(
uN , ϕk,s

)
dx dy = 0, (7)

cNks(ε) = 0, k, s ⊂ {1, . . . , N}, ε > 0, t ∈ [ε, T ]. (8)

Due to Caratheodory theorem [1, p. 54] there exists absolutely continuous so-
lution on [ε, τ0], τ0 < T to the problem (7), (8). Let ζ be a monotone nonincreas-
ing nonnegative on [0, T ] function. Multiplying (7) on cNks(t)ζ(t), summarizing
up on s and k, integrating on t on the interval [ε, τ ], we have∫

Qε,τ

L
(
uN , uN

)
ζ(t) dx dy dt = 0.

Estimating every term of this equality under the assumptions of the Theorem 1,
it is easy to obtain the appraisal∫

Dτ

ϕ(τ)
(
uN

)2
ζ(τ) dx dy −

∫
Qε,τ

ϕ(t)
(
uN

)2
ζ′(t) dx dy dt

+

τ∫
ε

∫
Ω

λ(x, 0, t)
∣∣uN ∣∣2ζ(t) dx dt+ ∫

Qε,τ

[(
2a0 − c0(t)

δ1

) n∑
i=1

(
uNxi

)2

ζ(t) (9)

+
(−1− λ1(t)− δ1 − 2d0(t)− δ2

)
ϕ′(t)

∣∣uN ∣∣2 + 2g0
∣∣uN ∣∣p]ζ(t) dx dy dt

�
∫

Qε,τ

|f(x, y, t)|2
ϕ′(t)δ2

ζ(t) dx dy dt .

Note, that under the conditions on the function ζ it follows that ζ′(t) � 0.

Choosing δ1 = supQT

2c0(t)
a0

, δ2 as a small positive number and taking into ac-

count the view of ν0, we get sup[0,T ]

(
1+λ1(t)+δ1+2d0(t)+δ2

)
< ν0+δ0, ν0 > 0.
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Denote by

y(τ) =

∫
Qε,τ

ϕ′(t)
∣∣uN ∣∣2 ζ(t) dx dy dt.

Then ∫
Dτ

ϕ(τ)
(
uN

)2
ζ(τ) dx dy =

ϕ(τ)y′(τ)
ϕ′(τ)

and from (9) we get the estimation

ϕ(τ)y′(τ)
ϕ′(τ)

≤ (ν0 + δ0)y(τ) +

∫
Qε,τ

|f |2
δ2ϕ′(t)

ζ(t) dx dy dt.

The solving of this inequality gives

y(τ) ≤
[
ϕ(τ)

]ν0+δ0

δ2

τ∫
ε

ϕ′(θ)
[
ϕ(θ)

]−(ν0+2δ0)[ϕ(θ)]δ0−1
∫

Qε,θ

|f |2
ϕ′(t)

ζ(t) dx dy dt dθ

�M1

[
ϕ(τ)

]ν0+2δ0
∫
QT

1[
ϕ(t)

]ν0+2δ0

|f |2ζ(t)
ϕ′(t)

dx dy dt,

where M1 = 1
δ0δ1

. Applying the last estimation to (9) we obtain∫
Dτ

ϕ(τ)
(
uN

)2
ζ(τ) dx dy +

τ∫
ε

∫
Ω

λ(x, 0, t)
(
uN

)2
ζ(t) dx dt

+

∫
Qε,τ

[
n∑

i=1

(
uNxi

)2

+
∣∣uN ∣∣p] ζ(t) dx dy dt (10)

�M1

[
ϕ(τ)

]ν0+2δ0
∫
QT

1[
ϕ(t)

]ν0+2δ0

|f |2ζ(t)
ϕ′(t)

dx dy dt,

where the constant M1 does not depend on ε and N .
Since(

cos
(2s− 1)π

2y0
y

)
yy

= −ωs cos
(2s− 1)π

2y0
y, where ωs =

(
(2s− 1)π

2y0

)2

,

then we multiply (5) by cNk,s(t)ωs, summarize up on s, k, integrate on t from ε to τ

and change
∑N

k,s=1 c
N
k,s(t)ωsϕ

k,s(x, y) on the −uNyy from the previous expression.

We obtain

−
∫

Qε,τ

L
(
uN , uNyy

)
dx dy dt = 0.
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Transforming and estimating every term of this equality we obtain the estima-
tion:∫

Dτ

ϕ(τ)
(
uNy

)2
dx dy +

τ∫
ε

∫
Ω

λ(x, y0, t)
(
uNy

)2
dx dt + 2(p− 1)g0

×
∫

Qε,τ

∣∣uN ∣∣p−2
(
uNy

)2
dx dy dt +

∫
Qε,τ

[(
a0 − c0(t)

δ3

) n∑
i=1

(
uNxiy

)2

+
(−1− λ1(t)− δ4 − δ5 − δ3 − d1(t)δ4 − 2d0(t)

)
ϕ′(t)

∣∣uNy ∣∣2]dx dy dt
�

∫
Qε,τ

[(
(a1)2

a0
+
c1(t)

δ5

) n∑
i=1

(
uNxi

)2
+
d1(t)

δ4
ϕ′(t)

∣∣uN ∣∣2
+

(
fy(x, y, t)

)2
δ4ϕ′(t)

+
2

p
gyy

∣∣uN ∣∣p] dx dy dt,

where a1 = supQT
|aiy|, δ3 =

2 sup
QT

c0(t)

a0
, δ4, δ5 are small positive numbers. Solving

this inequality similarly to (9), we have∫
Dτ

ϕ(τ)
(
uNy

)2
dx dy +

τ∫
ε

∫
Ω

λ(x, y0, t)
(
uNy

)2
dx dt +

∫
Qε,τ

n∑
i=1

(
uNxiy

)2
dx dy dt

�M2

[
ϕ(τ)

]ν0+2δ0
∫
QT

1[
ϕ(t)

]ν0+2δ0

ω1(t)|f |2 + |fy|2
ϕ′(t)

dx dy dt , (11)

where the constant M2 does not depend on ε, N . Setting τ = ε in (7) we get∫
Dε

ϕ(ε)
(
uNt

)2
dx dy =

∫
Dε

f(x, y, ε)uNt dx dy

�
∫
Dε

[
1

2

|f(x, y, ε)|2
ϕ(ε)

+
1

2

∣∣uNt ∣∣2 ϕ(ε)]dx dy. (12)

So,
1

2

∫
Dε

ϕ(ε)
(
uN
t

)2
dxdy � 1

2

∫
Dε

|f(x, y, ε)|2
ϕ(ε)

dxdy.

Differentiation (7) on t, multiplying every equation by cNkst(t)e
−νt, summation

up on k, s, integration on [ε, τ ], τ < T and estimation of every term of the

obtained equality implies the inequality
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∫
Dτ

ϕ(τ)(uN
t )2 dxdy +

τ∫
ε

∫
Ω

λ(x, 0, t)
∣∣∣uN

t

∣∣∣2 dxdt

−
∫

Qε,τ

((−1 + λ1(t) + 2δ5 + δ6 + δ3 + d2(t)δ5 + 2d0(t)
))
ϕ′(t)

∣∣uN
t

∣∣2

+

(
a0 − c0(t)

δ3

) n∑
i=1

(
uN
xit

)2)
dxdy dt + 2g0(p− 1)

∫
Qε,τ

∣∣∣uN
∣∣∣p−2 ∣∣∣uN

t

∣∣∣2 dxdy dt

�
∫

Qε,τ

((
(a1)2

a0
+

c2(t)

δ5

) n∑
i=1

(
uN
xi

)2

+
d2(t)

δ5
ϕ′(t)

(
uN)2 + λ2(t)ϕ

′(t)
∣∣uN

y

∣∣2
δ5

+ 2gtt(x, y, t)
∣∣∣uN

∣∣∣p
)
dxdy dt

+
2

p

∫
Dτ

gt(x, y, τ)
∣∣∣uN

∣∣∣p dxdy +

∫
Qε,τ

|ft(x, y, t)|2
δ5ϕ′(t)

dxdy dt+

∫
Dε

ϕ(ε)
(
uN
t

)2
dxdy .

Solving this inequality, we find

∫
Qε,τ

ϕ′(t)
(
uN
t

)2
dxdy dt � M3

[
ϕ(τ)

]ν1+2δ0

⎡
⎣ ∫

Dε

|f(x, y, ε)|2[
ϕ(ε)

]ν1+2δ0ϕ(ε)
dxdy (13)

+

∫
Qε,τ

(
1[

ϕ(t)
]ν0+2δ0

(
ω1(t)+ω2(t)

)|f |2+|fy |2
ϕ′(t)

+
|ft|2[

ϕ(t)
]ν1+2δ0ϕ′(t)

)
dxdy dt

⎤
⎥⎦ .

So, the estimations (10), (11), (13) imply the appraisal∥∥uN;H0,ϕ(Qε,τ0) ∩ Lp(Qε,τ0)
∥∥2

� M3

[
ϕ(τ)

]ν1+2δ0

⎡
⎢⎣ ∫

Qε,τ

1[
ϕ(t)

]ν0+2δ0

(
ω1(t) + ω2(t)

)|f |2 + |fy|2
ϕ′(t)

dxdy dt

+

∫
Dε

|f(x, y, ε)|2[
ϕ(ε)

]ν1+2δ0ϕ(ε)
dxdy +

∫
Qε,τ

|ft|2[
ϕ(t)

]ν1+2δ0ϕ′(t)
dxdy dt

⎤
⎥⎦ , (14)

where the constant M3 does not depend on ε, N . The similar estimation can be
obtained in the domain Qτ0,T . Taking into account (1) we obtain such conclusion:

ϕ(t)uNt ∈ L2
(
ε, T ;H−1(D)

)
.

So,
u ∈ C

(
(0, T ];H−1(D)

)
.
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From the obtained estimation it follows that√
ϕ(t)uNt →

√
ϕ(t)ut∗–weakly in L∞(

0, T ;L2(D)
)
,

uN → u–weakly in H0,ϕ(Qε,T ) ∩ Lp(Qε,T ).

Besides, ∣∣uN ∣∣p−2
uN → χ weakly in Lp′

(Qε,T ).

Since the embedding H1(Q) ⊂ L2(Q) is compact, we obtain that uN → u
strongly in L2(Qε,T ) and almost everywhere. So, Lemma 1.3 [8, c. 25] implies
that χ = |u|p−2u.

Let us prove that u is the weak solution of (1)–(3). Extend functions {uN}∞N=1

to the domain QT by zero and choose ε = 1
N . Then from (7), multiplying it on

cks(t), and summarizing up on k, s from 1 to N0, we find∫
Q 1

N
,T

L
(
uN , vN0

)
dx dy dt = 0.

Let N → ∞. Taking into account convergences of the {uN}∞N=1, we obtain that
u satisfies (4). Let us prove that the initial condition (3) fulfills. Consider the
sequence of functions

gN (t) =

∫
Dτ

ϕ(τ)
∣∣uN ∣∣2 dx dy, N � 1.

We have∫
Dt

ϕ(t)
(
uN (x, y, t)

)2
dx dy � ϕδ0(t)

2δ0

∫
Qt

ϕ′(τ)(
ϕ(τ)

)δ0 (
uN

)2
dx dy dτ

+ 2t

∫
Qt

ϕ(τ)
(
uNτ

)2
dx dy dτ (15)

� M4

(δ0)2
ϕ2δ0(t)

∫
Qt

|f |2
ϕν0+2δ0(τ)ϕ′(τ)

dx dy dτ

+ 2t

∫
Qt

ϕ(τ)
(
uNτ

)2
dx dy dτ.

Let t → 0 in (15). Fix ε > 0. Since the Lebesgue integral is absolutely
continuous and the estimation (15) holds, this implies the existence of such
δ0 ∈ (0, T ], that the righthand side of (15) is less than ε. Besides the function

uN ∈ C
(
(0, T ];L2(D)

)
and uN (x, y, 0) = 0. Hence,

√
ϕ(t)uN → 0 as t→ 0. �
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����� 2� Under the hypotheses (A), (L), (Φ), (G), (P), and c0, d0, λ1 ∈
L∞(

[0, T ]
)
, the problem (1), (2), (3) can not have more than one weak solution.

P r o o f. Assume that there exist two solutions u1, u2 to the problem (1), (2), (3).
Their difference u = u1 − u2 satisfies the equality∫

Qτ

[
ϕ(t)utu− λ(x, y, t)uyu+

n∑
i,j=1

aij(x, y, t)uxi
uxj

+

n∑
i=1

ci(x, y, t)uxi
u (16)

+d(x, y, t)(u)2 + g(x, y, t)
(∣∣u1∣∣p−2

u1 − ∣∣u2∣∣p−2
u2

)
u

]
dx dy dt = 0.

Estimating every term of this equality using the conditions of the Theorem 2
and noting that∫

Qτ

g(x, y, t)
(∣∣u1∣∣p−2

u1 − |u2|p−2u2
)
u dx dy dt ≥ 0,

from (16) we obtain the estimation∫
Dτ

ϕ(τ)(u)2 dx dy +

τ∫
0

∫
Ω

λ(x, 0, t)(u)2dx dt +

∫
Qτ

n∑
i=1

(uxi
)2 dx dy dt � 0.

Hence u = 0 almost everywhere in QT , that is u1 = u2. �

b) The problem (1), (2), (5). Assume that the righthand side of the equation (1)
satisfies the condition

(F1): ∫
QT

(|f |2 + |fy|2 + |ft|2
)
dx dy dt < +∞,

f(x, y0, t) = 0 for almost all (x, t) ∈ Ω× (0, T ).

	
����� 3� Let the conditions (A), (L), (Φ), (G), (P), (F1) and ci(1), di(1),

λj(1) ∈ L∞(
[0, T ]

)
i = 0, 1, j = 1, 2, gyy ∈ L∞(QT ) be fulfilled. Then the solution

of the problem (1), (2), (5) exists.

P r o o f. Let {ϕk}∞k=1, {ψs}∞s=1 be the same as in the Theorem 1,

uN (x, y, t) =

N∑
k,s=1

cNks(t)ϕ
k,s(x, y), N ∈ {1, 2, . . .},

where cNks(t) are the solutions to the problem (7)–(8). Multiplying (7) by cNks(t),
summarizing up on s and k, integrating on t on the interval [ε, τ ] we obtain the
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equality (9). Then for approximations uN, N � 1, we find the estimation∥∥uN ; H̃0,ϕ(Qε,τ0)∩Lp(Qε,τ0)
∥∥2�M5

[
ϕ(τ)

]ν0+2δ0
∫
QT

|f |2 + |fy|2
ϕ′(t)

[
ϕ(t)

]ν0+2δ0
dx dy dt ,

where the constant M5 does not depend on ε,N . (The proof of this appraisal is
similar to finding formulae (10), (11)). This estimation implies convergences√

ϕ(t)uN →
√
ϕ(t)u∗–weakly in L∞(

0, T ;L2(D)
)
,

uN → u–weakly in H̃0,ϕ(Qε,T ) ∩ Lp(Qε,T ).

Besides ∣∣uN ∣∣p−2
uN → χ1 weakly in Lp′

(Qε,T ).

Taking into account these convergences and using method of monotonicity from
[8, p. 171] we prove that χ1 = |u|p−2u. Consider the sequence of functions

gN (t) =

∫
Dτ

∣∣uN ∣∣2 dx dy.
We have∫

Dt

(
uN (x, y, t)

)2
dx dy �

⎛⎝ t∫
0

ϕ(τ)

ϕ′(τ)
1

ϕ(τ)
dτ

⎞⎠∫
Dt

⎛⎝ t∫
0

ϕ′(τ)
(
uN

)2
dτ

⎞⎠ dx dy

�M6max
[0,T ]

ϕ(τ)

ϕ′(τ)
, (17)

where M6 does not depend on ε,N . Fix ε > 0. Since ϕ(τ)
ϕ′(τ) is the monotone

nondecreasing function, ϕ(0)
ϕ′(0) = 0, there exists such δ that for all τ ∈ [0, δ] the

righthand side of (17) is less than ε. Besides, the function uN belongs to the

space C
(
(0, T ];L2(Dt)

)
and uN (x, y, 0) = 0. Hence, uN → 0 as t→ 0. �

	
����� 4� Let the conditions (A), (L), (Φ), (G), (P), and c0(1), d0(1), λ0(1) ∈
L∞(

[0, T ]
)
be fulfilled. Then the problem (1), (2), (5) cannot have more than one

solution.

P r o o f. The proof of this theorem is similar to the proof of Theorem 2. �
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