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MIXED PROBLEM FOR DEGENERATE
NONLINEAR ULTRAPARABOLIC EQUATION

NATALIYA PROTSAKH

ABSTRACT. This paper describes the solvability of mixed problem for nonlinear
ultraparabolic equation with degeneration. The result is obtained in the cases
of the weak and the strong degenerations. The conditions of solvability depend
on the relations between the coefficients of the equation and the parameter of
degeneration.

1. Introduction

Equations that on the certain domain or set change to a new object are called
degenerate equations on this set. We consider the mixed problem for nonlinear
ultraparabolic equation that degenerates on the initial hyperplane. This equation
changes its type to parabolic when ¢ = 0. The conditions of existence and the
uniqueness of the solution for the problem depend on the relations between the
coefficients of the equation and the parameter of degeneration. Note that prob-
lems for degenerate parabolic and hyperbolic equations were studied in works
[1-6, 9, 10], the solvability of the mixed problem for nonlinear ultraparabolic
equation without degeneration was studied in [7, 8].

2. Preliminaries

Let Q be a bounded domain in R™ with the boundary 09; yg < 400, D =
QX(OvyO)vQT = DX(OvT)v 0<T < +Oo;Qt,T = Dx(th);DT = QTﬂ{t = 7—}7
7 €[0,T], 9Q C C% X = 09 x (0,0) x (0, 7).

2000 Mathematics Subject Classification: 35K70.
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In the domain Q1 we consider the equation

n

p(tue = A,y huy — Y (aij (@, y,)ua,), (1)

i,j=1

n
+ i@y, e, + d(z,y, u+ g(a,y, O)|ulP>u = f(z,y,1)

i=1
with the boundary conditions

uls, =0; u(z,yo,t) =0, (x,t) € Qx(0,T). (2)

We assume that coefficients of the equation (1) satisfy such conditions
(®): ¢ € C([0,T1), p(t) > 0, t € (0,7} 9(0) = 0, " € C((0,T]); ¢'(t) >0,
t e (0,7T];
(A): ai; € L=(Qr), Yo7y ai (x,y,1)& & = ag )iy [&]* for almost all
(z,y,t) € Qp, i,j € {1,...,n}, £ € R™ where ag is a positive constant;
(L): X e C(Qr), Ay € L®(Qr), for almost all (z,y, t) € Qr, X >0, X\ Z 0;

(G): g € L*=®(Qr), g(z, y, t) = go > 0 for almost all (x, y, t) € Qr, where go is
a constant;

(P): 1 <p<oo.

Let us introduce the spaces Ho ,(Qr) and ﬁo,w(QT) as a closure of the set
of infinitely differentiable functions in @, such that u|s, = 0, u|y=,, = 0 under
the norm

lu; Ho o (Qr)|1? —/ p(t)ul® + o(t)|uy|* + () e + ) |“$i|2] dzdydt
ar =
and

lus; Ho o (Qr)|? —/ ()ul® + o)y >+ uuﬂ dz dydt,

L i=1
Qr

respectively.

DEFINITION 1. We say that the equation (Il has the strong degeneration if

oT % = o0, and (I]) has the weak degeneration if fOT % < 0.

In the case of the strong degeneration the initial condition is
hr_EO Vet)u(z,y,t) =0, (x,y) € D. (3)
>

DEFINITION 2. Function u € Hy ,(Q7)NLP(Qr) is said to be the weak solution
to the problem (), @), (B) (in the case of the strong degeneration) if it satisfies

t
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the equality

/L(u, v) da dy dtdEEf/ lgp(t)utv + Mz, y, t)uyv + Z i (T, Y, t)Ug, Ve,
Qr Qr b=t
i=1
(4)
for all functions

ve {v:ive L*(Qr)NLP(Qr), vy, € L*(Qr), i = T,n, uls, =0}
and the initial condition (B]) holds.

In the case when the equation ([]) has the weak degeneration we set the initial
condition

u(x,y,0) =0, (z,y) € D. (5)

DErFINITION 3. Function u € ﬁo,w(QT) NLP(Qr) is said to be the weak solution
to the problem (), (), (5) (in the case of the weak degeneration) if it satisfies
the equality

/@(T)uv dx dy +/

Dr Qr

n
_(p(t)uvt - gp’(t)uv + )\(.’ﬁ, Y, t)uy” +Z Qij (.’ﬁ, Y, t)uxivacj
ij=1

+Z ci(x,y,t)uwiv—l—d(x,y,t)uv—l—g(x,y,t)|u|p_2uv—f(x,y,t)v dz dy dt =0
i=1

(6)
for all functions
v E {v s v € LA(Qr) NLP(Qr), ve,, vr € L2(Qr), i = 1,1, uls, = 0}.
Denote by
1 b) A ) )

co(t) = SUPZ les EIT)TN ; Ai(t) = SSP%7

— |d(l‘,y,7’)| |C1y(x 2
D= @ =gp2 Z o

o ldy (2 y, )| _ |cit(z,y,7)[°
W= e o) = syp S G

o Me(zy, 7)) oo dr(zy, T
=g L= T om
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2
vo = 1+ inf sup [Al(t) + 2do(t) + CO—(t)}, v =1y — 2,
[0,T] [0,7] ao

d; (i =0,6) is a small positive number,
2
r[ggf{ﬁ(t); (di(t)7; ess sup gyy} < wi(?),

%7&%{02 (t); (da(t))?; ess sup gtt} < wa(t),

CO(I)(t) = sup Z |Ci('177 Y, 7-)|2a

tog=1

Al(l)(t) = Sgp I)\y(-T, Y, 7-)|a
t

dO(l)(t) = sup Id(.T, Y, T)‘a
Qt
iy (t) =sup Y _ ey (2,9, 7)%,
t =1

di1)(t) = Sélp |dy (z,y, 7).
t

3. Main results

a) The problem ([)—(B]). Assume that the function f satisfies the condition

(F):

wiOIf 2 + £, £l
T35, + S350 daxdydt < +o0,
Q/T l[w)} PR en)] e ()
YOl
ILDD/ e 7 <40 Sl =0

for almost all (z,t) € Q@ x (0,7).

THEOREM 1. Under the hypotheses (A), (L), (®), (F), (G), (P) and assumptions

that
a4 gy(x,0,t) =0

for all (z,t) € X x (0,T), ¢;, di, A\j € L=([0,T])i=0,1,2, j =1,2,w;(t),wa(t)
are nonnegative monotone nonincreasing on [0,T] functions, the weak solution
to the problem (), @), [B) exists.
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Proof. Let {¢"}°, be the orthogonal basis of the space Hg (€2) N LP(f2), which
is orthonormal in the space L?(£2), and * = cos %y (s = 1). Denote by

{5} e = @0 W)}y

It is obvious that ** € H'(D), ©"*
functions

0% (0,y0) = 0s tpk’sly:yo = 0. Let us consider

N

uN (z,y,t)= Zc,ﬁ(t)apk’s(x,y), N e{1,2,...},
k,s=1

where ¢} (¢) is the solution to the problem

/L(uN, gpk’s) dzdy =0, (7)
Dy
cN(e)=0, k,sc{l,...,N}, >0, teleT]. (8)

Due to Caratheodory theorem [l p. 54] there exists absolutely continuous so-
lution on [e, 79], 7o < T to the problem (), (§)). Let ¢ be a monotone nonincreas-
ing nonnegative on [0,7] function. Multiplying () on ¢k, (¢)((t), summarizing
up on s and k, integrating on ¢ on the interval [e, 7|, we have

/L(uN, u™)¢(t) dzdy dt = 0.
Qe,r

Estimating every term of this equality under the assumptions of the Theorem 1,
it is easy to obtain the appraisal

/ () (V)2 (r) dardy — / o(8) (V)2 (1) da dy dt

D, Qe,r
(200- ) S5 () et @

r
i=1

+//)\(x,o,t)\uNIQC(t)dxdt+/

eQ QE,T
+ (=1 =X (t) — 61 — 2do(t) — 52)@’(t)|uN|2 + 290|uN|p] ¢(t)dxdydt

|f (2, y, )]
g@/ Wg(t) dx dy dt.

Note, that under the conditions on the function ¢ it follows that (’(t) < 0.
2¢o(t)

Choosing 41 = sup,.. , 02 as a small positive number and taking into ac-
count the view of vg, we get supy 7 (1+)\1(t)+61 +2dy(t) +52) < vy+dg, 19 > 0.

207



NATALIYA PROTSAKH

Denote by
y(r) = /so’(t) \uNIQC(t) dz dy dt.
Qe,r
Then
[0 () ey away = £
ks ¥'(7)
and from (@) we get the estimation
! 2
% < (v + do)y(T) + /52£,(t)g’(t) dz dy dt.

QE,T
The solving of this inequality gives

[e(m)]* ™ 1, ~(vo+200) so-1 [ 1fP?
ir) < T / & O)[(0) (0] Q/ 0 dzdyatag

vo+230 1 [fIP¢(t)
< My [SD(T)] Q/ [(ﬂ(tﬂyo+250 o) dx dy dt,

where M; = <1~ . Applying the last estimation to we obtain
5001

/(p(T) (uN)QC(T) dz dy +//)\(:1;,O,t) (uN)QC(t) dz dt
eQ

.

o/

QE,T

< M [‘P(Tﬂyowéo/ : 1V0+25o |f;/ft()t) dz dy dt,
3, [p(®)]

where the constant M; does not depend on € and N.
Since

Z(ui\[i)? + yuN\p] C(t) de dydt (10)

i=1

25— 1 25 — 1 25 — 1)\ 2
(COSMy> — reos DT ere ws:(M) ,
2y0 vy 2y0 2y0

then we multiply (Bl by cﬁ s (t)ws, summarize up on s, k, integrate on ¢ from e to 7
and change Z,ivszl c,lc\fs(t)wsgok’s(x, y) on the —u?% from the previous expression.

We obtain
- /L(uN,qu) dedydt = 0.
Qe,r
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Transforming and estimating every term of this equality we obtain the estima-
tion:

/ (7 ) dxdy +// z, Yo, t )dedt +2(p—1)go
/|uN|P dxdydt +Q/ ( a — c%(;)> i(uivy)Q

i=1
e, T

+ (=1 = Ai(t) = 64 — 65 — 03 — dy (t)64 — 2do(t)) ' (t) ’uffﬂ dx dy dt

(2 ) ey A

i=1
g,T

2
L W@ t) %gyy!uN\p] dz dydt,

54@/(t)
2 sup co(t)
where a' = SUpPg ., @iy, 03 = QTT, 04, 05 are small positive numbers. Solving

this inequality similarly to (@), we have
9 T
/@(T)(uév) dz dy —l—//)\(x,yo,t dxdt + /Z dxdydt
D, eQ

< M, [‘P(T)rﬁ%o/[@(t)]1u0+250 wi (t )|£|/(;)L \fy| dedy dt | (11)
Qr

where the constant My does not depend on ¢, N. Setting 7 = ¢ in (7)) we get

/ap(e) (uivfdx dy = /f(x,y,e)uiv dx dy
D

D, e
1f@ye) | 1
</ {5 o0 tal

€

2
u'|” ¢(e) |da dy. (12)

So,

1 T,Y,E

§/<p(€)(ut dzxdy < L gp(ya ) dzx dy.
D.

Differentiation (7]) on ¢, multiplying every equatlon by ci\;t(t)e_”t, summation

up on k,s, integration on [e,7], 7 < T and estimation of every term of the

obtained equality implies the inequality
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T

[emdy azdy +f [ xa.o.

D, eQ
_/(( 1+)\1(t)+255+56+63+d2(t)55+2d0(t)) )|u|?
QE,T
+ (ao — cO(t)) Z(ui\it)j dzdydt + 2g0(p — 1) / ’uN’p_Q uly dedydt
3 /4

e,T

(@)? | e\ x~(, N\
< /(( ao * 05 ;(u“)
/ N |2
1 O gy 4 2080 [ ;t) K P ‘uN‘p> de dy dt
5
Ift( Y | N 2
D/gt(x y,T)’ ’ dzdy + /7654,0 0 drdydt —I—D () (ut ) drdy.

€

Solving this inequality, we find

[ ¢ () dwayar < 3&0(7)]””‘5‘){ [Coas CIE

Qe,r . 4,0(5)] V1+26O<P(€)
1 (W1(t)+w2(t))|f\ +|fy|2 |ft|2 )
+Q!; ( [@(t)] vot2% @ (t) [ (t)] v1+2d9 @'(t)) d dy de| .

So, the estimations (I0), (1), (I3) imply the appraisal
[ Ho.o(Qe ) O LY (Qe.ro) |

o T3%9 dzdydt

v1+260 1 (wi(t) +wa () 1f1* + | fy]*
Male(r)] ™ / [o(1)] Z10)

Qe,r

_ @yt |fe[?
+/ V1+260 (E) dx dy +Q/ I:So(t):l u1+260¢/(t) dxdydt s (14)

D¢

where the constant M3 does not depend on &, N. The similar estimation can be

obtained in the domain @, 7. Taking into account (IJ) we obtain such conclusion:
o(t)ul € L? (e,T; H1(D)).

So,

ue C((0,T); HH(D)).
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From the obtained estimation it follows that

o(t)ul — /o(t)usxweakly in L (0, T LQ(D)),
u — u—weakly in Ho,,(Q:1) N LP(Qe,1).
Besides,
N‘P—2 oy

|u — x weakly in L (Q. 7).

Since the embedding H'(Q) C L?(Q) is compact, we obtain that u™ — u
strongly in L?(Q. r) and almost everywhere. So, Lemma 1.3 [8, c. 25] implies
that y = |u[P~2u.

Let us prove that u is the weak solution of (I)-(B). Extend functions {u’¥}3_,
to the domain Qr by zero and choose € = % Then from (7)), multiplying it on
cks(t), and summarizing up on k, s from 1 to Ny, we find

/ L(uN,vN°> dzdydt =0.

T

Q

2=

Let N — oo. Taking into account convergences of the {u’N}3_,, we obtain that
u satisfies (4). Let us prove that the initial condition (8] fulfills. Consider the
sequence of functions

gN(t)_/go(T)|uN|2dxdy, N > 1.

We have D.
do (t) (,0/(7') i
() (™ (@,y,0) dedy <* W) dzdydr
D/L ( 250 Q/L((P(T))SO (
+2t /@(T) (uiv)2 dedydr (15)
Qt
My 55, I£]2
< (50)2 902 (ﬂ/m dedydr
w21 [ o) (2 Pazdyar
Q1

Let ¢ — 0 in ([I3). Fix € > 0. Since the Lebesgue integral is absolutely
continuous and the estimation (15) holds, this implies the existence of such
do € (0,77, that the righthand side of (IT) is less than . Besides the function

N .72 N _ N
u™ € C((0,T); L*(D)) and u™(z,y,0) = 0. Hence, \/p(t)uN = 0ast—0. O
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THEOREM 2. Under the hypotheses (A), (L), (®), (G), (P), and co, do, M\ €
L>([0,T]), the problem (), @), @) can not have more than one weak solution.

Proof. Assume that there exist two solutions u!, u? to the problem (), &), ([3).
Their difference u = u' — u? satisfies the equality

/lgp(t)utu — Mz, y, t)uyu + Z i (2, Y, t)Ug, Ug, —}—Z ci(z,y, t)ug,u  (16)

Q- 4,j=1 i=1
+d(x,y,t)(u)® + g(x,y,t)(’ullpﬂul — ’u2’p2u2)u] dzdydt = 0.

Estimating every term of this equality using the conditions of the Theorem 2
and noting that

/g(x,y,t)(\ul\p_Qul - Iugl”_Quz)udx dydt >0,
Q-
from (I6) we obtain the estimation

/ap(T)(u)2 dz dy +//)\(:l;,0,t)(u)2dx dt —5—/2(1@)2 dzdydt <0.
D, 00 Q, =1

Hence u = 0 almost everywhere in Qr, that is u; = us. O

b) The problem @), @), (). Assume that the righthand side of the equation ()
satisfies the condition

(F1):
SO+ 152+ 172) dsdya <+
Qr
f(z,yo,t) =0 for almost all  (z,t) € Q x (0,7).
THEOREM 3. Let the conditions (A), (L), (®), (G), (P), (F1) and c;(1), di),
Aj(1) € Loo([O,T]) i=0,1,7=1,2, gyy € L>=(Qr) be fulfilled. Then the solution
of the problem ([0), @), (@) exists.

Proof. Let {pF}22,, {#*}2%, be the same as in the Theorem 1,

N

uN (x,y,t) = Zcﬁs(t)@k’s(:z;,y), Ne{1,2,...},
k,s=1

where ¢l (t) are the solutions to the problem (@)—(8). Multiplying (@) by k. (¢),
summarizing up on s and k, integrating on ¢ on the interval [, 7] we obtain the
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equality ([@). Then for approximations u”, N > 1, we find the estimation

N. ﬁ £,T( Lp £, T 2 < M vo+20 |f|2 T |fy’2
6 Bl (@) VEP (@ )| < M [i(7) / e

where the constant My does not depend on ¢, N. (The proof of this appraisal is
similar to finding formulae (I0), (II))). This estimation implies convergences

Vet)u = /ot us—weakly in L (0,T; L*(D)),

uY — u-weakly in roycp(Qg’T) NLP(Qe ).

dzdydt,

Besides
|uN|]D_2 u — x1 weakly in Lp/(Qg’T).

Taking into account these convergences and using method of monotonicity from
[8, p. 171] we prove that x1 = |u[P~2u. Consider the sequence of functions

N —/‘uN’2d;z:dy.

We have
t . t
T
/( (z,v, )) drdy < /Z @) W / /go > dr dx dy
D, 0 D: \0
< Mg maxm, (17)
[0.7] ¢'(7)

where Mg does not depend on ¢, N. Fix ¢ > 0. Since w,((T)) is the monotone
nondecreasing function, ’((0)) = 0, there exists such § that for all 7 € [0, d] the
righthand side of (7)) is less than e. Besides, the function u”¥ belongs to the

space C((O,T];L2(Dt)) and u” (z,y,0) = 0. Hence, u — 0 as t — 0. O

THEOREM 4. Let the conditions (A), (L), (®), (G), (P), and co(1), do1y, Mo(1) €

L>([0,T)) be fulfilled. Then the problem (), @), (5) cannot have more than one
solution.

Proof. The proof of this theorem is similar to the proof of Theorem 2. O
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