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ABSTRACT. Let K be a number field which is multiquadratic or quartic cyclic. We
prove several results about the Kummer extensions of K, namely concerning the
intersection between the Kummer extensions and the cyclotomic extensions of K.
For G a finitely generated subgroup of K*, we consider the cyclotomic-Kummer
extensions K (Cnt, ¥'G)/K(Cnt) for all positive integers n and ¢, and we describe
an explicit finite procedure to compute at once the degree of all these extensions.
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1. Introduction

Kummer theory is a topic of significant interest in number theory, and in this
paper we investigate it for a multiquadratic or quartic cyclic number field K
(to ease notation we always consider quadratic number fields to be multiquad-
ratic). Our main result concerns the degree of cyclotomic-Kummer extensions
of K.
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THEOREM 1.1. Let G be a finitely generated subgroup of K*, and let (p; denote
a root of unity of order M. There is an explicit finite procedure to compute

at once the degree Y
(K (Car, VG K ()] (1)
for all positive integers N, M such that N divides M .

To achieve this theorem we fully describe the procedure mentioned in the
statement, and we prove various results that classify the intersection between
the Kummer extensions and the cyclotomic extensions of K. Since our results
can be applied to study further number theoretical questions, we give here an
overview.

1.1. Kummer extensions and cyclotomic extensions

We investigate the cyclic Kummer extensions of K that are abelian over
Q or, equivalently, that are contained in a cyclotomic extension of K (for K
multiquadratic, see Sections BHE} for K quartic cyclic, see Section []).

In Theorem BT we classify the intersection of K ((sm, ‘/a) with the cyclotomic
extensions of K where o € K* and /™ is any prime power.

Lemma 7] and Lemma [Tl (for multiquadratic and quartic cyclic number
fields respectively) allow us to determine those positive integers x such that
K ((,) contains /42 or some given root of unity with order a power of 2.

For certain multiquadratic number fields, Lemmas A4 and (see also
Lemma[9.3 for Q({5)) allow us to classify all cyclic Kummer extensions of degree
4 and 8 which are contained in a cyclotomic extension of K. See also Lemma [£.2]
to determine whether a Kummer extension is Galois over Q.

For multiquadratic number fields, we investigate in Theorem [B.1] the quad-
ratic extensions of K, more precisely which positive integers x are such that
K ((,) contains these extensions. In Theorems [6.1] and [6.2 we deal with the same
problem for the cyclic extensions of K of degree 4 (if (4 € K) and of degree 8
(if (s € K)

For quartic cyclic number fields we may check whether a quadratic extension
is abelian over Q thanks to Lemma Then in Theorems and we
determine those positive integers x such that K((,) contains such an extension.
See also Lemma

Finally, Propositions 5.2 (3] (for multiquadratic number fields) and
Propositions [(-4] [T (for quartic cyclic number fields) allow us to compute the
positive integers z for which K({,) contains elements of the form (an+/f3, (o v/B,
Con /B with B € K*. See also Propositions[@.1], 0.2 which are related to the prime
numbers 3 and 5 instead.
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1.2. The degree of Kummer extensions

To prove Theorem [II] by [7, Section 8] we may replace G by one element
a € K* which is not a root of unity, and we consider the cyclotomic-Kummer

extension
K(Cur, Va) /K (Cur) (2)
for all positive integers M, N such that N divides M. We clearly have
(K (Car, V@) : K(Gan)] = iy 3)
’ C(M,N)

for some divisor C'(M,N) of N. The integer C(M,N) measures the failure
of maximality for the degree of the Kummer extension, and it divides a pos-
itive integer which depends only on K and « (see [I1], Theorem 3.1] for a direct
proof). If N > 2, then we consider the prime factorization N = [[,¢", and we
can write
C(M,N)=[]cwu,ev)-B(M, ), (4)
¢N

where C(¢™, ™) is called the (-adic failure, and where
B(M, ") := [K(Ce, Vo) N K(Cur) + K(Gen)]

is called the (-adelic failure. By [7, Remark 17] we may compute at once all
numbers C(¢™,¢™) where ¢ is a prime number and n > 1, so we only need to
provide formulas for the ¢-adelic failure B(M, (™).

In [7[12] we have described a finite procedure for the computation of the ¢-
-adelic failure over Q and over quadratic number fields. Now we consider number
fields which are either multiquadratic or quartic cyclic, and we provide an explicit
finite procedure to compute the ¢-adelic failure B(M, ¢™) for all prime numbers ,
all n > 1, and for all M > 1 such that ¢™ divides M, see Sections | and [
By [11, Lemma 3.5] we have B(M, (") = 1 if {;, ¢ K. Thus for all considered
number fields we investigate the 2-adelic failure; if K is multiquadratic and
(3 € K, then we also study the 3-adelic failure; for the quartic field Q(¢s)
we also study the 5-adelic failure.

Finally, we have the following;:

REMARK 1. Theorem [[.T]also holds for all number fields that have no quadratic
subfields (in particular, it holds for all number fields of odd degree).

Indeed, the above discussion is still valid hence it suffices to study the 2-adelic
failure, see Section B3l
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2. Preliminaries

2.1. Notation

Squarefree numbers, multiples, and divisors can be negative integers. The
same holds for the squarefree part of a non-zero integer (i.e., the squarefree
integer that multiplied by the given integer is a square) and for the odd squarefree
part (i.e., the odd squarefree integer which multiplied by a power of 2 is the
squarefree part). When we say that an integer is minimal, then we always mean
that it is minimal w.r.t. divisibility.

If K is a number field, then we work with some algebraic closure K of K.
If n is a positive integer, then pu,, denotes the group of nth roots of unity and (,
denotes a fixed root of unity of order n (in general the choice does not matter,
but when we write ¢, and (,; we sometimes choose ¢, = ¢!;). We also write
Hoo = Upnpiy and, if £ is a prime number, pigoc = Uppign. If the extension K/Q is
abelian, then the conductor ci of K is the minimal positive integer n such that
K C Q(¢pn)- We call Kummer extension of K any finite abelian extension of K
of exponent n such that (, € K (in this paper Kummer extensions are usually
cyclic).

If n is a non-zero integer and ¢ is a prime number, then we write vg(n) for the
(-adic valuation. If & € K* and p is a prime of K (by which we mean a non-zero
prime ideal of the ring of integers of K'), then v, () is the p-adic valuation of the
fractional ideal generated by a.

If ¢ is a prime number, then o € K* is said to be strongly ¢-indivisible if
Ca ¢ K> for all ¢ € = N K. Any o € K* which is not a root of unity can
be written as a = Cﬁzd, where ¢ € K is a root of unity of order £, 3 € K* is
strongly ¢-indivisible, and d > 0, see [I0], Section 3|: we also require that h = 0
or h > vy (#(pee N K)) — d, so that h and d exist unique.

2.2. A result on quadratic extensions

LEMMA 2.1. Consider a number field Q and two finite abelian extensions K/Q
and K'/Q which are linearly disjoint. A quadratic subextension of KK'/Q which
is not contained in K or K' is of the form Q(\/ﬂ) for some d,d" € Q such that
Vde K\Q and Vd € K'\ Q.

Proof. If L is a quadratic subextension of K K’/@Q which is not contained in
K or K’, then it suffices to prove that it is contained in Lg Ly, where L C K
and Ly C K’ are quadratic over (). Consider the quadratic character

x: Gal(KK'/Q) — {1},
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corresponding to L: composing x with the natural embedding
Gal(K/Q) — Gal(K/Q) x Gal(K'/Q) = Gal(KK'/Q)

we get a character
Xk : Gal(K/Q) — {£1}.

Since L. € K, the character yx is quadratic and corresponds to a quadratic
subextension Ly /Q. We similarly define x g+ and Lg/. The kernel of x is con-
tained in the product of the kernels of xx and xg/, and we conclude be-
cause this product corresponds to Li L. Indeed, it is the largest subgroup
of Gal(KK'/Q) whose restriction to Gal(K/Q) (respectively, Gal(K'/Q)) is
contained in the kernel of xx (respectively, x k). O

REMARK 2. Let F be the largest multiquadratic subextension of Q((as), where
M > 3. By Lemma 2] F is generated by the elements./£p, where p | M is
a prime such that +p=1mod 4, and by ¢4 (if4 | M), and by 2 (if 8 | M).
Moreover, if K is a multiquadratic number field, then K F' is the largest multi-
quadratic subextension of K ((ar).

REMARK 3. Let K = Q(\/da,...,Vd,) for some squarefree integers dy,...,d,.
For a non-empty subset I of {1,...,r} we call d; the squarefree part of Hiel d;.
By applying Lemma [2.1] the squarefree integers in K *? are the integers dj.

2.3. Quartic cyclic number fields

A quartic cyclic number field (i.e., an abelian extension of Q with Galois group
ZJAZ) is either a totally real or a CM field, and the quadratic subextension is
totally real: for a CM quartic field embedded in C, the quadratic subextension
is the field fixed by the complex conjugation. The roots of unity contained in a
quartic cyclic number field are pig for Q(¢s), and pe otherwise. In particular,
for Q(¢s) we have to study only the 2-adelic failure and the 5-adelic failure, and
for the other quartic cyclic number fields only the 2-adelic failure.

REMARK 4 ([4, Theorem 1 and the following lines, Theorem 3]). Let D be a
squarefree positive integer. A quartic cyclic number field containing /D is ofthe

form
o(AD + BVD)) = 0(y/A(D - BVD)),

where A is an odd squarefree integer coprime to D and B is a positive integer
such that D — B? is a square (the integers A and B exist unique). In particular,
D and B cannot be both even, and (by the Sum of two squares theorem) D is
not divisible by prime numbers congruent to 3 modulo 4. The conductor of the
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quartic cyclic number field is
8|A|D if 2¢B,
4/A|D if A+ B=3mod4,
|A|D if A+ B=1mod4.
In particular, A is the product of the odd prime numbers coprime to D that

ramify in the quartic cyclic number field.

Let C be the positive integer such that D = B?+C? and notice that precisely
one among the integers D, B, C' is even. We define

v=AD+BVD) and + =AD+CVD).
REMARK 5. Suppose that 2 | C. Then we have Q(/7, v2) = Q(v7',V2) be-

cause we can write 2
)V _((C-B)-VD
v B '

Moreover, the conductor of Q(,/¥) is 8 |A| D, so that
Q(¢aip> vV7) = Q({aip, VE2) and hence /£y € Q(a|p)

for one choice of the sign.

()

3. Intersection between cyclotomic extensions and
Kummer extensions

THEOREM 3.1. Let K be a number field, and let £ be a prime number. We
assume that t € {1,2,3}, where t = vy (f(pe N K)). Let @ € K* \ pioo, and

write o = CZhBEd, where B € K* is strongly ¢-indivisible, d > 0, and h = 0 or
t—d< h<t. Forn>1 we describe the field

K (G, /@) 1 K (i)
(1) If 1 < n < d, then it is K(Cpn+n).
(2) If /B ¢ K(pioo), then it is
K((pnt+2) if n=d+1, h=3,
K({pn+1) if n=d+1, h=2, orn=d+2, h=3,
K(Cr) if nzd+h.
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(3) If /B € K(poo) and /B & K(jiog), then it is
K(CWHCE"‘H”W) an:d+17
K(an-%—Z\Z/B) if n=d+2, h=3,
K (Cm+1/B) ifn=d+2, h=2 orn=d+3, h=23,
K (Con, V/B) ifn>d+1+h.

(4) If V/B € K(ioo) and VB ¢ K (pioo) (which implies t € {2,3}), then it is

K(Cony Gpnin/B) if n=d+1,
Con <£n+h\/_) if n=d+ 2,

(
(
(Con+2/B) if n=d+3, h=3,
(
(

=R R

Cony ConrV/B) if n=d+3, h=2, orn=d+4, h=3,
Con, /D) ifn>d+2+h.

(5) If 4/B € K(jtoo) (which implies t = 3), then it is

=

K(Con, Cnin/B) if n=d+1,

K(Cony ConsnY/B) if n=d+2,

K(Con, Conen/B)  if n=d+ 3,

K (Cemyn2V/B) if n=d+4, h=3,

K(Con,ConnV/B) if n=d+4, h=2, orn=d+5, h=23,
K(Cen, V/B) ifn>d+3+h.

If1 < r < h, then by Cpner we mean here any (""" th root of Cn.

In the above formulas, the extension K ((on, “v/a) N K (o) /K ((en) is gener-
ated by an element of the form (yn+=+/3 only when n +x >t + 2, of the form
Conva /B only when n+ 2 >t + 3 (and t € {2,3}) and of the form Cpnis 4/B
only when n+ 2 > 7 (and ¢t = 3).

Proof. For t € {1,2} we refer to [7, Theorem 12|, so suppose that t = 3.
Moreover, the proof of that result also covers the case h < 2 and /B ¢ K (fioo).
If n<d, then we clearly have K (s, “v/a)=K((m+n), so suppose that n>d+ 1.
We set L := K(uoo) and K’ := K({pm,/a) N L.

Case h <2 and %/B ¢ L.

If h = 0, then a generator for K’ /K ((pn) is: /B, if n=d+1; §/B,if n=d+2;
/B, ifn>d+3.

If h = 1, then we have “4/a = (g1 y/B forn = d+ 2 and 2 = 1,2,3,
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while for n > d + 4 there is a power of “/a of the form ‘{”/Bf for some & € pygn
which generates K'/K((em).

If h = 2, then /o = (pn+2 VB lies in L for n < d + 3, its £th power lies in
L for n < d + 4, and some higher power of the form 4/B¢ for some & € ten lies
inLforn>d+5.

Case h = 3.

If n=d+1, then /o = (pm+s¢/B generates K'/K () if /8 € L, else we have

Va ¢ Land K' = K(Cpn+2).

If n = d+ 2, then we have ‘y/a = (yntsy/B, so K'/K(() is generated by:

Conts VB, if §/B € L its £th power, if /3 € L and 4/B ¢ L; its £2th power,

if /B ¢ L.

Now suppose that n > d + 3.

If /B ¢ L, then we have K’ = K((n).

If VB e Land 5B ¢ L: for n = d+ 3 the (2th power of *\/a is in L, and some

higher power is in L if n > d + 4.

If 4/B € Land 4/B ¢ L: for n = d+3 the (th power of /o is in L; for n = d+4

its £2th power; for n > d + 5 some higher power.

If ‘ZS/B € L, then we have: for n = d+ 3 the element “/« lies in L; forn = d+4

its /th power; for n = d + 5 its £?th power; for n > d + 6 some higher power.
O

4. Cyclotomic extensions of multiquadratic number fields

Let K be a multiquadratic number field.

LEMMA 4.1. Let K = Q(\/dy,...+/d,) for some squarefree integers di, ..., d,.
For a non-empty subset I of {1,...,r} we call d; the squarefree part of ], d;.

If x > 1, then the following are necessary and sufficient conditions for the ele-
ments Can for any n = 2 and for \/£2 to be in K((;):

‘ Element in K((;) H Equivalent condition ‘

G (> 1) > | o

(s 1, V2 € K(C)

(s 4|z, or df =3 mod 4 and d; | = for some [

VE2 8| x,or4|xand?2|d; and d; | 2z for some I,
or d; | 2z and d; = +2 mod 8 for some I .

172



KUMMER THEORY FOR MULTIQUADRATIC OR QUARTIC CYCLIC NUMBER FIELDS

Proof. The assertion for (o- follows from the fact that 16 { cx, and the asser-
tion for (g is clear. It is straight-forward to prove that all given conditions are
sufficient. We now apply Remarks 2H3l

If (4 € K((;) and 4 { z, then there is some squarefree m | x such that
m = 1mod 4 and —md; € Q*? hence we have d; = —m for some I.
If v+2 € K({;) and 8 { x, then there is some odd squarefree m | = (such

that m = 1 mod 4, if 2 { ) such that +2md;€Q*? hence we have d;= +2m
for some 1. O

The following result allows us in certain cases to conclude directly that a
Kummer extension of K is not contained in any cyclotomic extension of K:

LEMMA 4.2. If a € K* and 0 < s < v9 (#(,uQm N K)), then the following
properties are equivalent:

e The extension K(%/a)/Q is Galois.

e For every o € Gal(K/Q) we have K( 3/a) = K(%/o(a)).

e For every o € Gal(K/Q) there is some odd integer x such that a-o(a)* € K*%".
In the last two properties we could restrict to any set of generators for Gal(K/Q).

Proof. Up to replacing a with a root which is in K* and choosing a smaller
s, we may suppose that [K(%/a): K] = 2% The second and third property
are equivalent by Kummer theory. The number fields K ( %3/a) and K ( %/o(a))
have the same degree, so the equality means that &( 3/a) € K(%/a), where
7 : K(%/a) — K is any field homomorphism extending o. This shows that the
first two properties are equivalent.

We are left to show that the second property holds for all 7 € Gal(K/Q)
if it holds for a set of generators. We write 7 as a product of generators, and
we proceed by induction on the number of factors. The assertion is clear if
there is only one factor, so let 7 = go’, where o is a generator and the induction
hypothesis holds for o’. We know that K ( %/a) = K( *%/0’(a)), and we conclude
because & ( %/a) is in this field, and 6 ( %/0’(a)) is a 2°th root of 7(a). O
DEFINITION 4.3. Let p be a prime number such that p = 1 mod 4. If p =
5 mod 8, then let 3, € Q(¢4) be such that Q(C4, v/B) is the quartic subexten-
sion of Q((4p)/Q(¢4); if p = 1 mod 8, then let 5, € Q(C4,,/p) be such that

Q(Cas+/Ps V/B) is the subextension of degree 8 of Q((4p)/Q((4). To determine
these elements one can apply the procedure presented in [0, Section 4].

LEMMA 4.4. Suppose that (4 € K, and let N be a positive integer such that
VP € K for every odd prime p | N. Any cyclic subextension of K((n)/K
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of degree 4 equals K(/g) for some g € K*\ K*? of the form

o= I A 11 6

p=5mod 8 g¢g=1 mod 8

such that p,q are odd prime divisors of N and the integers e € {0,1,2,3},
ep € {0,2}, and e, € {0,1,2} satisfy the following conditions:

e#1 if (s€ K;

e#3 if (s¢ K, or 32tN;

e=0 if 8N, orif (s€ K and 161 N;
e=3 or e;=1 for some q.

Different choices for the exponents give rise to distinct extensions. If x > 1,
then we have /g € K () if and only if we have va(x) > e+ 2 for e # 0 and
p |z for all primes p =1 mod 4 such that e, # 0.

Proof. The given conditions on z are clearly sufficient to ensure ¢/g € K((,).
They are also necessary, as can be seen by adding the fourth roots of all but one
of the elements (e (if e # 0) and 3,7 (if e, # 0). This line of reasoning also
shows that different choices for the exponents give rise to distinct extensions,
and that K(/g)/K has degree 4.

We have /g € L, where L is the field corresponding to the largest quotient
of exponent 4 of Gal(K ({y)/K). We can factor Gal(L/K) as the product of the
largest quotient of exponent 4 of Gal(K ((yv,v))/K) and, for every odd prime
p | N, the quotient of order 2 (respectively, 4) of Gal(K((,)/K) if p = 5 mod 8
(respectively, p = 1 mod 8), calling Ly and L, the corresponding fields. Notice
that the fourth roots of (o (respectively, B5") generate a cyclic subextension
of Ly/K (respectively, L,/K) of degree dividing 4, and of degree dividing 2
if p =5 mod 8. By taking products of these roots, we get an extension of K
of degree 4 unless all roots generate extensions of degree at most 2, so we may
conclude with a counting argument as in the proof of [7, Theorem 11]. O

DEFINITION 4.5. Let p be a prime number. If p = 5mod 8, then let 7, €
Q(¢4) be such that Q((s, ¢/n,) is the quartic subextension of Q(Cup)/Q(C4)-
If p =9 mod 16, then let 7, € Q(C4,+/p) be such that Q((s, /P, ¥/7p) is the
subextension of degree 8 of Q((4,)/Q(C4) (alternatively, one could work with n;, €
Q(¢g) such that Q((s, {3/%) is the subextension of degree 8 of Q((sp)/Q((s))-

If p = 1 mod 16, then let 1, € Q((s,/p) be such that Q((s, /P, ¥Mp) is the
subextension of degree 16 of Q((s,)/Q({s). To determine these elements one can
apply the procedure presented in [6, Section 4].
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LEMMA 4.6. Suppose that (s € K, and let N be a positive integer such that
VPEK for every odd prime p | N. Any cyclic subextension of K((n)/K of de-
gree 8 equals K(/g) for some g € K*\ K*? of the form

9==C [[ w II w IT o

p=5mod 8 ¢g=9 mod 16 r=1 mod 16

such that p,q,r are odd prime divisors of N and the integers e € {0,1,2,3},
ep € {0,4}, eq € {0,2}, and e, € {0,1,2,4} satisfy the following conditions:

e=0if 161 N;
e<1if 324N;
e#£3if 641 N;

e=3 ore.=1 for somer.

Different choices for the exponents give rise to distinct extensions. If x > 1,
then we have /g € K () if and only if we have va(x) > e+ 3 for e # 0 and
p |z for all primes p =1 mod 4 such that e, # 0.

Proof. The proof is analogous to the one of Lemma [4.4] so we leave it as an
exercise. (]

5. Quadratic extensions of multiquadratic number fields

Let K be a multiquadratic number field, and write K = Q(\/d1,...,/d;,)
for some squarefree integers di,...,d, such that Gal(K/Q) = (Z/2Z)".
An extension of K of degree 2 is of the form K(y/a) for some a € K* \ K*2,
and we fix such an «. The extension K (y/a)/Q is abelian if and only if K (y/a) C
Q(#too), and in this case the Galois group Gal(K (v/a)/Q) is isomorphic to either

(Z/22)"Y or  (Z/2Z)""'x ZJAL.

In the first case K(y/«) is multiquadratic and hence K(y/a) = K(y/m)
for some squarefree integer m (thus, a/m € K*?). We can find m or conclude
that no such m exists by checking finitely many possibilities because the odd
prime divisors of m ramify in K(\/a).

In the second case we have K(y/a) = K(/7) for some v € K* such that
Q(y/) is quartic cyclic (thus, a/y € K*?). We let 7,7, A,B,C,D be as
in Section 231 We can find + or conclude that no such 7 exists by checking
finitely many possibilities (since Q(v/D) C K, there are only finitely many pos-
sibilities for D and hence for B; the prime divisors of A ramify in K(\/«)).
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Notice that the odd primes ramifying in K (y/«) are those ramifying in K and
those that lie below a prime of K ramifying in K(y/a) (these can be found
with [7, Lemma 2]).

THEOREM 5.1. We keep the above notation, and we suppose that K(y/a)/Q is
abelian. The minimal integers x > 1 such that \/a € K({;) form a non-empty,
finite, and computable set. For any x > 1 we have \Ja € K((;) if and only if
one of the following holds:

(1) We have K(y/a) = K(y/m) and /m][;c;d; € Q(C) for some J C
{1,...,7}.
(2) We have K(y/a)=K(\/7) and = is a multiple of

w8D  for some w such that VA€ K(Cusp) if 2| D,
wD  for some w such that +/+A € K(Cwp) if 1+ B=+1mod4,
wD  for some w such that +/£2A € K((yp) if 1+C =+1mod4.

We can take w minimal, so that it belongs to a finite computable set.

Proof. Case (1) is a consequence of Lemma 2] because we can focus on the
maximal multiquadratic subextension of Q({,) and because it is immediate to

determine the conductor of each field Q(\/m [[d;). Now we deal with Case (2)
(recall that precisely one among B, C, D is even). If p | D is prime, then let C,
be the quartic cyclic subextension of Q(,), or Q(Ci6 + (6 ) for p = 2;if ¢ D
is an odd prime ramifying in K (\/«), then consider the quadratic subextension
C7 of Q(¢y)- So K(,/7) is contained in

L=q) [[ci]]¢c-

We claim that K(\/7) € L', where L’ is obtained from L by replacing some
C, by a quadratic subextension. This implies that D | z, and that 16 | x if
2| D. In the three subcases of (2) the field K((,) contains v/v/A, \/£7v/A, and
\/E£7'/A respectively. So we are left to determine the minimal = such that K ((;)
contains VA, vEA and vE£24 respectively, and we conclude by Case (1).

To prove the claim, let G := Gal(L/Q) & (Z/4Z)* x (Z/2Z)! for some
integers s, t. We may choose g1, . . ., gs which generate the cyclic factors of order 4
and are such that g;g; fixes v/D. Without loss of generality we have

G = Gal(L'/Q) = G/(g?) = (Z)2Z) x (Z/AZ)*"* x (Z./2Z)* .
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If /7€ L', then there are subgroups G <G| <G’ such that G'/G4=7Z/4Z and
G'/G' = 7/27. This is impossible because we have G} = (Z/4Z)*~' x (Z/27)*
(as generators for (Z/47)°~! we can take the class of g1g; for i # 1). O
PROPOSITION 5.2. If B € K* \ K*? is such that K(\/B) is multiquadratic,
then the set S consisting of the squarefree integers b such that K(v/b) = K(v/B)
is mon-empty, finite, and computable. For x > 1, the following are necessary
and sufficient conditions for the elements \/B and (ze+/B for any e > 3 to be

‘ Element in K((;) H Equivalent condition

VB Vb € Q(¢,) for someb e S
Caen/B (e > 4) 2¢|z and b | x for somebe S
(VB (s € K((;) and b | z for some odd b € S, or
V2,v/=2¢ K, (4€K((:) and b|2x for some even bE S .

Proof. There is a squarefree integer m such that K (v/3)=K(y/m), thus S con-
sists of the squarefree part of the integers mz, where z is a subproduct of d; . . . d,.
The assertion on 1/ then follows from Theorem [5.1] (1). Consider b € S. If 8 | x,
then the condition b | z is equivalent to vb € Q((,), and in general it is a ne-
cessary condition. If v/2 and (4 are in K((,), or if {4 € K((,) and b is odd, then
b | x is sufficient for Vb € K ().

The given conditions for (zcy/B and (gv/B are then sufficient (for the last
one, we have v/2b € K ((,) and we conclude because v/2/Cs € Q(¢4)). The given
condition for (s¢4/B is necessary because we must have 2¢ | z (if va(y) < e,
then 2¢ does not divide the conductor of K (v/5,()).

Now suppose that (gv/3 € K((,) and hence ¢4 € K((;). If (s € K({;), then
we conclude for b odd. If b is even and /2 or /=2 are in K, then we can
reduce to the case b odd and (s € K((,). Now suppose that v/2,v/~2 ¢ K.
Since for all b € S we have Vb € K (Clem(s,z)), by Lemma [2.1] we deduce that
Vb e Q(Clem(s,z)) for some b € S and hence b | 2z. If b is odd, then /B and
hence (g would be in K((;). O

Notice that in the following result the sets S, S4 and Ss exist and they are
non-empty, finite, and computable by Lemma [£.T] and Theorem (.11

PROPOSITION 5.3. If 8 € K* \ K*2 is such that K(\/B) is contains a quartic
cyclic number field, then consider the finite non-empty computable set S of min-
imal positive integers y such that /B € K((,), and similarly define Sy by re-
quiring G4 € K((y) and Ss by requiring (s € K((,). Let y' denote the odd part
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of y. For any fived e > 3, the integers x > 1 such that (acv/B € K((.) are those
satisfying at least one of the following conditions:

e 2° |z and y | x for somey € S;
e if e =3, lem(s,y) | x for some s € Sg and for some y € S;
ife=4,va(y) =4 (thus, (s € K), y' | x for somey € S;

ife =3 and V2,v/=2 ¢ K, vy(y) = 3, lem(s,y’) | = for some s € Sy and
for some y € S.

Proof. By minimality, for every y € S we have: va(y) € {0,2,3,4}; va(y) = 4
implies (s € K; v2(y) = 3 implies v/2,v/—2 ¢ K; va(y) = 2 implies {4 ¢ K.

If > 1 is such that (3cy/B (and hence also (ye-1) is in K((,), then we
have /B € K ((iem(2¢,2)) and in particular 3’ |  for some y € S. If (e € K((y),
then we have (2c/f € K((;) if and only if /3 € K({,) (this leads to the first
two conditions in the statement). If (o ¢ K((;), then we can have (2cy/B €
K(¢,) only if v/B ¢ K((). Now suppose that (ae,v/B ¢ K((): we claim that
Caev/B € K((;) holds if and only if (se-1 € K((;), ¥’ | x for some y € S, and
v2(y) = e (this leads to the last two conditions in the statement).

To prove the converse implication in the claim, consider that K((,, () =
K ((z,v/B) because both fields have degree 2 over K ((,) and the former contains
the latter, thus (2c1/B € K((;). We now prove the direct implication, namely
that va(y) = e: if v2(y) < e, then we would deduce /B € K((,); if va(y) > e
(which holds for either none or all y € S), then (since v2(z) < e) we would have

VB & K (Gemzr ), contradicting Cev/B € K(C): O

6. Cyclic extensions of degree 4 or 8 of multiquadratic
number fields

Let K be a multiquadratic number field containing (4, and let Gal(K/Q) be
isomorphic to (Z/2Z)" for some r > 1. If L/K is an extension which is cyclic
of degree 4 and it is contained in K(fis), then L/Q is abelian and we have
L=K({/a) for some a€ K*\ K*2 Moreover, Gal(L/Q) is isomorphic to either

(Z)2Z)"x ZJAZ — or  (Z/2Z)"'x Z/8Z

because it has a cyclic subgroup of order 4 and it is not (Z/2Z)"~2 x (Z/4Z)?, as
Gal(K/Q) is obtained by quotienting a cyclic subgroup of order 4. We now fix
a € KX\ K*? so that K(/a)/K is cyclic of degree 4.
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THEOREM 6.1. [t is possible to check whether K(/«a)/Q is abelian with an
explicit finite procedure, and in this case there are finitely many computable
minimal integers x > 1 such that Vo € K((,).

Proof. The extension K(/«)/Q is abelian of exponent 4 if and only if
K(v/a) = K(/7), where Q(,/7) is quartic cyclic (we keep the notation of Sec-
tion 2.3)). If v exists, then it belongs to a finite computable set, as seen at the
beginning of Section [ (there are only finitely many possibilities for D because
K(VD) = K(y/a), and we may work with this multiquadratic number field).
Those integers x as requested can be found with Theorem [B] (first we make
sure that vD € K((,), and then we apply the result to K(v/D)).

Let M be the product of all odd prime numbers ramifying in K(/«) (the
primes of K ramifying in K (/) can be found with [7, Lemma 2]). If K(/«)/Q
is abelian (and hence it has exponent dividing 8), then /a € K((32n) (and
va € K(Gem) if (s ¢ K). To determine whether it is abelian of exponent 8,
let F' be the extension of K obtained by adding ,/p for all odd primes p | M. It is
equivalent that F(/«)/Q is abelian of exponent 8, and this is the case if and
only if a/g € F>** for some g as in Lemma B4 (notice that the set of possible g
is finite and computable).

By Lemma [£4] we can also determine the minimal integer y > 1 such that
va € F(¢y). Let y = 42", where yo is the odd part of y, and consider the
largest multiquadratic subfield of K((y,), which we call K" If 0 < e < 3 is as
in Lemma [£4] then we have e + 2 = v < 4 if (s ¢ K and hence (3 € K.
So we have g € K'. Since F//Q has exponent 2 and /«a/g € F, we must have
Va/g € K’ and hence by Proposition [5.2] we are able to find those finitely many
minimal Y (requiring yo | Y') such that </a/g, respectively (oe+2+/a/g if e > 0,
is in K'((y) = K(Cy). These Y are minimal with the property that yo | ¥ and
v/a € K(Cy) because, writing g = (2¢ go, we have {/gg € K ((y,). O

Now we suppose that (g € K, and we study the extensions L/K which are
cyclic of degree 8. We have L = K (y/a) for some o € K* \ K*2, so we fix « as
such. If K(¥/«)/Q is abelian, then its Galois group is isomorphic to either

(Z/22)"x ZJ8Z ~ or  (Z/2Z)""'x Z/16Z

because there is a cyclic subgroup of order 8, and Gal(K/Q) is a quotient by a
cyclic group of order 8.
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THEOREM 6.2. [t is possible to check whether K(¥/a)/Q is abelian with an
explicit finite procedure, and in this case there are finitely many computable
minimal integers x > 1 such that /o € K((;).

Proof. Let o/ = /a. The extension K (/a)/Q is abelian of exponent 8 only if
K(a') is multiquadratic. In this case we have K(¥/a) = K(a/, va/), so we can
apply Theorem [6.1] to find all z such that Ja € K(o/,(;), and then The-
orem [5.1] (1) to select those = such that o’ € K((;).

Let M, F be as in the proof of Theorem The extension K (/a)/Q is
abelian only if /o € K((sans). It is abelian of exponent 16 if and only if the
same holds for F/(/a)/Q, equivalently there is some g € F' as in Lemma [£.8 such
that a/g € F*® (the set of possible g is finite and computable). By Lemma
we can find the minimal y > 1 such that /a € F((,). Consider the largest
multiquadratic subfield of K((,) or equivalently of F'((,), which we call K’
As in the proof of Theorem [6.1] we have g € K’ and /a/g € K'. By Propos-
ition we may then find the finitely many minimal ¥ > 1 with y | ¥ such
that {/a/g € K'((y)=K({y). These are the minimal Y >1 such that y|Y and

Vo€ K(Cy) because ¢/g € K((y). O

PROPOSITION 6.3. Let 3 € KX\ K*2.

(1) Suppose that ¢4 € K (here we do not require s € K) and that K(+/B3)/Q is
abelian. Let e > 6, or e =5 and (s ¢ K. We have (e /B € K((:) for some
z > 1 if and only if lem(2°,y) | x for some y > 1 such that /B € K((y).

(2) Suppose that (s € K and that K(3/B)/Q is abelian. Let e > 7. We have
Coe /B € K(Cy) for some x > 1 if and only if lem(2¢,y) | z for some y > 1
such that /B € K((y).

In particular, the minimal integers x > 1 as above are, in both cases, a finite
computable set.

Proof. The minimal integers y as in the statement are a non-empty finite
computable set S by Theorems[6.Iland [6.2] Moreover, the condition lem(2¢,y) | =
for some y € S is clearly sufficient. To prove that it is necessary, we apply
Lemma BTl For (1), since v/B € K((iom(2e,s)), the odd part of some y € S
divides z and we are left to prove 2¢ | x. If e > 6, then (3.-1 € K((,) and hence
2¢=1 | . Thus y | = hence (o € K((,) and we conclude. If e = 5 and (3 ¢ K,
then for every odd z > 1 we have (328 ¢ K((16-) (this field contains /5 but
not (32) and we conclude. For (2), since (ye-1 v/ € K((,) we get 2671 | by (1),
and we similarly conclude. O
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7. Extensions of a quartic cyclic number field

In this section K = Q(,/7) is a quartic cyclic number field, and we keep the
notation of Section

LEMMA 7.1. For x > 1, the following are necessary and sufficient conditions
for the elements Can for any n > 2 and for v/2 and /=2 to be in K((,):

‘ Element in K((;) H Equivalent condition ‘
@ (n>5) > 12

(16 16 |z, or 2| D, 4AD | x

(s 8|z, or2|D,2D |z, or2|C,4AD | x

(s 4|z, or AD |z, A+ B =3 mod4

V2 GEeK((y), or2| D, D |2z, or AD |z, A+C=1mod 4
V-2 (s € K((;), or AD |z, A+ C =3 mod 4.

Proof. We may suppose without loss of generality that x is odd or 4 | «
(notice that in the conditions in the statement each congruence implies that D
is odd). We set n = 24+ /2 and 9 = 7/A, and we call cx the conductor of K.
The assertion for (s» is clear because 321 ck.
The element (i4:
Suppose that (16 € K(¢;) and 16 { z, which implies 16 | cx and hence
2 | D. Thus /7 € K(() \ Q(¢). We claim that vD € Q(¢,) or equi-
valently 4D | . If not, then by Lemma 21| we have v/nD € Q((,) thus
(D/2)|z and n € Q({;), which gives 8|z and hence 4D | z, contradiction.
The conductor of Q(,/7o) is 8D, so both /7 and /7 generate K ((,) over
Q(¢z). Thus VA € Q(¢,) and hence A | .
For the other implication: if 2 | D, 4AD | x, and 16 t z, then we have
Q(¢z) € K(¢x) € Q(Cs, C16) so we conclude because (s € Q((y).
The element (s:
Suppose that (g € K((;) and 8 1 z, which implies 8 | cx and hence either
2| Dor2|C.If VD ¢ Q((y), then by Lemma 2] we have v2D € Q((,),
which implies 2 | D and (D/2) | . We have K ((,) = Q({s, v/2) and hence
¢4 € Q(Cp), 50 2D | 2. Now suppose VD € Q((,): if D is even, then 4D | z;
if D is odd, then v/2 € K((,) implies 2 | 2 hence 4D | 2. To prove A | z, or

equivalently /A € Q(,), consider that V75 /70 are both in K(¢,)\ Q(¢)
because 8 | cx and the conductor of Q(,/7o) is 8D.
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For the other implication: if 8 4 , 2 | D, and 2D | z, then we have
¢4 € Q(¢), and we also have v/2 € K((,) because both vD and y/D/2
are in this field; if 8 { z, 2 | C, and 4AD | z, then {4 € Q((;) and
we conclude because K(() is contained in Q({, (s) but not in Q(¢,).
The element (4: Suppose that ¢4 € K((,) and that = is odd, hence 4 | ck.
We cannot have 8 | ¢k, else K({a|pe)/Q(¢ja|pz) would not be cyclic as
it would be generated by (g. So cx = 4|A|D and hence A + B = 3 mod 4,
thus D is odd and hence it is congruent to 1 mod 4. Since K ((,)/Q((;) is
cyclic and K () contains v/D and ¢4, we must have vD € Q((,), thus
K((;) = Q(C4z) and hence AD | x.
For the other implication: if 4z and AD | x and A+ B = 3 mod 4, then
we conclude because K ({ap) € K((;) is contained in Q({4j4)p) but not

in Q(¢a1p)-

The elements \/£2: Suppose that /£2 € K((;) and (g ¢ K((;), so (4 ¢
K(¢,;) and z is odd. Since 8 | ¢, we have either 2 | D or 2 | C. If VD €

Q(C), then 2 4 D and D | z. If VD ¢ Q(¢.), then vE2D € Q(,)
by Lemma [2.]] and so the odd part of D divides . Now we may suppose

that 2 BD and D | x, which imply vVD € Q(¢,) and hence K((,) =
Q(Cy, vVE2). In particular, we have A | x. From Remark [l we deduce that
VEY € Q(¢,). With the plus sign, the conductor of Q(1/9) is odd, else
the conductor is four times an odd number. We conclude that A + C =
+1 mod 4.

For the other implication: if 2 | D and D | 2z (recalling that all odd
prime divisors of D are congruent to 1 mod 4), then K(¢,) contains v/ D
and \/D/2; if AD | x and A+ C = £1mod 4, then /7 € K((,) and

VEY € Q(¢ap) € K((), so K(C) contains v/£2 by Remark [l O

Fix a € KX\ K*2. If K(y/a) is contained in K (fis), then it is an abelian
extension of Q of degree 8. Its Galois group over Q has a cyclic quotient of order 4,
S0 it is isomorphic either to

ZJAZ X )27 or  Z/8L.

LEMMA 7.2. The extension K(y/a)/Q is abelian if and only if it is Galois if
and only if we have « - o(a) € K*?, where o is some generator for Gal(K/Q).

Proof. If K(y/a)/Q is Galois, then it is abelian because its Galois group has
order 8 and it has a quotient isomorphic to Z/4Z. For the second equivalence we
may reason as in the proof of [7, Lemma 4], where we consider « - o(«) instead

of Nk g(). O
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The extension K (/a)/Q is abelian and not cyclic only if there is some square-
free integer m such that K(/a)=K(,/m) and hence a/m € K*2. To determine
if m exists and to find it, it suffices to check finitely many possibilities because the
odd primes dividing m ramify in K (y/a) (these can be found with [7, Lemma 2]
and by considering the conductor of K).

THEOREM 7.3. We keep the above notation and the one from Section [Z.3
If K(yJa) = K(y/m), then for x > 1 we have Ja € K((;) if and only if x
is a multiple of at least one of the following numbers:

e the conductor of Q(v/m);

the conductor of Q(v/Dm);

8D times the conductor of Q(v Am);

D times the conductor of Q(v/£Am) if A+ B = +1 mod 4;

D times the conductor of Q(v/£2Am) if A+ C = +1 mod 4.

Proof. Since Q(v/m) and Q(v/mD) are the quadratic subextensions of K (y/a)
not contained in K, the first two given conditions are sufficient. The other con-
ditions are also sufficient because Q((,) respectively contains the square roots
of D 4+ BVD, +(D + BVD), £2(D + Bv/D) by Remark@ and (&), so it contains
VANEAVE2A.

Now suppose that /a € K((;). If K C Q((;) or K N Q(¢;) = Q, then
by Lemma 1] \/m or v Dm is in Q(¢,) and we have the first or second condi-
tion. Now suppose that v/D € Q(¢,) and KZ Q(¢,), and in particular we have
D |xz,and 4D | z if 2| D.

If A+ B = +1mod 4, then /£(D + BVD) € Q(¢,) and hence K(¢,) =
Q(Cz, VEA). Thus by Lemma 2] v/m or vEAm is in Q(¢,) and we have the

first or fourth condition. If 8D | z, then we may reason analogously because

VD + BVD € Q((y).

If 2 | D (thus 4D | ) and 8D f z, then we have K((;) = Q(Cz, \/ A2 + V2))
because /2 + v/2 and /D + Bv/D generate the same extension over Q((4p).
By Lemma 2] and since v/2 € Q({,) all quadratic subextensions of K ((,) are
contained in Q((ﬁ), so we have the first condition.

If A4+ C = +1mod 4, then we have /+2(D + BvD) € Q(¢,) by [@). So

K(¢:) = Q(¢, VE2A) and hence /m or v/+2Am is in Q(¢,) and we conclude.
g
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PROPOSITION 7.4. Let f€ K* be such that K(v/B)/Q is abelian and not cyclic,
and let e > 3. An integer x > 1 such that (aer/B € K((:) is the multiple
of at least one of the following numbers:

lem(2¢,y), for e > 5, where y is such that /B € K((y);

lem(w,y), if e = 4, where w is such that (3 € K((y) and y is such that
\/BEK(Cy);

lem(4, 2), if e = 3, where z is such that /28 € K((.);

lem(AD, z), ife = 3 and A+ B = 3 mod 4, where z is such that /28 € K((,).

The minimal integers x form a non-empty finite computable set.

Proof. We can find all minimal w,y,z by applying Lemma [ZI] and The-
orem

Write K (v/3) = K(y/m) for some squarefree integer m as seen before The-
orem [7.3l So we need to describe those = such that (sc\/m € K((,). Notice that
Cory/m € K () implies Ger € K(G,):

For e > 4 (considering Lemmal[7I] for e > 5) it suffices to prove that both (s
and y/m are in K ((;). This is the case because, if K((;,+/m) and K((;, (2¢) are
non-trivial over K((,), then they cannot be equal as the former field has more
quadratic subextensions than the latter by Lemma 2.1

If e=3, then (4 € K((,) and hence /25 € K((;) so we conclude by Lemmal[7.1l
(]

THEOREM 7.5. Let cx be the conductor of K (call ¢y its odd part and vk its
2-adic valuation). Let P be a prime of K over 2. If K(\/a)/Q is cyclic of de-
gree 8, then there exists unique a minimal integer x > 1 such that /o € K((;).
The odd part of x is a multiple of ¢ and it is the product of all odd primes
whose primes of K above them ramify in K (\/a). Moreover, vo(x) is given by

5 if vg =4,

4 if vg =3,

3 if vg =2 and P ramifies in K(\/a), or
if vg =0 and P ramifies in K(y/a), K(v/—a),
if vg =0 and P does not ramify in K(v/—a),
if vk =0,2 and P does not ramify in K(y/«).

Proof. Let x be minimal such that \/a € K((,): its odd part «’ is squarefree,
1 # vy(x) < 5, all prime divisors of z ramify in K (y/«). Recall that the primes
ramifying in K are those dividing ck, and notice that, if p { cx is a prime
ramifying in K (y/a), then p | .
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To show ¢ | ' it suffices to prove ¢ | y, where y > 1 is such that \/a €

K (4, ¢y)- Notice that K(Car/a)/Q(/D. )

is a cyclic Kummer extension of degree 4 with intermediate extension K ((4).
Thus the extension K (Cy,(,)/Q(VD, (4, ¢,) is trivial as it has degree at most 2
and hence the base field contains K((4). We deduce that A and the odd part
of D divide y because if p| AD is an odd prime, then

Q(Ci6141D/p) # K(Ci61a1p/p) € Q(Ci6/a1D)-

We may reason analogously to prove that vg < ve(x) holds if v > 3.

Since K (e, Cc) /Q(Cey) has degree at most 2, we have vy (2) <max(3, vk +1).
If v = 3,4, then we know ve(x) € {vk, vk + 1}, so we conclude by the minim-
ality of x because K ((ovi o) = K(Coox—141)-
If vg = 2, then K(\/a, () is either Q(C4qr) or Q((ss). In the latter case P
ramifies in K (y/a), while in the former case it does not because K(y/a, () =
If vg = 0, then 2 does not ramify in K: if P does not ramify in K(y/«), then
vo(x)=0; else va(x) € {2,3}, and it equals 2 if and only if P does not ramify
in K(v/—a).

Notice that there is an explicit finite procedure to check whether the primes
of K lying over 2 ramify in K (y/«), see [I, Algorithm 6.2.9]. O

LEMMA 7.6. If A has some prime divisor which is congruent to 3 mod 4, then
K(\/a)/Q is not cyclic.

If K(\/a)/Q is abelian, then it is cyclic if and only if all prime ideals
of K above the odd prime divisors of AD ramify in K(y/a) (we can apply
[7, Lemma 2] to check this condition).

Proof. If K(y/a)/Qis cyclic, then \/a ¢ K({4) and we have \/a € K ((i6/4|Dw)
for some odd squarefree integer w > 1 coprime to AD. So K (¢4, v/a)/Q(VD, 1)
is cyclic of degree 4 and K Z Q(v/D, 4, C,) if At . Thus, if p | A is prime, then

K (Ci6/41Dw/p> V@) /Q (Ci6/41 Dwyp)

is a subextension of Q (Ci/a|pw)/Q (C16/a|Dw/p) Of degree 4, which implies
p=1mod 4.

In the second assertion, the prime divisors of AD divide the conductor of K
hence the ramification condition is necessary by Theorem [T.5] It is also sufficient
because if K(y/a)/Q is abelian and not cyclic, then by Theorem (the first
two cases) there is some x > 1 such that v/a € K({,) and D ¢t 2z. O
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PROPOSITION 7.7. Let 3 € K* be such that K(v/B)/Q is cyclic of degree 8, and
let e > 3. Let y vary in the set of integers such that \/B € K({,), and denote
by y' the odd part of y. Those integers x > 1 such that (ae/B € K((;) are the
multiples of at least one of the following numbers:

e lem(2°,y);

o 4y if e = va(y) =5;

o lem(w,y’) if e = va(y) = 4 orif e = 3 and va(y) < 3, where w is such that
Cs € K(Cw);

e lem(z,y') if e = va(y) = 3, where z is such that (4 € K((,).

The minimal x are a non-empty finite computable set.

Proof. We can find all minimal w and z with Lemma [[]] and y with
Theorem If z > 1 is such that (se/B € K((;), then we have (oe-1 € K((,)
and v/ € K(Ciem(2¢,2)), and in particular y | x for some y.

Unless (2¢ and /f are both in K((;), we have (2 ¢ K({;) and /B ¢ K((;)
50, as in the proof of Proposition 5.3} (2c1/B € K((,) holds if and only if (ye—1 €
K((y), v | = for some y as above, and va(y) = e.

Suppose that (sc and /3 are both in K((,). If e > 3 orif e = 3 and v (y) > 3,
then the first condition is necessary and sufficient. Now let e = 3 and va(y) < 3.
Then the third condition is sufficient because K (Ciem(w,y')) = K (Clem (w,ay7)) and
it is necessary because (g € K((;).

Now suppose that neither (oc nor /3 are in K(¢;), and let e = vs(y) and
y' | . We only have to ensure (oc-1 € K((;). If e = 3 or e = 4, then clearly
the last condition or respectively the third condition applies. Finally let
e = v9(y) = 5, which implies 2 | D and that (recalling from Theorem

that AD | 2y) we have K(Cay) = Q(Cay, V) = Q(Ci6y), Where § = 2 + /2,
while clearly (i ¢ K (Cy)- O

8. The 2-adelic failure

8.1. The 2-adelic failure for quartic cyclic number fields

Let K be a quartic cyclic number field and let n, M > 1 be such that 2™ | M.
Without loss of generality let o € K* be not a root of unity. We write

F - K<C2n, 27\1/&) ﬂ K(,U’OO)
and we compute the 2-adelic failure
B(M,2") = [F N K(Cur) + K(Gon)]-
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We can write a = :I:ﬁ2d, where d > 0 and 8 € K* is strongly 2-indivisible.
By Theorem B.I] we can determine F', and we have
2 if F= K(C2n+1) and  (ont1 € K(CM), or

if F = K(Con,v/B) and /B € K(Cu), or

if n>2F=K((m1vB) and Conriv/B € K(Car),

1 otherwise

B(M,2") =

so we may conclude by applying the results of Section [ to determine whether
the given elements are in K (Car).

ExAMPLE 1. Let K = Q(1/3(5+2v5)), and let a = 21 or o = —21%
Consider all n, M > 1 such that 2™ | M, and recall that B(M,2") € {1,2}.
If o = 21, then B(M,2") = 2 if and only if 2" - 21 | M or 2max(2n) . 35 | M.
If @ = —21%, then B(M,2") = 2 if and only if we are in the following cases:
n<2and 2" | M;n=3and 16-21 | M or 16-35| M;n >4 and 2" -21 | M
or2"-35| M.

Indeed, Theorem Bl gives K (Can,v/21) N K (ftoo) = K (Can,v/21) and

K (Cont1) if n<2,
K(Gon, V=211 N K (ptoc) = { K (Geni1V21) if n=3,
K(Con,V/21)  if n>4.

Moreover, by Lemma [T1] for n > 2 we have (o» € K((j) if and only if 2™ | M;
by Theorem [73] we have v/21 € K((y) if and only if 21 | M or 4-35 | M;
by Proposition [74] for n > 3 we have (anv/21 € K(Cpy) if and only if 27 -21 | M
or 2" - 35 | M (by Theorem [73 we have v42 € K((yy) if and only if 8- 21 | M
or 835 | M).

EXAMPLE 2. Let K = Q(,/7), where v = 5(17+/17), so the conductor of K is
8-85. Let a = — 8%, where 8 = 12,/7 4 78y + 7v,/7. Consider all n, M > 1 such
that 2" | M, and recall that B(M,2") € {1,2}. We prove that B(M,2") = 2 if
and only if we are in the following cases: n =2, and 8 | M or 4-85 | M; n =3
and 16 | M;n=4and 32-85 | M;n>5and 2" -85 | M.

With [14] we can check that § € K* is strongly 2-indivisible, and that (3 -
o(B) € K*2, where o is a generator of Gal(K/Q). By Lemma [[.2 K (1/B)/Q is
then abelian, so Theorem Bl gives

K(C2n+1) lf n < 3,

K(62"72T\L/a) N K(Moo) = K(C2"+1\/B> if n= 47
K(Con,V/B) if n>5.
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By [14], working with the ring of integers of K, the prime ideals dividing (53)
with an odd exponent lie over 2,5,17. Then by Lemma the Galois group of
K(v/B)/Q is Z/8Z and hence by applying Theorem [T.5 we have /B € K((,) if
and only if 16 - 85 | .

By Lemma [[I] for n # 1,3 we have (on € K((,) if and only if 2" | =z,
while (s € K((,) if and only if 8 | z or 4 - 85 | . By Proposition [7.7 we have
Can/B € K(¢,) if and only if n > 5 and 2" -85 | z, or n = 4 and 4 -85 | x, or
n =3 and 16 -85 | z.

8.2. The 2-adelic failure for multiquadratic number fields

Let K be a multiquadratic number field and let n,M > 1 be such that
2™ | M. Without loss of generality let & € K™ be not a root of unity. We write
F = K(Con, 3/a) N K(f100) and we compute the 2-adelic failure

B(M,2") = [F A K(Car)  K(Gn)]-

We can write o = C2h62d, where (on € K (thus h < 3),d > 0, and § € K* is
strongly 2-indivisible. We can find F' by applying Theorem B.I] and then we can
find the degrees B(M,2™) by applying the results in Sections BHAl to the gener-
ator of F over K((an) indicated by Theorem Bl (and to the generators of the
subextensions of F' over K ((an), which are 2-powers of the given generator).

EXAMPLE 3. Let K = Q((4,v/5,v/21) and o = (438, where 8 = 3(5 + 2V/5) €
K* is strongly 2-indivisible. We prove that for all n, M > 1 such that 2" | M
we have

4 if n=2,3 and 2""2| M, or
if n=4 and 25-15| M or 2°.35| M,

2 ifn=1 and 23| M, or
if n=2,3 and vy (M)=n+1, or
if n=4 and 25| M,2°-154M,2% 35/ M, or
if n=>5 and 20-15| M or 26.35| M, or
if n>6 and 2°-15|M or 2"-35| M,

1 otherwise.

B(M,2") =

Since Q(v/B) is quartic cyclic, the Galois group of K(1/3)/Q is isomorphic
to (Z/27)? x ZJAZ. We have /B & K (j100) = Q(v/B, o) by Lemma[:2 because

B-3(5-2V5) =35 ¢ Q(VA) 2.
By Theorem 5.1 we have v/ € K () if and only if 15 | M or 35 | M.
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For N > 3, (o~ € K((y) implies 2V | M by Lemmadl so by Proposition 5.3
we have (yv /B € K ((y) if and only if 2V-15 | M or 2V.35 | M. We may conclude
because Theorem B.1] gives

K(Cyns2)  if n <3,
K(Gn, Vo) N K(poo) = 4 K(Gev/B) if n=4,5

EXAMPLE 4. Let K = Q(¢4, v17) and let o = 8(13v/17+51)(4¢, —1). With [14]
we can check that K({/«) is the subextension of degree 8 of Q((s.17)/Q(C4),
and then by Lemma F4 that K({/a) € K(Car) holds if and only if 17 | M.
Since K (y/«) is the quartic subextension of Q((4.17)/Q(C4), we also have that
Va € K(Cp) holds if and only if 17 | M. We can apply Theorem [31] to get,
forn>1and 2" | M:

4 if n>=2 and 17| M,

B(M,2")={ 2 ifn=1 and 17|M,

1 otherwise.

8.3. Number fields without quadratic subfields

Let K be a number field without quadratic subfields, i.e., such that the max-
imal subextension of K which is Galois over Q has odd degree. In particular
KNQ(poo) has odd degree, and K Npo = {£1}. So for K we only need to study
the 2-adelic failure: if « € K*\ {£1}, then we write F = K ((an, /) N K (too)
and we compute the 2-adelic failure

B(M,2") = [F'N K(Cur) « K(Gon)]

for all M,n > 1 such that 2" | M. We can write o = :I:B2d where d > 0 and
B € K*issuch that 38 ¢ K*2. Notice that /B ¢ K (i) by Schinzel’s Theorem
on abelian radical extensions (see [15, Theorem 2]). We can apply Theorem B.1]
to compute F', and we have
2 if F= K(C2n+1) and (ont1 € K(CM), or

if F=K(Cn,/B) and BeK(Cy), or

if n>2,F=K((n1vB) and (onii/B € K(Cn),

1 otherwise.

B(M,2") =

To determine whether the given elements are in K((ys), we can apply the fol-
lowing Proposition.

PROPOSITION 8.1. There is a finite procedure to determine whether /B €
K(poo). In this case there exists unique a minimal integer x > 1 such that
VB € K((). Moreover, if e > 3, then there exists unique a minimal integer
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Ye = 1 such that (aer/BEK((y, ). We have ye =lem(2°, x) unless e=wvq(z) = 3,
where we have y. = x/2. We can determine = (and hence y.) with a finite
procedure.

Proof. We have /3 € K (i) if and only if there is some squarefree integer m
(it is unique) such that K (v/B) = K (y/m), which means 8m € K*2. In this case,
since KNQ(uoo) has odd degree over Q, we have that z is the unique conductor
of Q(y/m), and y, is the unique conductor of Q({ze+/m). To check if m exists
and, if so, to determine it, it suffices to find a finite set to which m belongs:
an odd prime divisors of m is such that there is some prime p of K above it
which ramifies in K(y/f), so the p-adic valuation of the fractional ideal (3) is
odd (see [T, Lemma 2]). O

ExAMPLE 5. Consider the number field K = Q(T'), where T is a root of X4 +
8X + 12. By [2, Remark 4.16] K has no quadratic subfields because the Galois
group of K/Q is isomorphic to Ay4. Let o = 2T + 3 = —(T?/2)?, so with the
above notation we have 3 = T2/2 and d = 1. Since K(\/B) = K(1/2), we have
VB € K((;) if and only if 8 | z. By Theorem B.I] (where t = 1 and h = 1) and
by Proposition Bl we deduce that for n, M > 1 and 2" | M we have

2 if n=1 and 4| M,
B(M,2") =

1 otherwise.

9. The /-adelic failure for ¢ odd

9.1. The 3-adelic falilure for multiquadratic number fields containing (3

Let K be a multiquadratic number field containing (3, and let n, M > 1 be
such that 3" | M. If « € K*, then we set F = K((3n, *y/a) N K(us) and we
compute the 3-adelic failure

B(M,3") = [F O K(Cr)  K(Ggn)] -

This computation is evident if « is a root of unity, so we exclude this case and
we write a = B?’d withd > 0or a = Cgﬂ?’d with d > 1, where 8 € K* is strongly
3-indivisible. We can apply Theorem 3.1l to compute F', and we have

3 if F=K((3nt1) and 3"t | M, or
if FZK(C?)"?\:)’/B) and \?’/BEK(CM)7 or

B, 3") = if n>2,F=K(GniV/B) and G /B € K(Cur),

1 otherwise.
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To determine whether the given elements are in K((3s) we can apply the follow-
ing result.

PROPOSITION 9.1. We can check whether K({/B)/Q is abelian with an explicit
finite procedure. In this case, if e > 0, then there is precisely one minimal integer
x > 1 such that (3¢/B € K((:), and = is computable. If ¢ > 3, then x =
lem(3¢,y), where y is the minimal integer such that /B € K((,), which is
computable.

Proof. Since K(+/3)/K has degree 3, we have K (/) = KL for some number
field L such that L/Q((3) is an extension of degree 3. Moreover, we have

K(Y/B)CK() <= LCQG,¢)-

Thus to check if K(/B)/Q is abelian it suffices to check whether 3/g € K>3
for any of the finitely many elements g as in [7l, Theorem 9], where we take M
to be the product of 3 and all primes congruent to 1 modulo 3 that ramify
in K(/B) (which can be found with [7, Lemma 2]). The same result provides
the minimal y > 1 such that /g, or equivalently /B, is in K ().

For e = 1 we may reduce to the case e = 0 because (3 € K, and the same
holds for e = 2 because we may replace S with (38. Finally, if e > 3 and
(3ev/B € K((:), then we need 3¢ | z. Else K((z,(3¢) = K((z, /B) would be
impossible because the latter field does not contain (ze. O

EXAMPLE 6. Let K be a multiquadratic number field containing (3. Then o =

M%J is such that /a generates the cubic subextension of Q({21)/Q((3).

Thus 7 is the minimal integer z > 1 such that /a € Q({3,). For n > 1 and
3" | M we have

3 if 7| M,

[K(Gsn, V) N K (Cur) - K (Gan)] = {

1 otherwise.

9.2. The 5-adelic failure for Q((s5)

Let K = Q(¢5), and let n, M > 1 with 5" | M. If « € K*, then we set
F = K ((sn, *V/a) N K (peo) and we compute the 5-adelic failure

B(M,5") = [F O K(Cr) = K(Gsn)] -

We proceed as in the previous subsection: without loss of generality « is not a
root of unity, and we associate to it some 8 € K* which is strongly 5-indivisible.
We can apply Theorem [BI] to compute F, and we have
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5 if F'= K(Csnt1) and 5"t | M, or
it F = K(Gye, VF) and YF e K(Cw). o

BOLS) =0 it ns 2 F = K(Gourn 9B) and Goos 0B € K(Car),

1 otherwise.

To determine whether the given elements are in K((3s) we can apply the follow-
ing result:

PROPOSITION 9.2. We can check whether K(</3)/Q is abelian with an explicit
finite procedure. In this case, if e > 0, then there is precisely one minimal x > 1
such that (se /B € K((:), and x is computable. If e > 3, then x = lem(5%,y),
where y is the minimal integer such that /B € K (), which is computable.

Proof. The statement is analogous to Proposition [0.1], thus we can prove ana-
logously the last assertion and we may reduce to the case e = 0. So let e = 0.
Since x is minimal, then we have x | 25¢, where ¢ is either 1 or it is a squarefree
product of prime numbers congruent to 1 modulo 5, and we may take ¢ to be the
product of the prime numbers p # 5 ramifying in K (/). We may find these p
with [7, Lemma 2], and having p # 0,1 mod 5 for some p ramifying in K (/)
already implies that K ({/3)/Q is not abelian. Then to check if K(/5)/Q is
abelian it suffices to check whether 3/g € K*° for some of the finitely many
elements ¢ as in Lemma [0.3] (where N = 5t). We conclude because we know the
minimal integer x such that &g € K((,.). O

LEMMA 9.3. Let N = H:lei, where the p;’s are distinct prime numbers such
that p; = 5 or p; = 1 (mod 5). Set B5 = (5, and for p; # 5 let B,, € K*
be such that K(/B;) is the subextension of K((p,)/K of degree 5 (to find B;
see [0, Section 4]).

The extension Q((sn)/K has (5" — 1)/4 subextensions of degree 5. They are
of the form K(3/g), where

g= I &, e; €{1,2,3,4}.
0AIC(L,....r)}

Moreover, for every x > 1 we have K(/g) € Q((se) if and only if p; | x for every
1el.

Proof. The field K({/g) is contained in Q((s.) if p; | « for every i € I
by definition of the f;’s. Conversely, if K(¢/g) € Q((sz), then p; | 2 because
V/Bi € Q((sz)- In particular, K({/g)/K has degree 5.

There are 5" — 1 elements g as in the statement, and they generate (5" —1)/4
distinct extensions (because K (¢/gr) = K(/gz) holds if and only if g -g§ € K*5
for some e € {1,2,3,4}).
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We conclude by proving that Q({sx)/K has (5" — 1)/4 subextensions of de-
gree 5. Its Galois group G is such that G/G® ~ (F5)". Thus counting the kernels
of the surjective group homomorphisms G — F5 amounts to counting the ker-
nels of the surjective linear maps (F5)" — F5. These are precisely the vector
subspaces of (F5)" of codimension 1: by orthogonality w.r.t. the standard scalar
product (after having fixed a basis) they correspond to the vector subspaces
of dimension 1 and we conclude. O

EXAMPLE 7. Let K=Q((5) and let a =5 8% where f=11(15¢3+35¢2+25¢;+41).
We can check with [14] that /3 generates the subextension of Q((s5)/Q(¢s5)
of degree 5. Thus 11 is the minimal integer z > 1 such that /8 € Q((s.).
We then have, for n > 1 and 5™ | M,

5 if n=1  and 52 | M, or
(K(Gn, /@) NK(Gu) s K(Gr) = T2 e ST o
o Ve M) Gl = ifn>3 and 11| M,

1 otherwise.
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