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ABSTRACT. We study the numerical radius of bounded operators on direct
sum of a family of Hilbert spaces with respect to the #P-norm, where 1 < p < oco.
We propose a new method which enables us to prove validity of many inequalities
on numerical radius of bounded operators on Hilbert spaces when the underling
space is a direct sum of Hilbert spaces with ¢P-norm, where 1 < p < 2. We also
provide an example to show that some known results on numerical radius are not
true for a space that is the set of bounded operators on ¢P-sum of Hilbert spaces
where 2 < p < 0co. We also present some applications of our results.

1. Introduction

Let A be a set and {(Hy, (-, ) }rea be a family of Hilbert spaces,
H=®)eaHy and 1<p<oo.

For each © = (z))xea € H, we define
1

P

lelly = | D lleal” ), 1<p<oo and [lz]o= sup |zl
AEA AEA

The ¢P-sum of {H)} e is defined by
H,={ze€H:|lz|l, <o}, Ho={zre€ H:|z||lw< o0}
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The inner product on H is defined by

((@)ren, Wren) =D (T, ua)xi (22), () € Hy,
\eA

If there is no ambiguity about the indexes, we will remove them. This inner
product makes each H, an inner product space. In special case, when p = 2,
according to [§], Hs is a Hilbert space. However, (Hp, || - ||,) for p # 2 is not a
Hilbert space, when |A| > 1. For example, if H, = C & C and = = (1,0) and
y = (0,1), then [lz[l, = [|z[loc = [[yllp = [lylloc =1, and

1 1
[z +yllp = llz =yl = (17 +[1[")» =27 and ||z + ylleo = [ = yllo = 2.

Hence the parallelogram equation does not hold.

Following [5], numerical range and radius of bounded operators initiated
by Stone in his book in [9]. This topic has many applications in various branches
of mathematics and physics such as functional analysis, matrix norms, inequal-
ities, numerical analysis, perturbation theory, matrix polynomials, systems the-
ory, quantum physics, etc. The interested reader can refer to [I]-[7] for further
information.

In the next section, we will define and study numerical radius of bounded
operators on H, for 1 < p < oco. We will develop a method which enables us
to extend many inequalities in the literature for bounded operators on H,, when
p € [1,2] U {oo}. By providing a counterexample, we show that some known
inequalities on numerical radius of bounded operators on Hilbert spaces are not
true when the underlying space is H, with ’-norm, where 2 < p < oo.

2. Main Results

Hereafter, unless otherwise is stated, we will assume that H and H), are the
spaces defined in Section 1, for 1 < p < co. We also denote by B(H,), the set
of bounded linear operators on H,,. Clearly, B(H,) is a linear space.

The following result states that ¢?-norms on B(H,) are equal, when

p,q € [1,00].
PROPOSITION 2.1. Let T € B(H,) and let 1 < p < oo, then

Tl = sup [[Tx]]-
AEA
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Proof. For each € > 0, there exists A\g € A,
sup [T = € < [T |l (2.1)
There is xy, with [|z),] =1,
1Tl — € < I Txg I (22)
Define the set g = (zx)rea as follows
xx=01if A# X and x) =z, if A= Ao.

We have
[zollp = ll2xo [l =1 and | Taoll, = [[Thg@x, -

By 1) and 2.2),
Sup [Tl = 2¢€ < [[Txo x|l
= || Txollp
< sup [T, = [T,

 llalp=1
Since € > 0 was arbitrary, supy [|Tx|| < ||T||,. Moreover, if p # co, we have

ITllp = sup  [(Taxza)really

(xA ‘p—
|TA$A|p>

(AEA

D

sup ( ITAI”IMIP>
u(m)np— \eh
(AGA

sup [|Tx[))? Iﬂfxlp>

=

= sup
l(@x)llp=1

-

1
P
sup
H(m)l\p—l

= sup || T|l-
AEA
For p = oo, we have

ITlloe = sup  [[(Taza)reallo
@3 )realloo=1

= sup sup | Taza||
l@x)realloo=1 A

< sup Sl)l\pHT/\HHxAH

[(@x)realloo=1

< sup || Ta|l- O
A
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The following result follows immediately from Proposition 211
COROLLARY 2.2. For each 1 < p < oo, B(Hp) is a C*algebra.

Proof. Define an involution T'=(T))xea +— 1" on B(H,), where T* = (T} )en.-
Proposition 2] guarantees that this map is well-defined. One can easily see that

(T)*=T and (TS)"'=S*T* forall T,S € B(H,).
Since for each T' € B(H,),
NTT[lp = supreallTNTX[x = supxeal [TAATX N = [[T1[pl[T]]p,
the space B(H,) is a C*algebra. O
DEFINITION 2.3. For each T' € B(H,) where 1 < p < oo, we define
Wu(T) = {Eea(Drzx, zx) : [|(@a)llp = 1}
wp(T) = sup{lal : @ € W(T)}

and

Note that our definition is a natural extension of the standard definition
of numerical radius for bounded linear operators on Hilbert spaces.
One can easily check that for each T',S € B(Hp) and 1 < p < oo, we have

() W, (T + 5) € Wy(T) + Wy(S),
(ii) if a € C, then W,(aT') = aW,(T),
(iif) Wp(T7) = {@: a € Wy(T)},
(iv) if U is unitary, then W,(U*TU) = W,(T),

(v) wp(T) =0 1if and only if T'= 0,
(vi) T >0 if and only if (T'z,x) > 0 for each x € Hp,
)

(vii) T is self-adjoint if and only if (T'z, x) is in the extended real line for each
x € Hp.

It follows from (i) and (ii) that w,(T+5) <w, (T )+w,(S) and wy(aT') = |a|w,(T').
This together with (v) show that w,( . ) : B(H,) — [0,00] defines a general-
ized normed space. By (iii) and (iv), wy(T) = wy(T™) and w,(U*TU) = w,(T)
provided that U is unitary.

The following result compares wy,(T") and w,(T), when 1 < p < ¢ < oo for an
operator T' € B(H,).

PROPOSITION 2.4. Let T € B(H,), x = (zx) € H, and 1 < p < q < 00, then
(@) [ Xaea(Dren za)| < wp(T)I(2a)]13-
(b) H, C H, and if T € B(H,), then wy(T) < wy(T).

Proof.
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(a) If x = 0, the inequality clearly holds. Suppose that x # 0, then A,
(@3, = 1, hence

> (Thaa, )

AEA

< wp(D)ll()l5. (2.3)

(b) Let 1 < p < ¢, (zx)xen € H, and |zx]|[, = 1. So that for each A,
aal < 1. Hence flaall? < [loal?. Thus Sonep f2all? < Saen loall?,
so that (xx)axea € Hy. This means that H, C H,. Hence w,(T") < wy(T)
for each T' € B(H,). 0

The following example shows that in some situations the inequality of the
right-hand side of Proposition [2.4] is strict.

ExaMPLE 2.5. Let A =N and H,, = C for each n > 1. Take some p > 2 and let
Ty = ﬁ, then (,,)nen € IP. If id is the identity operator on H,,, then

;(id Ty Tn)| = nz::l % = o0.

So that w,(id) = co while wy(id) = 1. Hence ws(id) < wy(id).

The following result states that { (B(H,), || - ||»)
of C*-algebras.

}1 cp<oo B2 nested collection

COROLLARY 2.6. For each 1 < p < q < o0,(B(Hp),|| . ||p) is a C*-subalgebra
of (B(Hy), | - 1I)-

Proof. Follows from Corollary and Proposition 24(b). O

Corollary together with the fact that there is at most one C*norm on a
space justifies the correctness of Proposition 2.1l which at first seemed strange.

It is known that the numerical radius of bounded operators defines a norm on
B(H), which is also equivalent to the operator norm. The above example shows
that this result is not true when underlying space is a direct sum of Hilbert
spaces with fP-norm with p > 2. However, when 1 < p < 2, the situation is
different.

THEOREM 2.7. Let T € B(H,) where 1 <p < 2, then
1
5 1Tl < wp(T) < T,
Moreover, if T is a normal element of B(Hp), then wy(T) = ||T||,.
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Proof. Let ||(zx)||, = 1. By Proposition 211

Z (T, )

AEA

<Y [(Taza, zy)]

AEA

< 3 Tl

AEA

< > I Tl

AEA

< DT lpll2al®.

AEA

For any A, ||z)]| < 1, since 1 < p < 2, ||z||* < ||zA]|P. From the last inequality

we have
S (Danan)| < 170, Y laal?

AEA AEA
= 7.
By taking supremum over all (z)) with [|(z))], = 1, we see that w,(T) < ||T||,-
Take some Ao € A and z), € Hy, with ||z),]| = 1. Define x = (z))rea as
follows
xx=01if AX# X and x) =z, if A= Ao.
Then (Tx,z) := Z(T,\x,\,x,\> = (T)gTxrgs Trg)-
AEA
Hence
(TroTrg: Tao)| = (T, )
< sup Y (Tama, o)
@ )llp=1|xea
= wy(T).
Since Ao was arbitrary, by taking supremum on ||| = 1, we see that
W)\(TA) < wp(T) (V)\ S A) (24)

Since Ty € B(H,), we have 3||T)|| < wx(T). By Proposition 211 and (2.4),
we have

1
EHTHP < Wp(T)-

Now suppose that T = (Th)xea is normal, then for each A, Ty is a normal
operator on Hy. Therefore ||Ty| = wi(T)). By inequality (Z4), ||Tx] < wp(T).
By using Proposition 2] and taking supremum on A, ||T']|, < w,(T'). By the first
part of the proof, w,(T') < ||T||,. Therefore, w,(T') = ||T|,- O

160



NUMERICAL RADIUS OF BOUNDED OPERATORS

The following result is a direct subsequence of Theorem 2.7

COROLLARY 2.8. If 1 < p < 2, the function wy( . ) : B(Hp) — [0,00)
defines a norm on B(H,) which is equivalent to the original norm.

In what follows, we study the direct sum of Hilbert spaces with sup-norm.
We also investigate some properties of the numerical radius of bounded linear
operator on Hy. (Heo, || - ||oo). We start by the following definition.

DEFINITION 2.9. For each T' =(T)) € B(Hx,), we define
Weo(T) = sup Sgp [{(Thzx, x2)|.

l(x)reallo=1

LEMMA 2.10. Let T € B(Hy), then for every (zx)xea
(T, 2)] < [[(@x)xenl3owoo (T)-

Proof. Let |[(zx)realloo # 0. Then H(”i*w = 1. So that

@x)realloo

(5 (o) Temarm) | S e

[(Taax, 2a)| < (@a)ren 2w (7).

Hence

If ||[(za)aenlloo = 0, then for each A,||z,|| = 0. By Cauchy-Schwartz inequality

we have )
(< Tazx, za)|° < [ Toazallflzall-

It follows that [(Thzx,xx)| = 0. Therefore
[(Tazx, 22)] < (@) ren2ewso (T). O

The following Lemma gives a relation between the numerical radius of 7" and T).
PROPOSITION 2.11. Let T € B(Hs). Then woo(T) = supy wa(Th).
Proof. Let A\g € A with ||zy,|| = 1. We define the set x = (x))rea by

xx=01if AX#£ Xy, and zy =z, if A=A
Hence [[(zx)xealloo = [[2x0[] = 1.
T ao g, Tag)| < woo(T).

Since Ao was arbitrary with ||z, | = 1, we have |[(Th,Zx,, Zxr,)| < wWool(T).
By taking supremum ||z, | = 1,

Wo (T/\o) = Ssup |<T>\0x>\ml‘/\o>‘ < wOO(T)

H"EN) H:1

By taking supremum on A, sup, wx (7)) < woo (7).
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On the other hand, for every € >0, there is A’ which x € () with ||(x))xea |lco=1,
woo (T') — € < [Ty anr, )| < wy (Tw)[lon | < SI;PWA(TA)-
Now € — 0, then weo (T') < supy wi(TH)- O

The above result enables us to extend many inequalities on numerical radius
of bounded operators on Hilbert spaces for the case underlying space is B(H).
For example, we have the following.

THEOREM 2.12.

(a) Let T € B(Hx), then
HIT s < (D) < T

(b) If T is a normal elements of B(Hu), then woo(T) = || T || oo -
Proof.
(a): Let (T)) =T € B(Hy). Since for each A € A,
T
B < @) < mali 0

By using Propositions 2.1 and 2.11] and taking supremum over all A € A,
we get to the desired result.

(b): Let T be normal, then for each A, T is normal and ||Ty|| = wx (7).

Therefore
[[T][oc = sup [|Tx[|x = sup wa(T)) = woo (T).
AEA AEA

In 2005, Kittaneh [6] proved that if T is a bounded linear operator on a
Hilbert space, then

1 1
Z\|T*T+TT*\| <w(T) < §\|T*T+TT*H. (2.5)

The next result shows that Kittaneh’s theorem is true for bounded operators
on B(H,) provided that 1 < p < 2 or p = occ.

THEOREM 2.13. Let T € B(H,) and let 1 <p <2 or p= oo, then
1 1
Z|\T*T+TT*HP <wi(T) < §|\T*T+TT*HP. (2.6)
Proof. By [0, Kittaneh Theorem 1], for each Ty € B(H)) we have
1 1
BT+ DT <X (1) < SITT A+ TTX] (A€ d). (27)
By taking supremum of both sides of ([2Z.7)), we see that
1 * * 1 * *
sup — || T5 Ty + TaTx|| < supwi(Ty) < sup = ||[TiTh + ThTx|| (A€ A). (2.8)
xea 4 AEA AeA 2
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Applying Propositions 2.1 and 2TT] we get to (2.6) for p = co.
Suppose that 1 < p < 2, then

wi(T) < wi(T) by Proposition [2.4]

< —|IT*T +TT*||2 by Kittaneh’s theorem,

1\

2
1 * * e

= §HT T+TT*||, by Proposition 211

Let Ao € A with ||z, || = 1. Define the set x = (zx)xea as follows
xx=01if AX# X and x) =z, if A= Ao.

Then
[2llp = llzx | =1
and
(Tz,z) =Y (Tazy, )
AEA
= <T>\ox>\ovx>\o>'
(T Trgs Tag) | = (T, )
< sup Z(T,\xk,x))
@) lp=1 | xea
= wy(T).
Since ¢ was arbitrary, by taking supremum over all ||z5|| = 1, we see that

wxA(Tx) < wp(T)

for each A € A. Hence by applying Kittaneh’s theorem once again, we see that

1 * *

I+ INIX < Wi (Th)

<w2(T) (AEA).

By applying Theorem 2.1] and by taking supremum on all A € A, we have

]' * *

Z\|T T +TT*||, < wi(T). O
Remark 2.14. The method used in Theorem T3 can be used to extend some
other inequalities on numerical radius of bounded operators on Hilbert spaces

to the case the underlying space is a direct sum of Hilbert spaces with ¢P-norm
for <p<2orp=oc0.
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