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ABSTRACT. In this paper, we show there are strong relations between the
algebraic properties of a graded commutative ring R and topological proper-
ties of open subsets of Zariski topology on the graded prime spectrum of R.

We examine some algebraic conditions for open subsets of Zariski topology to be-
come quasi-compact, dense, and irreducible. We also present a characterization
for the radical of a graded ideal in R by using topological properties.

1. Introduction

Throughout this paper, G will be a group with identity e andR a commutative
ring with a nonzero unity 1. R is said to be G-graded if R =

⊕
g∈G Rg with

RgRh ⊆ Rgh for all g, h ∈ G, where Rg is an additive subgroup of R for all g ∈ G.
The elements of Rg are called homogeneous of degree g. Consider supp(R,G) =
{g ∈ G : Rg �= 0}. If x ∈ R, then x can be written as

∑
g∈G xg, where xg is the

component of x in Rg. Also, h(R) =
⋃

g∈G Rg. Moreover, it has been proved

in [6] that Re is a subring of R and 1 ∈ Re.

Example 1.1. If S is a ring, then the polynomial ring R = S[X] is a Z-graded
ring with the standard grading Rn = SXn for n ≥ 0, and Rn = {0} for n < 0.

Example 1.2. Let S be a ring and R = S[X,X−1] be the ring of Laurent
polynomials. Then R has the standard Z-grading Rn = SXn, n ∈ Z.
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Example 1.3. Consider R = M2(K) (the ring of all 2× 2 matrices with entries
from a field K). Then R is Z4-graded by

R0 =

(
K 0
0 K

)
, R2 =

(
0 K
K 0

)
and

R1 = R3 = 0.

Also, R is Z-graded by

R0 =

(
K 0
0 K

)
, R1 =

(
0 K
0 0

)
, R−1 =

(
0 0
K 0

)
and

Rn = 0, otherwise.

Let P be an ideal of a graded ring R. Then P is said to be a graded ideal if
P =

⊕
g∈G(P ∩ Rg), i.e., for x ∈ P , x =

∑
g∈G xg, where xg ∈ P for all g ∈ G.

The following example shows that an ideal of a graded ring need not be graded.

Example 1.4. Consider R = Z[i] = {a + ib : a, b ∈ Z, i2 = −1} and G = Z2.
Then R is G-graded by R0 = Z and R1 = iZ. Now, P = 〈1 + i〉 is an ideal of R
with 1 + i ∈ P . If P is graded, then 1 ∈ P , so 1 = a(1 + i) for some a ∈ R,
i.e., 1 = (x + iy)(1 + i) for some x, y ∈ Z. Thus 1 = x − y and 0 = x + y,
i.e., 2x = 1 and hence x = 1

2 a contradiction. So, P is not a graded ideal of R.

����� 1.5 ([5], Lemma 2.1)� Let R be a G-graded ring. If P and K are graded
ideals of R, then P +K and P

⋂
K are graded ideals of R.

Let R be a G-graded ring and P a graded ideal of R. Then R/P is G-graded

by (R/P )g = (Rg + P ) /P . Moreover, the graded radical of P is denoted by
√
P

and it is defined to be the set of all x ∈ R such that for each g ∈ G, there exists
a positive integer ng satisfying x

ng
g ∈ P . One can see that if x is a homogeneous

element, then x ∈ √
P if and only if xn ∈ P for some positive integer n.

Graded prime ideals play an essential role in graded ring theory. A proper
graded ideal P of R is said to be graded prime if whenever x, y ∈ h(R) such that
xy ∈ P , then either x ∈ P or y ∈ P . Graded prime ideals have been admirably
introduced and studied in [9]. Clearly, if P is a prime ideal of R and it is a
graded ideal, then P will be a graded prime ideal. However, the converse is not
true in general; a graded prime ideal is not necessarily a prime ideal, see the
following example:

Example 1.6. Suppose that F =
{
x+ uy : x, y ∈ R, u2 = 1

}
, where R is a field.

Then F is Z2-graded by F0 = R and F1 = uR. Let a ∈ h(F ) such that a �= 0.
If a ∈ F0, then a ∈ R and since R is a field, we have a is a unit element. Suppose
that a ∈ F1. Then a = uy for some y ∈ R. Since a �= 0, we have y �= 0, and
since R is a field, we have y is a unit element, that is zy = 1 for some z ∈ R.
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Thus, uz ∈ F1 such that (uz)a = uz(uy) = u2(zy) = 1.1 = 1, which implies that
a is a unit element. Hence, F is a graded field, and then {0} is a graded prime
ideal of F . On the other hand, {0} is not a prime ideal of F since 1 + u, 1− u ∈
F − {0} with (1 + u)(1− u) ∈ {0}.

The notion of graded prime ideals has led to the development of topologies
on the spectrum of the graded prime ideals and so many useful connections be-
tween topologies and algebraic properties have been proved. Mainly, the graded
radical of a graded commutative ring, which has an important place in the
graded ring theory, was characterized by using topological concepts. After that,
the Zariski topology on graded modules has also attracted considerable attention
of many authors, for example, [1], [3] and [4].

In this paper, for a graded ideal P of R, we study an open subset XP of the
Zariski topology on the set of all graded prime ideals of R denoted by GSpec(R).
We also find the relationships between open subsets of the Zariski topology and
graded ideals. Then we obtain some characterizations for the graded radical
of a graded ideal and graded rings by using some topological properties. For
an open subset of the Zariski topology to become quasi-compact, dense, and
irreducible or a graded Noetherian spectrum, some algebraic conditions have
been investigated.

Now, we recall some definitions and notations as follows:

Let R be a graded ring, P be a graded ideal of R,

V (P ) = {B ∈ GSpec(R) : P ⊆ B}, XP = GSpec(R)− V (P )
and

V ∼(K) = V (K)− V (P ),

where K is a graded ideal of R. Then clearly,

ΓP = {V ∼(K) : K is a graded ideal ofR}
satisfies the axioms for closed sets of a topological space on XP , called the
complement Zariski topology of P in R. Obviously, open subset XP = GSpec(R)
when P = R and also XP = ∅ when P = {0}. Let T be a subset of a topological
space X. Then

1) X is said to be quasi-compact if every open cover ofX has a finite subcover.

2) X is said to be irreducible if X �= ∅ and for every decomposition
X = X1

⋃
X2 with closed subsets X1, X2 ⊆ X, either X = X1 or X = X2.

3) T is said to be dense in X if for every nonempty open set

A ⊆ X, A
⋂

T �= ∅.
4) X is said to be Noetherian if the closed subsets of X satisfy the descending

chain condition.
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2. Zariski topologies on graded ideals

We begin with the following proposition revealing some connections between
XP and the graded ideal P. The proof of the proposition is straightforward.

���	�
����
 2.1� Let R be a graded ring, P be a graded ideal of R and
α, β ∈ h(R). Then the following hold.

1) (XP )
α = XP − V ∼(〈α〉) = GSpec(R)− V (αP ) forms a basis for XP .

2) (XP )
α
⋂
(XP )

β = (XP )
αβ.

3) (XP )
α = ∅ if and only if αP ⊆√{0}.

4) If α is a unit, then (XP )
α = XP .

5) (XP )
α = (XP )

β if and only if
√
αP =

√
βP .

6) If (XP )
α = XP , then

√
αP =

√
P ⊆√〈α〉.

Let P be a proper graded ideal of a graded ring R. Then P is said to satisfy the
condition (∗) if whenever

√
P ⊆ √〈{αi ∈ h(R) : i ∈ Λ}〉, then there is a finite

subset Δ of Λ such that
√〈{αi ∈ h(R) : i ∈ Λ}〉 =

√〈{αj ∈ h(R) : j ∈ Δ}〉.
If R is a graded Noetherian ring, then every graded ideal of R satisfies the
condition (∗). More specifically, if R/

√
P is a graded Noetherian ring, then P

satisfies the condition (∗) but it is obvious that the converse is not true in general.

In this paper, let us denote the finite set Δ = {1, 2, . . . , k} for a positive
integer k. The following proposition gives some connections between algebraic
properties and topological properties.

���	�
����
 2.2� Let P be a proper graded ideal of a graded ring R. Then the
following hold.

1) IfXP is quasi-compact, then there is a finite subset {α1, α2, . . . , αn} of h(R)

such that
√
P =

√
Rα1 +Rα2 + · · ·+Rαn.

2) If P satisfies the condition (∗), then XP is quasi-compact.

P r o o f.

1) Let P = 〈{αi ∈ h(R) : i ∈ Λ}〉. Then as V (〈{αi : i ∈ Λ}〉) = V (P ),
we have that V ∼(〈{αi : i ∈ Λ}〉) = ∅. Hence,

XP = XP − ∅ = XP − V

(⋃
i∈Λ

αiP

)
=

XP −
⋂
i∈Λ

V (αiP ) =
⋃
i∈Λ

(
XP − V (αiP )

)
=
⋃
i∈Λ

(XP )
αi .
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Thus XP has an open cover and since XP is quasi-compact, there is a finite
set Δ = {1, 2, . . . , n} such that

XP =
⋃
i∈Δ

(XP )
αi = XP − V ∼(〈α1, α2, . . . , αn〉).

So,V ∼(〈α1, α2, . . . , αn〉)=∅, which implies that V(〈α1, α2, . . . , αn〉)⊆V(P ).

Therefore,
√
P ⊆ √

Rα1 +Rα2 + · · ·+Rαn, and the reverse holds, since
α1, α2, . . . , αn ∈ P .

2) Let {ξi : i ∈ Λ} be an open cover of XP . Since ξi can be expressed as a
union of the sets of (XP )

α, we may assume that ξi = (XP )
αi for every

i ∈ Λ. Then

XP =
⋃
i∈Λ

(XP )
αi = e

⋃
i∈Λ

(
XP − V ∼(〈αi〉)

)
=

XP −
⋂
i∈Λ

V ∼(〈αi〉) = XP − V ∼({〈αi〉 : i ∈ Λ}).

Hence, V ∼(〈αi : i ∈ Λ〉) = ∅, which implies that V ∼(〈αi : i ∈ Λ〉) ⊆ V (P ).

In this instance,
√
P ⊆√〈αi : i ∈ Λ〉. By the condition (∗),

√
P ⊆

√
〈αj : j ∈ Δ〉

for some finite subset Δ of Λ, and then V (P ) = V (〈αj : j ∈ Δ〉) and
V ∼ (〈αj : j ∈ Δ〉) = ∅. So,

XP = XP − V ∼(〈αj : j ∈ Δ〉) = XP −
⋂
j∈Δ

V ∼(〈αj〉) =
⋃
j∈Δ

(
XP − V ∼(〈αj〉)

)
=
⋃
j∈Δ

(XP )
αj .

Hence, XP is quasi-compact. �

����
����
 2.3� Let P and K be graded ideals of a graded ring R. Then the
set NP (K) is defined as NP (K) =

⋂ {B ∈ GSpec(R) : K ⊆ B and P � B}.
The next example shows that this generalization is different from the graded

radical of a graded ideal.

Example 2.4. Consider R = Z with a trivial graduation. Then P = 〈6〉 and

K = 〈10〉 are graded ideals of R such that NP (K) = 〈5〉, but √K = 〈10〉 = K.

By Lemma 1.5, NP (K) is a graded ideal of R. Moreover, we give some alge-
braic properties of the the graded ideal NP (K) as follows, the proof is straight-
forward.
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���	�
����
 2.5� Let P,K be graded ideals of a graded ring R. The following
hold:

1) If P = R, then NP (K) =
√
K.

2) If L is a graded ideal of R such that L ⊆ K and L ⊆ P , then NP/L (K/L) =
NP (K)/L.

3) NP ({0}) = N√
P ({0}).

The next proposition gives a connection between topological property of XP

and algebraic property of NP ({0}).
���	�
����
 2.6� Let P be a proper graded ideal of a graded ring R such that√
P �= √{0}. Then XP is irreducible if and only if NP ({0}) is a graded prime

ideal of R.

P r o o f. Suppose that NP ({0}) is a graded prime ideal of R. Let U be a non-
empty subset of XP . Then for a graded ideal F of R, we have that

U = XP − V ∼(F ) = GSpec(R)− (V (P )
⋃

V (F )
)
.

Assume that B ∈ U . Then B /∈ V (P )
⋃
V (F ), and then P � B and F � B.

So, NP ({0}) ⊆ B, and then F � NP ({0}) ⊆ B. So, NP ({0}) /∈ V (F ) which im-
plies that NP ({0}) /∈ V (P ) by the definition of NP ({0}). Hence, NP ({0}) ∈ U .
Thus, any nonempty open subset of XP contains NP ({0}), which means that
XP is irreducible. Conversely, suppose that NP ({0}) is not a graded prime
ideal of R. Then there exist x, y ∈ h(R) − NP ({0}) such that xy ∈ NP ({0}).
Since

√
P �= √{0} and x ∈ h(R) − NP ({0}), we have that V ∼(〈x〉) �= ∅ and

V ∼(〈x〉) �=XP , which implies that (XP )
x �=∅. Similarly, (XP )

y �= ∅. So,
(XP )

x
⋂

(XP )
y = (XP )

xy = XP − V ∼(〈xy〉) ⊆
XP − V ∼

(
NP ({0})

)
= GSpec(R)−

(
V
(
NP ({0})

)⋃
V (P )

)
= ∅,

which is a contradiction with the assumption. Hence, NP ({0}) is a graded prime
ideal of R. �

The next example gives an application of Proposition 2.6.

Example 2.7. Consider R = Z[i] and G = Z2. Then R is G-graded by R0 = Z
and R1 = iZ. Let a ∈ Z. Then P = 〈a〉 is a graded ideal of R. Since NP ({0}) =⋂ {B ∈ GSpec(R) : a /∈ B} is not a graded prime ideal of R, we have by Propo-
sition 2.6 that XP is not irreducible.

����
����
 2.8� A graded ring R is said to satisfy the graded N -condition
for a graded ideal P, if for any chain NP (K1) ⊆ NP (K2) ⊆ · · · , where Ki is a
graded ideal of R, there is a positive integer n such that NP (Kn) = NP (Kn+j)
for all positive integers j.
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����
����
 2.9� The topological space XP is said to be a graded Noetherian
topological space if for every chain V ∼(K1) ⊇ V ∼(K2) ⊇ · · · , where Ki is
a graded ideal of R, there exists a positive integer n such that V ∼(Kn) =
V ∼(Kn+j) for all positive integers j.

���	�
����
 2.10� Let P be a proper graded ideal of a graded ring R. Then R
satisfies the graded N -condition for P if and only if XP is a graded Noetherian
topological space.

P r o o f. Suppose that R satisfies the graded N -condition for P. Consider the
chain V ∼(K1) ⊇ V ∼(K2) ⊇ · · · , whereKi is a graded ideal ofR. ThenNP (K1)⊆
NP (K2) ⊆ · · · and then there is a positive integer n such that NP (Kn) =
NP (Kn+j) for all positive integers j. So, V ∼(Kn) = V ∼(Kn+j) for all posi-
tive integers j. Hence, XP is a graded Noetherian topological space. Conversely,
consider the chain NP (K1) ⊆ NP (K2) ⊆ · · · , where Ki is a graded ideal of R.
Then V ∼(K1) ⊇ V ∼(K2) ⊇ · · · and then there is a positive integer n such
that V ∼(Kn) = V ∼(Kn+j) for all positive integers j. So, NP (Kn) = NP (Kn+j)
for all positive integers j. Hence, R satisfies the graded N -condition for P. �

In the rest of our paper, we study some algebraic and topological tools for
graded ideals and some characterizations for graded rings. We begin with the
following results that have been proved by Ortaç Önes and Mustafa Alkan in [8].
They will be needed in our study.

���	�
����
 2.11 ([8], Lemma 1)� Let P , K and L be proper graded ideals
of a graded ring R. Then

1) Any open set of a topological space X is of the form XP .

2) XP ⊆ XK if and only if
√
P ⊆ √

K.

3) XP = XK if and only if
√
P =

√
K.

4) XP

⋂
XK = XL if and only if

√
P
⋂√

K =
√
PK =

√
L.

The next corollary is an immediate consequence of Proposition 2.11.

��������� 2.12 ([8], Corollary 2)� Let P and K be proper graded ideals of a

graded ring R. Then XP

⋂
XK = ∅ if and only if

√
P
⋂√

K =
√
PK =

√{0}.
���	�
����
 2.13 ( [8], Proposition 3)� Let P be a proper graded ideal of a

graded ring R. Then XP is dense in X if and only if
√
PK �= √{0} for every

proper graded ideal K �
√{0}.

If P is a graded ideal of a G-graded ring R, then
√
P is not necessarily

a graded ideal of R; see [7, Exercises 17 and 13 on pp. 127-128]. However,
in [2, Lemma 2.13], it has been proved that if P is a graded ideal of a

Z-graded ring R, then
√
P is a graded ideal of R. Assuming that R is a
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Z-graded ring, the next proposition gives a characterization for the graded ring
R/
√{0} by using topological properties. The following lemma will be needed

in the proof of the proposition.

����� 2.14� Let R be a G-graded ring, I be an ideal of R and J be a graded
ideal of R such that J ⊆ I. Then I is a graded ideal of R if and only if I/J is a
graded ideal of R/J.

P r o o f. Suppose that I is a graded ideal of R. Clearly, I/J is an ideal of R/J .
Let x+ J ∈ I/J . Then x ∈ I and since I is graded, x =

∑
g∈G xg, where xg ∈ I

for all g ∈ G and then (x + J)g = xg + J ∈ I/J for all g ∈ G. Hence, I/J is a
graded ideal of R/J . Conversely, let x ∈ I. Then x =

∑
g∈G xg, where xg ∈ Rg

for all g ∈ G and then (xg + J) ∈ (Rg + J)/J = (R/J)g for all g ∈ G such that

∑
g∈G

(x+ J)g =
∑
g∈G

(xg + J) =

⎛
⎝∑

g∈G

xg

⎞
⎠+ J = x+ J ∈ I/J.

Since I/J is graded, xg +J ∈ I/J for all g ∈ G which implies that xg ∈ I for all
g ∈ G. Hence, I is a graded ideal of R. �

A graded essential ideal P is a graded ideal that has nonzero intersection with
every other graded nonzero ideal, or, equivalently, if aP = {0} implies a = 0
for all a ∈ h(R) ( [6]).

���	�
����
 2.15� Let R be a Z-graded ring. The following are equivalent:

1)
√{0} is a graded prime ideal of R.

2) GSpec(R) is irreducible.

3) Every graded ideal of R/
√{0} is graded essential.

4) Every open subset of GSpec(R) is dense.

P r o o f. It is easy to prove that (1) ⇔ (2).

(3) ⇒ (4): Let XP and XK be open subsets for graded ideals P and K of R.

Then by Lemma 1.5, P +
√{0} and K+

√{0} are graded ideals of R, and then

by Lemma 2.14, (P +
√{0})/√{0} and (K +

√{0})/√{0} are graded ideals

of R/
√{0}. Then

√
{0} �=

√(
P +

√
{0}
)⋂(

K +
√
{0}
)
=√(

P +
√

{0}
)(

K +
√
{0}
)
=

√
PK +

√
{0},

and hence
√
PK �=√{0} which implies that XP is dense.

By using similar argument, one can prove that (4) ⇒ (2) ⇒ (3). �
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Remark 2.16. Proposition 2.15 has been proved in [8, Theorem 4], for any
G-graded ring, where G is any group, but this is not true because their proof
depended on saying that

√
P is a graded ideal of R, and this is not true in general

by [7, Exercises 17 and 13 on pp. 127–128]. On the other hand, it has been proved

in [2, Lemma 2.13], that if P is a graded ideal of a Z-graded ring R, then
√
P

is a graded ideal of R. So, Proposition 2.15 is a correction for [8, Theorem 4].
In fact, we do not know whether the general result in Proposition 2.15 is true
for any group G, but there is a fault in the proof and the former proof works
for Z-graded rings.

The next proposition has been introduced in [8], Theorem 5, but we introduce
a different proof.

���	�
����
 2.17� Let Pi be a proper graded ideal of a graded ring R for all
i ∈ Λ. Then

⋃
i∈ΛXPi

= XK for any graded ideal K of R if and only if√
K =

√∑
i∈Λ Pi.

P r o o f. Certainly,⋃
i∈Λ

XPi
= XK , if and only if

⋃
i∈Λ

(
X − V (Pi)

)
= XK ,

if and only if X −
(⋂

i∈Λ

V (Pi)

)
= X − V (K),

if and only if
⋂
i∈Λ

V (Pi) = V (K),

if and only if V

(⋃
i∈Λ

Pi

)
= V (K),

if and only if V

(∑
i∈Λ

Pi

)
= V (K),

if and only if

√∑
i∈Λ

Pi =
√
K.

�

The next proposition has been given in ( [8], Theorem 10), but we obtain it
by combining Proposition 2.6 and Proposition 2.17.

���	�
����
 2.18� Let Pi be a graded ideal of a graded ring R for all 1 ≤ i ≤ n.
Then X =

⋃n
i=1XPi

, where XPi
is irreducible if and only if R =

∑n
i=1 Pi and

NPi
({0}) is a graded prime ideal of R.

We close our paper with the following question.
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���
���
 2.19� We expect that Proposition 2.6 provides a lead to characterize
the irreducible components of the Zariski topology on GSpec(R). We likewise
wonder if the irreducible components of the Zariski topology on GSpec(R) are
characterized by the graded ideal NP ({0})?
Acknowledgement. The authors gratefully thank the referees for the construc-
tive comments, corrections and suggestions which definitely helped to improve
the readability and quality of this paper.
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