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Abstract: An analytical method for determination of a stress condition of butt welded thin-gauge plates with 

asymmetrical reinforcement is developed. The proposed method allows take into account the effect of the load 

application eccentricity on the tensile stress concentration factor (SCF) in the weld root zone. It is presented that 

the bending stresses, caused by this eccentricity, result in increasing the total stresses up to 75%. The results of 

analytical SCF calculations are in good agreement with the results obtained using the finite element method.  

KEYWORDS: butt welded joint, asymmetrical reinforcement, stress condition, stress concentration, root 

reinforcement, load eccentricity, nonplanar section hypothesis. 

 

1 Introduction 

Welding is applicable for manufacturing and repair of different constructions. It allows 

join rigidly the elements made of steel [1] aluminium [2] plastic [3] and other materials. TIG 

and MIG welding processes, due to their advantages, are widely used for joining the metal 

elements in many industries. At the same time, they provide geometrical shape change which 

causes increasing of the stresses in the transition zone from the weld to the base metal. This 

phenomenon known as stress concentration is one of the main factors which determine the 

fatigue life of welded joints [4]. It is well known that stress concentration should be taken into 

account not only under vibration, but also under static loading, when brittle fracture is 

possible. The tests of high-strength D16T1 Al-alloy (similar to EN AW-2024 alloy) and 

1460T1 alloy of Al-Cu-Li system butt welded joints under the uniaxial static tension show 

that failure occurs in the zone of fusion of the weld metal with the base metal, where the 

maximum level of stress concentration takes place [5]. These results can be explained by the 

brittleness of the joint zone due to structural transformation in the heat-hardened aluminium 

alloys under the influence of the thermal cycle of fusion welding [6].  

The problem of assessment of the carbon steels and aluminium alloys welded joints 

durability taking into account all design and technological features can be partially solved 

using File Allocation Table (FAT) catalogues. They include series of fatigue curves obtained 

as a result of endurance testing of real welded elements and expressed in terms of stress 

ranges, regardless of the load application cycle asymmetry factor. However, calculations by 

nominal stresses for welded structures in some cases leads to the premature appearance of the 
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fatigue cracks. That is why they require additional corrections which allow take into account 

the stress concentration in local zones [7]. 

Modern approaches to the assessment of welded structures fatigue life characteristics 

involve the calculation of nominal stresses near welds using the finite element method (FEM) 

with subsequent multiplication by the SCF calculated by the corresponding formulas [8]. 

The literature review [9] shows that the currently available formulas for determining the 

SCF of butt welded joints are intended for welds with one-side or symmetrical double-side 

reinforcement, while the butt welded joints with asymmetrical double-side reinforcement are 

ignored. In addition, the range of applicability of the available formulas precludes their use 

for determining the SCF for welded thin-gauge plates. Therefore, the development of 

analytical methods for the stress condition assessment of the butt welded thin-gauge plates 

with different size of the face and root reinforcements is justified in [9] as a topical subject for 

further research.  

The work [10] is concentrated on solution of this problem. According to the results of [10] 

it was found that due to the reinforcement cross section increases on the face side, the stresses 

in the root part of the butt welded joint with asymmetrical reinforcement decrease. However, 

the proposed in [10] method does not take into account the bending stresses caused by the 

eccentricity of the tensile load application. These stresses cause changes in stress condition of 

the joint as follows: the face side total stress decreases and root side total stress increases [11]. 

This is confirmed by the tests of samples of 1460 Al-alloy butt joints, welded by TIG 

welding. The failure of samples under the uniaxial static tension according to [12] occurred in 

the transition zone from the weld root reinforcement to the base metal. Therefore, 

development of an integrated approach to assessment of the influence of face-side 

reinforcement geometry on the root side stress condition is relevant. 

2 Hypothesis description  

Draw a nonplanar section ABC through point A (Fig. 1) according to the rules [13].  

 
Fig. 1 Configuration of nonplanar sections in the root-side transition zone  

The part of section AB is perpendicular to the contour, and its length is equal to depth 𝑏0 of 

the stress concentration action, while section BC is perpendicular to the line of the load action. 

Following the same rule, draw a nonplanar section A1B1C1 through the point A1 in a way that 

the continuations of the segments AB and A1B1 form an infinitely small angle Δβ (Fig. 1). 
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When using the idealized model which is shown in Fig. 2 for defining the reinforcement 

geometry by the arcs of contiguous circles, depth 𝑏0 can be determined according to the 

results of [10] 

𝑏0 = 4𝑟𝑟ℎ𝑟√
2

𝑔𝑟
2+4ℎ𝑟

2,  

where 𝑟𝑟 is the radius of transition from the weld root reinforcement to the base metal; 𝑔𝑟 and 

ℎ𝑟 are the width and height of the root reinforcement, respectively. 

 
Fig. 2 Geometric parameters of the idealized model of the asymmetrical butt welded joint  

3 Tension  

According the results obtained in [10], due to displacement of the section ABC to the 

position indicated in Fig. 1 by the dotted line, normal tensile stresses arise in the KF and QS 

fibers. They can be obtained as: 

𝜎𝑢
𝑇 =

𝐾𝑁⋅𝐸

(𝑟𝑟+𝑏𝑒1−𝑢)⋅𝛥𝛽
, 𝜎𝑣

𝑇 =
𝐾𝑁⋅𝐸

(𝑟𝑟+𝑏0)⋅𝛥𝛽
, where 𝑏𝑒1 =

𝛿+2𝑦1+2𝑟𝑟⋅(1−𝑐𝑜𝑠 𝛽)

2 𝑐𝑜𝑠 𝛽
. (1) 

It should be mentioned that geometric characteristics 𝑏𝑒1 from Eq. (1) and 𝑏1 from [10] are 

different. Geometric characteristic 𝑏𝑒1 contains parameter 𝑦1, which takes into account the 

distance between the load application axis and the section center of inertia (Fig. 1). 

If the continuation of segment AB intersects the centers-of-inertia line in the concave part 

of the root reinforcement, this is equally matched to the condition: 

𝛽 ≤ 𝛽𝑡1 = 𝑎𝑟𝑐𝑡𝑎𝑛
2𝑟𝑟⋅𝑠𝑖𝑛𝜃𝑟

𝛿+ℎ𝑓−𝑅𝑓+𝑟𝑟(1+𝑐𝑜𝑠𝜃𝑟)+√𝑅𝑓
2−(𝑟𝑟⋅𝑠𝑖𝑛𝜃𝑟 −

𝑔𝑟
2

)
2
, 

(2) 

where δ is the thickness of the base metal; ℎ𝑓 is the height of the face reinforcement; 𝑅𝑓 is the 

radius of its convex part and 𝜃𝑟 is the flank angle on the root side of the weld (Fig. 2). 

In this case, parameter 𝑦1 can be calculated by the formula: 

𝑦1 =
1

2
(√𝐶𝑡3

2

4
− 𝐶𝑡2 + 𝛹𝑡 −

𝐶𝑡3

2
+ √(

𝐶𝑡3

2
− √𝐶𝑡3

2

4
− 𝐶𝑡2 + 𝛹𝑡)

2

+ 4√𝛹𝑡
2

4
− 𝐶𝑡0 − 2𝛹𝑡)  

where 𝐶𝑡3 =
2(2𝑟𝑟+𝛿−𝐻𝑡)⋅𝑡𝑎𝑛2 𝛽−𝑔𝑟⋅𝑡𝑎𝑛 𝛽−4𝐻𝑡

2(1+𝑡𝑎𝑛2 𝛽)
; 𝐻𝑡 = ℎ𝑓 − 𝑅𝑓 − 𝑟𝑟; 𝐾𝑡 = 𝑅𝑓

2 − 𝑟𝑟
2 −

𝑔𝑟
2

4
; 
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𝐶𝑡2 =
(4[(𝐻𝑡−2𝑟𝑟−𝛿)2−2𝐻𝑡⋅(2𝑟𝑟+𝛿)]+𝑔𝑟

2) 𝑡𝑎𝑛2 𝛽+8𝑔𝑟(𝐻𝑡−𝑟𝑟−
𝛿

2
) 𝑡𝑎𝑛 𝛽−8(2𝑟𝑟

2+𝐾𝑡−3𝐻𝑡
2)

16(1+𝑡𝑎𝑛2 𝛽)
; 

𝐶𝑡0 =
(4𝐻𝑡

2+𝑔𝑟
2)⋅(𝑟𝑟+

𝛿

2
)

2
⋅𝑡𝑎𝑛2 𝛽+2𝑔𝑟⋅(𝐾𝑡−𝐻𝑡

2)⋅(𝑟𝑟+
𝛿

2
)⋅𝑡𝑎𝑛 𝛽−2(2𝑟𝑟

2+𝐾𝑡)⋅𝐻𝑡
2+𝐾𝑡

2+𝐻𝑡
4

16(1+𝑡𝑎𝑛2 𝛽)
; 

𝛹𝑡 =
𝐶𝑡2

3
+ √−

𝐶𝑡𝑞

2
+ √

𝐶𝑡𝑞
2

4
+

𝐶𝑡𝑝
3

27

3

+ √−
𝐶𝑡𝑞

2
− √

𝐶𝑡𝑞
2

4
+

𝐶𝑡𝑝
3

27

3

; (3) 

𝐶𝑡𝑝 = −
𝐶𝑡2

2

3
+ 𝐶𝑡1 ⋅ 𝐶𝑡3 − 4𝐶𝑡0; 𝐶𝑡𝑞 = −

2𝐶𝑡2
3

27
+

1

3
𝐶𝑡1 ⋅ 𝐶𝑡2 ⋅ 𝐶𝑡3 +

8𝐶𝑡0

3
⋅ 𝐶𝑡2 − 𝐶𝑡0 ⋅ 𝐶𝑡3

2 − 𝐶𝑡1
2 ; 

𝐶𝑡1 =
(4𝐻𝑡

2−8𝐻𝑡⋅(𝑟𝑟+
𝛿

2
)+𝑔𝑟

2)⋅(𝑟𝑟+
𝛿

2
)⋅𝑡𝑎𝑛2 𝛽+𝑔𝑟⋅(4𝐻𝑡⋅(𝑟𝑟+

𝛿

2
)−𝐻𝑡

2+𝐾𝑡)⋅𝑡𝑎𝑛 𝛽+4𝐻𝑡⋅(2𝑟𝑟
2+𝐾𝑡−𝐻𝑡

2)

8(1+𝑡𝑎𝑛2 𝛽)
.  

If condition of Eq. (2) is not fulfilled (the continuation of segment AB crosses the centers-

of-inertia line on the convex part of the root reinforcement), then: 

𝑦1 =
1

2
(√𝐶𝑐3

2

4
− 𝐶𝑐2 + 𝛹𝑐 −

𝐶𝑐3

2
− √(

𝐶𝑐3

2
− √𝐶𝑐3

2

4
− 𝐶𝑐2 + 𝛹𝑐)

2

+ 4√𝛹𝑐
2

4
− 𝐶𝑐0 − 2𝛹𝑐).  

Parameter 𝛹𝑐  is defined similarly to 𝛹𝑡 with appropriate replacement of 𝐶𝑡𝑞, 𝐶𝑡𝑝, 𝐶𝑡0, …, 

𝐶𝑡3 by 𝐶𝑐𝑞, 𝐶𝑐𝑝, 𝐶𝑐0, …, 𝐶𝑐3 in Eq. (3): 

𝐶𝑐𝑝 = −
𝐶𝑐2

2

3
+ 𝐶𝑐1 ⋅ 𝐶𝑐3 − 4𝐶𝑐0; 𝐶𝑐𝑞 = −

2𝐶𝑐2
3

27
+

1

3
𝐶𝑐1 ⋅ 𝐶𝑐2 ⋅ 𝐶𝑐3 +

8𝐶𝑐0

3
⋅ 𝐶𝑐2 − 𝐶𝑐0 ⋅ 𝐶𝑐3

2 − 𝐶𝑐1
2 ; 

𝐶𝑐0 =
4𝐻𝑐

2⋅(𝑟𝑟+
𝛿

2
)

2
⋅𝑡𝑎𝑛2 𝛽−4𝑔𝑟⋅𝐻𝑐

2⋅(𝑟𝑟+
𝛿

2
)⋅𝑡𝑎𝑛 𝛽+(2𝐾𝑐+𝐻𝑐

2−4𝑅𝑓
2+𝑔𝑟

2)⋅𝐻𝑐
2+𝐾𝑐

2

16(1+𝑡𝑎𝑛2 𝛽)
; 

𝐶𝑐1 =
𝐻𝑐⋅[2(𝑟𝑟+

𝛿

2
)⋅(𝐻𝑐+2𝑟𝑟+𝛿)⋅𝑡𝑎𝑛2 𝛽−𝑔𝑟⋅(𝐻𝑐+4𝑟𝑟+2𝛿)⋅𝑡𝑎𝑛 𝛽+(2𝐾𝑐+2𝐻𝑐

2−4𝑅𝑓
2+𝑔𝑟

2)]

4(1+𝑡𝑎𝑛2 𝛽)
; 

𝐶𝑐2 =
[(𝐻𝑐+2𝑟𝑟+𝛿)2+2𝐻𝑐⋅(2𝑟𝑟+𝛿)]⋅𝑡𝑎𝑛2 𝛽−4𝑔𝑟⋅(𝐻𝑐+𝑟𝑟+

𝛿

2
)⋅𝑡𝑎𝑛 𝛽+2𝐾𝑐+6𝐻𝑐

2−4𝑅𝑓
2+𝑔𝑟

2

4(1+𝑡𝑎𝑛2 𝛽)
; 

𝐶𝑐3 =
(2𝑟𝑟+𝛿+𝐻𝑐)⋅𝑡𝑎𝑛2 𝛽−𝑔𝑟⋅𝑡𝑎𝑛 𝛽+2𝐻𝑐

1+𝑡𝑎𝑛2 𝛽
; 𝐻𝑐 = 𝑅𝑓 − ℎ𝑓 − 𝑅𝑟 + ℎ𝑟; 𝐾𝑐 = 𝑅𝑓

2 − 𝑅𝑟
2, 

where 𝑅𝑟 is the radius of the face reinforcement convex part. 

The equilibrium condition for the joint of unit thickness has the form 

𝑃 = ∫ 𝜎𝑢
𝑇𝑑𝑢 ⋅ 𝑐𝑜𝑠 𝛽

𝑏𝑒1

𝑏𝑒1−𝑏0
+ ∫ 𝜎𝑣

𝑇𝑑𝑣
𝑦𝐶−𝑦0

−𝑦𝐵−𝑦0
, (4) 

where 𝑦𝐵 and 𝑦𝐶  can be defined as: 

𝑦𝐵 =
𝛿

2
+ 𝑟𝑟(1 − 𝑐𝑜𝑠 𝛽) − 𝑏0 𝑐𝑜𝑠 𝛽; 𝑦𝐶 =

𝛿

2
+ ℎ𝑓 − 𝑅𝑓 + √𝑅𝑓

2 − [(𝑟𝑟 + 𝑏0) 𝑠𝑖𝑛 𝛽 −
𝑔𝑟

2
]

2
.  (5) 

Parameter 𝑦0 in Eq. (4) also takes into account the distance between the load application 

axis and the section center of inertia. 

Segment BC can intersect the centers-of-inertia line in the concave part of the root 

reinforcement. This is equally matched to the condition: 
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𝛽 ≤ 𝛽𝑡0 = 𝑎𝑟𝑐𝑠𝑖𝑛
𝑟𝑟⋅𝑠𝑖𝑛𝜃𝑟

𝑟𝑟+𝑏0
. (6) 

In this case parameter 𝑦0 can be calculated by the formula: 

𝑦0 =
ℎ𝑓−𝑅𝑓−𝑟𝑟+√𝑅𝑓

2−[(𝑟𝑟+𝑏0) 𝑠𝑖𝑛 𝛽−
𝑔𝑟
2

]
2

+√𝑟𝑟
2−(𝑟𝑟+𝑏0)2 𝑠𝑖𝑛2 𝛽

2
. 

If condition (6) is not fulfilled and segment BC intersects the centers-of-inertia line in the 

convex part of the root reinforcement, then: 

𝑦0 =
ℎ𝑓−𝑅𝑓−ℎ𝑟+𝑅𝑟+√𝑅𝑓

2−[(𝑟𝑟+𝑏0) 𝑠𝑖𝑛 𝛽−
𝑔𝑟
2

]
2

−√𝑅𝑟
2−[(𝑟𝑟+𝑏0) 𝑠𝑖𝑛 𝛽−

𝑔𝑟
2

]
2

2
. 

Substituting expressions for stresses (1) into equilibrium condition (4), after integration we 

obtain 

𝑃

𝑇0
=

𝐾𝑁⋅𝐸

𝛥𝛽
, (7) 

where 𝑇0 = 𝑐𝑜𝑠 𝛽 ⋅ 𝑙𝑛
𝑟𝑟+𝑏0

𝑟𝑟
+

𝑦𝐶+𝑦𝐵

𝑟𝑟+𝑏0
 is the geometric characteristic of a nonplanar section 

under tensile loading which varies from section to section.  

Substituting identity (7) into formulas (1), functional connection between the tensile force 

P and the stresses in sections AB and BC is as follows: 

𝜎𝑢
𝑇 =

𝑃

(𝑟𝑟+𝑏𝑒1−𝑢)⋅𝑇0
, 𝜎𝑣

𝑇 =
𝑃

(𝑟𝑟+𝑏0)⋅𝑇0
. (8) 

From the analysis of second Eq. (8) it follows that in section BC the through-the-thickness 

stress is constant, and it changes only from section to section. Therefore, the stresses on the 

contour of the face reinforcement (point C) under tensile loading are determined by the 

formula 𝜎𝑓
𝑇 = 𝜎𝑣

𝑇. 

At the same time, according to first Eq. (8), the stress in section AB changes according to 

hyperbolic law and reaches its maximum at point A, i.e. on the surface of the transition zone 

from the weld root to the base metal at 𝑢 = 𝑏𝑒1. The stresses on the root side of the joint 

under tensile loading can be determined by the following formula: 

𝜎𝑟
𝑇 =

𝑃

𝑟𝑟⋅𝑇0
. (9) 

The obtained formulas are valid for the case of fulfilling the condition 𝑏0 ≤ 𝑏𝑒1. If 

𝑏0 > 𝑏𝑒1, then in second Eq. (1), Eqs. (4) and (5) one should take 𝑏0 = 𝑏𝑒1 and 𝑦0 = 𝑦1. In 

this case the lower limits of both integrals (4) vanish and the geometric characteristic of 

nonplanar sections under tensile loading is determined as follows: 𝑇1 = 𝑐𝑜𝑠 𝛽 ⋅ 𝑙𝑛
𝑟𝑟+𝑏𝑒1

𝑟𝑟
+

𝑦𝐶−𝑦1

𝑟𝑟+𝑏𝑒1
. The stresses on the front and root surfaces of the joint are as follows: 

𝜎𝑓
𝑇 =

𝑃

(𝑟𝑟+𝑏𝑒1)⋅𝑇1
, 𝜎𝑟

𝑇 =
𝑃

𝑟𝑟⋅𝑇1
. (10) 

4 Bending  

As mentioned before, bending stresses appear in addition to the axial tension stresses due 

to the action of the bending moment of the force 𝑃 in the butt weld reinforcement. This 

moment is caused by the eccentricity 𝑒𝑟𝑡 (Fig. 2) of the tensile load application on the 

concave part of the root reinforcement. Thus, the bending moment can be defined as 𝑀 = 𝑃 ⋅
𝑒𝑟𝑡. According to the accepted geometric model (Fig. 2), the eccentricity is as follows: 
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𝑒𝑟𝑡 =
1

2
[ℎ𝑓 − 𝑅𝑓 + √𝑅𝑓

2 − (𝑟𝑟 𝑠𝑖𝑛 𝛽 −
𝑔𝑟

2
)

2
− 𝑟𝑟(1 − 𝑐𝑜𝑠 𝛽)].  

Assume that section A1B1C1 under the bending loading remains stationary, while section 

ABC rotates by a small angle 𝛥𝛾 and occupy a new position which is indicated in Fig. 3 by 

the dotted line. In this case, fiber KF , which locates at the distance 𝑢 from the section center 

of inertia, will be elongated by the length of segment 𝐾𝑁 = [(𝑦𝐵 + 𝑦0)/ 𝑐𝑜𝑠 𝛽 + 𝑢 − 𝑏𝑒1 +
𝑏0] 𝑡𝑎𝑛 𝛥 𝛾 (Fig. 1 and Fig. 3).  

 

Fig. 3. Rotation of nonplanar section ABC of a butt weld at bending  

As a result, the normal tensile stress will appear in it. At the same time, fiber QS which locates at 

a distance 𝑣 from the section center of inertia, will be shortened by the length of segment ST , and 

the normal compressive stress will appear in it. The stresses in fibers KF and QS are as follows: 

𝜎𝑢
𝐵 =

(
𝑦𝐵+𝑦0

𝑐𝑜𝑠 𝛽
+𝑢−𝑏𝑒1+𝑏0)⋅𝛥𝛾⋅𝐸

(𝑟𝑟+𝑏𝑒1−𝑢)⋅𝛥𝛽
, 𝜎𝑣

𝐵 =
𝑣⋅𝛥𝛾⋅𝐸

(𝑟𝑟+𝑏0)⋅𝛥𝛽⋅𝑐𝑜𝑠 𝛽
. (11) 

The equilibrium condition for the joint of unit thickness under bending loading has the 

following form: 

𝑀 = ∫ 𝜎𝑢
𝐵 ⋅ (

𝑦𝐵+𝑦0

𝑐𝑜𝑠 𝛽
+ 𝑢 − 𝑏𝑒1 + 𝑏0) 𝑑𝑢

𝑏𝑒1

𝑏𝑒1−𝑏0
+ ∫ 𝜎𝑣

𝐵 ⋅ 𝑣𝑑𝑣
𝑦𝐶−𝑦0

−𝑦𝐵−𝑦0
. (12) 

Substitute Eqs. (11) into equilibrium condition (12) and after integration we obtain: 

𝑀

𝐵0
=

𝛥𝛾⋅𝐸

𝛥𝛽
,  (13) 

where 𝐵0 is the geometric characteristic of a nonplanar section under bending loading which 

varies from section to section 

𝐵0 =
(𝑦𝐵+𝑦0−(𝑏𝑒1−𝑏0) 𝑐𝑜𝑠 𝛽)2

𝑐𝑜𝑠2 𝛽
⋅ 𝑙𝑛

𝑟𝑟+𝑏0

𝑟𝑟
+ (𝑟𝑟 + 𝑏𝑒1)2 𝑙𝑛

𝑟𝑟+𝑏0

𝑟𝑟
− 𝑏0(𝑟𝑟 + 2𝑏𝑒1) +

𝑏0
2

2
+

         +
2(𝑦𝐵+𝑦0−(𝑏𝑒1−𝑏0) 𝑐𝑜𝑠 𝛽)

𝑐𝑜𝑠 𝛽
[(𝑟𝑟 + 𝑏𝑒1) 𝑙𝑛

𝑟𝑟+𝑏0

𝑟𝑟
− 𝑏0] +

(𝑦𝐶−𝑦0)3+(𝑦𝐵+𝑦0)3

3(𝑟𝑟+𝑏0) 𝑐𝑜𝑠 𝛽
.  

Substitute identity (13) into Eq. (11) and establish the functional connection between the 

bending moment 𝑀 and the stresses in sections AB and BC, respectively: 
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𝜎𝑢
𝐵 =

𝑀⋅(
𝑦𝐵+𝑦0

𝑐𝑜𝑠 𝛽
+𝑢−𝑏𝑒1+𝑏0)

(𝑟𝑟+𝑏𝑒1−𝑢)⋅𝐵0
, 𝜎𝑣

𝐵 =
𝑀⋅𝑣

(𝑟𝑟+𝑏0)⋅𝐵0⋅𝑐𝑜𝑠 𝛽
  (14) 

Obtain from Eq. (14) at 𝑢 = 𝑏𝑒1 and 𝑣 = 𝑦𝐶 − 𝑦0 the bending stresses which act in the 

transition zone from the weld root to the base metal (point A) and on the face reinforcement 

(point C) as follows: 

𝜎𝑟
𝐵 =

𝑀⋅(𝑦𝐵+𝑦0+𝑏0⋅𝑐𝑜𝑠 𝛽)

𝑟𝑟⋅𝐵0⋅𝑐𝑜𝑠 𝛽
, 𝜎𝑓

𝐵 =
𝑀⋅(𝑦𝐶−𝑦0)

(𝑟𝑟+𝑏0)⋅𝐵0⋅𝑐𝑜𝑠 𝛽
. (15) 

These formulas are valid for the case of fulfilling the condition 𝑏0 ≤ 𝑏𝑒1. If 𝑏0 > 𝑏𝑒1, then 

in second Eq. (11) and condition (12) one should take 𝑏0 = 𝑏𝑒1 and 𝑦0 = 𝑦1.Thus, the 

stresses at points A and C will be determined as: 

𝜎𝑟
𝐵 =

𝑀⋅𝑏𝑒1

𝑟𝑟⋅𝐵1
, 𝜎𝑓

𝐵 =
𝑀⋅(𝑦𝐶−𝑦1)

(𝑟𝑟+𝑏𝑒1)⋅𝐵1⋅𝑐𝑜𝑠 𝛽
. (16) 

where 𝐵1 is the geometric characteristic of a nonplanar section under bending loading which 

varies from section to section. In the case of fulfilling the condition 𝑏0 ≥ 𝑏𝑒1 it is as follows: 

𝐵1 = (𝑟𝑟 + 𝑏𝑒1)2 𝑙𝑛
𝑟𝑟+𝑏𝑒1

𝑟𝑟
− 𝑏𝑒1(𝑟𝑟 + 2𝑏𝑒1) +

𝑏𝑒1
2

2
+

(𝑦𝐶−𝑦1)3

3(𝑟𝑟+𝑏𝑒1) 𝑐𝑜𝑠 𝛽
.  

In the case of fulfilling the condition 𝑏0 ≤ 𝑏𝑒1, the total stresses 𝜎𝑟
𝛴 which act in the 

transition zone from the weld root to the base metal under the tensile and bending loadings 

can be calculated as the sum of the stresses obtained by Eq. (9) and first Eq. (15). On the 

contour of the face reinforcement the total stresses 𝜎𝑓
𝛴 under the tensile and bending loadings 

can be calculated as the difference between the stresses obtained by second Eq. (8) and 

second Eq. (15). They are as follows: 

𝜎𝑟
𝛴 =

𝑃

𝑟𝑟
(

1

𝑇0
+

𝑒𝑟𝑡⋅(𝑦𝐵+𝑦0+𝑏0⋅𝑐𝑜𝑠 𝛽)

𝐵0⋅𝑐𝑜𝑠 𝛽
), 𝜎𝑓

𝛴 =
𝑃

(𝑟𝑟+𝑏0)
(

1

𝑇0
−

𝑒𝑟𝑡⋅(𝑦𝐶−𝑦0)

𝐵0⋅𝑐𝑜𝑠 𝛽
). (17) 

In the case of fulfilling the condition 𝑏0 ≥ 𝑏𝑒1, total stresses 𝜎𝑟
𝛴 can be calculated as the sum 

of the stresses obtained by second Eq. (10) and first Eq. (16); total stresses 𝜎𝑓
𝛴 can be calculated 

as the difference between the stresses obtained by first Eq. (10) and second Eq. (16): 

𝜎𝑟
𝛴 =

𝑃

𝑟𝑟
(

1

𝑇1
+

𝑒𝑟𝑡⋅𝑏𝑒1

𝐵1
), 𝜎𝑓

𝛴 =
𝑃

(𝑟𝑟+𝑏𝑒1)
(

1

𝑇1
−

𝑒𝑟𝑡⋅(𝑦𝐶−𝑦1)

𝐵1⋅𝑐𝑜𝑠 𝛽
). (18) 

5 Calculation example and results analysis  

Consider the AMg6M aluminium alloy TIG-welded butt joints which was welded using 

1.6 mm welding wire SvAMg6. The thickness of welded plates is 1.8 mm and joint 

geometrical shape is presented in work [14]. The geometric parameters of the weld according 

to the idealised model are listed below. 

Side Heigth h, mm Width g, mm Angle θ, º Radius r, mm Radius R, mm Depth b0, mm 

Face (f) 1.000 7.000 31.890 0.690 5.935 0.536 

Root (r) 0.750 3.750 43.602 0.490 2.229 0.515 

The values of the flank angles θ are calculated according to the formulas of [15]. The radii 

r of transition from the weld to the base metal are calculated according to the formulas of 

[16], and the radii R of the convex parts of the reinforcement are calculated according to the 

formulas of [10]. 

Build the stress diagrams on the joint front and root sides (Fig. 4). Solid lines in Fig. 4 

indicate the total stresses calculated taking into account the eccentricity of the load 



 

106  Volume 72, No. 1, (2022) 

 

application. Dashed lines indicate the total stresses calculated without taking into account the 

eccentricity of the load application. 

  

Fig. 4. Stress diagrams on the front 

and root sides of the AMg6M alloy 

welded joint 

Fig. 5. The results of stress fields numerical 

simulation in AMg6M alloy butt welded joint 

At the foot of the weld transition zone from the root reinforcement to the base metal the 

condition 𝑏0 ≤ 𝛿/2 is fulfilled at 𝛽 = 0. In addition, since the condition 𝑏0 ≤ 𝑏𝑒1  is fulfilled at 

0 ≤ 𝛽 ≤ 𝜃𝑟  , the diagrams are built according to Eq. (17). The stress diagrams in sections 

corresponding to the transition zone from the weld face reinforcement to the base metal are 

built according to the formulas of [17]. Analysis of the diagrams presented in Fig. 4 shows 

that the eccentricity of the load application leads to the stresses increasing by 75% at the foot 

of the weld transition zone from the root to the base metal. As a result, the maximum stress 

value in the root side is higher than that in the face side. Note that if to disregard the 

eccentricity of the load application, the maximum stress value in the face side is higher. 

To verify the results obtained by the developed method, computer simulation of stress 

fields in the test sample was carried out using the finite element method (FEM). The used 

mesh was refined until the difference between the stress values in the final and previous 

model was obtained, not exceeding 5%. In this case, according to [18], the influence of its 

dimensions on the values of local maximum stresses is excluded. As a result, the final model 

included 172035 elements with 688802 nodes. At the same time, the element size in the 

transition zones from the weld to the base metal was less than 0.1 of the transition radius. 

The deviations of the maximum stress values obtained by the analytical and numerical 

calculations is less than 1% on the root side, and it is about 6% on the face side. The stresses 

distribution along the joint contour is the same. The maximum stress according to the 

analytical calculation (Fig. 4) acts at the foot of the transition zone from the weld root to the 

base metal at 𝛽 = 0. This is also confirmed by the results of the computer simulation of stress 

fields which is shown in Fig. 5, this is why it makes sense to determine the SCF at this point. 

For the case of fulfilling the condition 𝑏0 ≤ 𝑏𝑒1, the SCF is defined as the ratio of the 

stress determined by first Eq. (17) at 𝛽 = 0 to the nominal stress 𝜎𝑛𝑜𝑚 = 𝑃/𝛿 which acts at a 
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sufficient distance from the weld. Considering that for the section 𝛽 = 0 we have 𝑦1 = 𝑦0  
and 𝑏𝑒1 = 𝛿/2 +  𝑦0 , we obtain: 

𝛼𝜎
𝑟 =

𝛿

𝑟𝑟
(

1

𝑙𝑛
𝑟𝑟+𝑏0

𝑟𝑟
+

𝑚−𝑏0
𝑟𝑟+𝑏0

+
𝑚⋅(𝑚−𝛿)

4[(𝑟𝑟+
𝑚

2
)

2
𝑙𝑛

𝑟𝑟+𝑏0
𝑟𝑟

−𝑏0⋅(𝑟𝑟+𝑚)+
𝑏0

2

2
+

𝑚3+(𝑚−2𝑏0)3

24(𝑟𝑟+𝑏0)
]

),  (19) 

where 𝑚 = 𝛿 + ℎ𝑓 − 𝑅𝑓 + √𝑅𝑓
2 − 𝑔𝑟

2/4. If the condition 𝑏0 ≥ 𝑏𝑒1 is fulfilled the SCF is 

defined as the ratio of the stress determined by first Eq. (18) at 𝛽 = 0 to the nominal stress: 

𝛼𝜎
𝑟 =

𝛿

𝑟𝑟
(

1

𝑙𝑛
2𝑟𝑟+𝑚

2𝑟𝑟
+

𝑚

2𝑟𝑟+𝑚

+
𝑚⋅(𝑚−𝛿)

4[(𝑟𝑟+
𝑚

2
)

2
𝑙𝑛

2𝑟𝑟+𝑚

2𝑟𝑟
−

𝑚

2
⋅(𝑟𝑟+𝑚)+

𝑚2

8
+

𝑚3

12(2𝑟𝑟+𝑚)
]
).  (20) 

Thus, Eqs. (19) and (20) establish the functional connection between the SCF value on the 

root side and the geometric dimensions of reinforcements both on the front and root sides of 

the butt welded joint with asymmetrical reinforcement. 

CONCLUSION 

The functional connection between the SCF value at the transition zone from the weld root 

to the base metal and the geometric parameters of the reinforcements on either side of the butt 

welded joint is obtained. The analytical method for the stress condition assessment under 

tensile loading in the stress concentration zones of the butt welded joint with asymmetrical 

reinforcement is developed and verified. The following conclusions can be drawn: 

1. Obtained formulas take into account the increasing of the cross section due to the 

reinforcement on the face side and the eccentricity of the tensile load application. This is why 

developed method allows to obtain more accurate stresses value due to the influence of the 

load application eccentricity on the stress distribution in the transition zone from the weld root 

to the base metal. 

2. The results of calculations by the method show that the bending stresses caused by 

eccentricity of the tensile load application lead to increasing by 75% of the total stress in the 

root part of butt welded thin-gauge plates with asymmetrical reinforcement. The obtained 

results agree well with the results of stress numerical analysis. The maximum stress values 

obtained using the FEM differ from those calculated in the following way: on the root side by 

1% and on the face side by 6%. 
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