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Abstract: While the exact separability probability of 8/33 for two-qubit states under the Hilbert-Schmidt measure has
been reported by Huong and Khoi, detailed derivations remain inaccessible for general audiences. This paper provides
a comprehensive, self-contained derivation of this result, elucidating the underlying geometric and probabilistic struc-
tures. We achieve this by developing a framework centered on the computation of Hilbert-Schmidt volumes for key
components: the quantum state space, relevant flag manifolds, and regular (co)adjoint orbits. Crucially, we establish
and leverage the connection between these Hilbert-Schmidt volumes and the symplectic volumes of the correspond-
ing regular co-adjoint orbits, formalized through the Duistermaat-Heckman measure. By meticulously synthesizing
these volume computations—specifically, the ratios defining the relevant probability measures—we reconstruct and
rigorously verify the 8/33 separability probability. Our approach offers a transparent pathway to this fundamental
constant, detailing the interplay between symplectic geometry, representation theory, and quantum probability.
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1. Introduction

Quantum entanglement, a hallmark of quantum mechanics, is a fundamental resource for quantum information
processing. Distinguishing entangled states from separable (non-entangled) states is therefore a central problem in
quantum information theory. For bipartite systems, particularly the simplest non-trivial case of two-qubits, deter-
mining the likelihood of encountering a separable state within the ensemble of all possible states is a question of
significant theoretical interest. This is formalized as the separability probability [1,2].

Under the Hilbert-Schmidt measure—a natural metric induced by the Hilbert-Schmidt distance on the space of
density matrices [3]—the exact value of the separability probability for two-qubit states has been a subject of extensive
numerical investigation and conjecture. Early numerical studies strongly suggested the fraction 8/33 as the exact
value (with 29/64 for the real two-qubit case) [4—6]. This conjecture was rigorously confirmed recently by Huong
and Khoi [7] (separately, the fraction 29/64 was analytically proved by Lovas and Andai [8]). However, while their
result establishes the exact separability probability, the detailed mathematical derivation presented in [7] remains
inaccessible to a significant portion of the community.

This paper aims to bridge this gap in accessibility and understanding. Our primary contribution is to provide a
detailed, self-contained, and pedagogically clear derivation of the 8/33' separability probability for two-qubit states
under the Hilbert-Schmidt measure. We achieve this by leveraging a powerful geometric framework centered on the
computation of volumes [9] in the relevant state spaces and their substructures. The core of the used approach lies in

the systematic computation of Hilbert-Schmidt/symplectic volumes associated with key geometric objects:

(1) Flag manifold: This is a specific instance constructed by taking the quotient of the unitary group U(N) by
its maximal torus.

(2) A regular adjoint orbit: It is an orbit of a fixed diagonal matrix with distinct diagonal entries under the
conjugate action of unitary group U(N'). Note that this fixed diagonal matrix can be translated to a regular
element in the positive Weyl chamber for the unitary group U(N).

I'The derivation of the general value 8/33 is more complex than that of the specific real two-qubit case
29/64.
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(3) The space of all qudit states: This is the compact manifold of all density matrices acting on the same
underlying space CN.

(4) A regular co-adjoint orbit: It is a orbit of a regular element in the positive Weyl chamber under the co-
adjoint action of the unitary group U(N).

A critical insight underpinning the derivation is the profound connection between the Hilbert-Schmidt volumes
of adjoint orbits and the symplectic volumes of their corresponding regular co-adjoint orbits. This connection is
rigorously established through the Duistermaat-Heckman (DH) measure [10], a fundamental tool in symplectic ge-
ometry and geometric quantization that intrinsically relates these volume measures. The DH measure’s properties
are well-documented, with recent generalizations further extending its scope [11,12]. Crucially, its density relative to
the Lebesgue measure on the dual Lie algebra is piecewise polynomial, computable via the Boylal-Vergne-Paradan
jump formula [13]. Moreover, the DH formalism has proven instrumental in analyzing joint eigenvalue distributions
of marginal states in random multipartite quantum systems [14], demonstrating its utility in quantum information
theory.

The remainder of this paper is structured as follows: In Section 2, we review necessary background on the Hilbert-
Schmidt metric, the geometry of the quantum state space, and separability criteria. We provide details about the
computation of the Hilbert-Schmidt volume of the full quantum state space in Section 3 by calculating volume of
flag manifolds and (co)adjoint orbit. Section 4 explores the connection to symplectic geometry via co-adjoint orbits
and the Duistermaat-Heckman measure, deriving the corresponding symplectic volumes and linking them back to
the Hilbert-Schmidt framework. In Section 5, we synthesizes the volume calculations from the previous sections
to compute the volume of the separable set and derives the exact separability probability. Finally, in Section 6, we
conclude with a discussion of the significance of the result and potential extensions.

2. Preliminaries and Notations
Let the set of all N x N complex Hermitian matrices be denoted by Herm(CY). Furthermore, Hermg(CN)

denote the set of all elements in Herm(CN ) with simple spectrum (i.e., those N X N complex Hermitian matrices
with N distinct eigenvalues).

Proposition 1 ([15,16]). It holds that the subset Hermg (CN ) is an open and dense of full measure in Herm(CN ).
That is, the Lebesgue measure of the complement is zero, i.e., the Lebesgue measure of Herm(CN )\Herms (CN ) is

zero.

Proof. The technical proof is omitted here. [

We will denote by Hy = H1 @ Hyp the N-dimensional Hilbert space that describes the composite system of two
components H1, Hp with dim Hq = n,dim Hp = m and N = nm. The set D(C" ® C™) of bipartite states on H

can be represented by complex N X N positive semi-definite matrices of unit trace. Let
Ds(C" @ C™) := D(C" @ C") NHermg(C" @ C™). )

From Proposition 1, we see easily that Ds(C" ® C™) is also open and dense of full measure in D(C" @ C™). A
bipartite state p4p in D(C" @ C™) is called separable if and only if it can be written as a convex combination of
local product states: pop = Z,Ile PrPAk ® pp for some p 4 € D(C"), pp i € D(C™), and a probability vector
(pl, .. .,pK).

A natural parametrization of p € D(C" ® C™) makes use of the traceless Hermitian generators of SU(n) and
SU(m):

1 n2—1 m*—1 n2—1m?-1
p=—\Tum+ Z 23 A; @1y +1, ® Z b]'B]' + Z Z ckAg @ By 2
nm i=1 =1 k=1 I=1
where

* alla;, bjcpy arein R,

o A and By are the Hermitian generators of the SU(n) and SU(m), respectively, chosen to satisfy
(4;,4;) =25 = (By,B;),
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» two reduced states are: pcn = %(]ln + Z" 1 LA, ) and pcn = % (Ilm + Zm ‘-1 b;B; >

¢ The vector

T 2_
X = (ﬂl, .. .,anz,l,bl, c.. ,bmz,l,cn, L. /anfl,mzfl) S ]R(nm)

completely determines the state p € D(C" ® C™) and vice versa. The positivity of density matrices
restricts the possible vectors x to a proper subset D("%") of R(mm)* =1,

According to the parametrization Eq. (2) of bipartite states, the Hilbert-Schmidt distance
dus(p’,p) == /(o' — p, 0’ — p)pg (see below Eq. (8)) induces a flat metric on D(">M) pecause

n?—1 m?— n? 2

. P
dus(p',p) = — | 2m Y (aj —a;))® +2n ) (V) —b))* +4 Z Z =)’ - 3)
k=1 1=1

nim i=1 =1
In particular, for n = m = 2, we get that

3 3 3 2
1
As(pp) = 5 | Lo —a)* + L —b)*+ L Xl —au)” | = 5mucia (¥ 2) 4)
1 ]= =

| —

3
=1 k=11=1

where ' = (d/, b',c,'d) and x = (a,b,cy). In such case, up to an overall constant % the following mapping is
bijective and isometric:

(D (C2 ® C2>,dHS) = (D(ZXZ)/dEuclid)' ®)

3. Riemannian Volumes of Manifolds

Recall that an N-dimensional oriented manifold M with a pseudo-Riemannian metric g has a standard volume
form w, known as the Riemannian volume form, whose expression in an oriented chart (xl, ., xN ) is given by

det(g)dx! A--- A dxN, (6)

corresponding to the line element (aka, arc length differential or differential of arc length) ds? = Z%:l dxt gl-jdxj .

If D is a domain of integration on M, then

volg(D / w @)

is called the Riemannian volume of D.

In particular, on DS(CN ), we have the Hilbert-Schmidt inner product, which is defined by
(X,Y) :=Tr (X*y). @®)

Differentiating this inner product yields a metric on Ds (CN ) which we denote by grys. We shall denote by volyg
the Riemannian volume form associated with gy and refer to the volume measured by volyg as the HS volume [17].

3.1. Hilbert-Schmidt Volumes of Flag Manifolds

A complex matrix Z can always be written as Z = X 4 1Y, where X = Re(Z) and Y = Im(Z) are real matrices.
Denote

[dZ] := [dX][dY], ©)

where [dX] means the product of independent differentials in X, and [dY] has a similar meaning.

600



Assume that U = (u;j) € U(N), where u;; € C. Let uy = |t | €% be its polar form, where 6 € [—7, 77).
Then

u= (url) T, T= diag(eiel,‘.‘,eieN) (10)

This means that any U € U(N) can be factorized into a product of a unitary matrix with diagonal entries being
nonnegative and a diagonal unitary matrix. Thus, we have the following diffeomorphism:

U(N) 2 U(N)/TN x TN, (11)

where TN := diag et ..,eieN) 20 € [—m ) k= 1,...,N}, which is the maximal torus of U(N). For any

measurable f over U(N),
u)[utdu :/ vT)[vidv][TtdT), 12
Jo fOI ) = [ Fvnvavirar] (1)
where U = VT for V.€ U(N)/TN and T € TN, and [UtdU] = [VIdV][TTdT], where [UTdU] is a left-

invariant matrix-valued differential form, called Maurer-Cartan form. Since vy, € R, and moreover vy is not an

independent variable, it follows that

vfav] = J] Re(V'dv);)Im(v'dv)), (13)
1<i<j<N
N

utdu] = J[Im((U'du)y)x [] Re(u'du)Im(utdu); (14)
k=1 1<i<j<N

The Euclid volume of the flag manifold U(N) /TN is given by [15]:

()
lguaiq (U(N) /TN) = viav) = 27 15
velguaaUN)/T) = [ VY] = o s 15)
Proposition 2 ([15]). The Hilbert-Schmidt volume of the flag manifold U(N) /TN is given by
volpg(UNY/TV) = 2 volgaig (U(N) /TN = e (16)
HS Euclid H}](\]:1 F(k) ’

Proof. In fact, the line element for the Hilbert-Schmidt inner metric is given by
dsts = (dV,dV) = (V'dv,v*dv), veun)/TV.

It is clearly seen that Vv*tdV is skew-Hermitian and its diagonal part is real. Thus the diagonal part of V*tdV must be

vanished, and

dsfg = Ii[(V*dV)kk]erZ ZN([Re(v’fdv)ij]2+[Im(V*dV)ij}2>
=1 1<i<j<

2 Z [Re(V+dV)ij]2 + [Im(V+dV)ij]2>-
1<i<j<N

The corresponding HS volume element is given by

dVHS H <\/§Re(V+dV)ij\/§Im(V+dV)jj)

1<i<j<N

= 20) 7] Re(V*dV)i]-Im(V*dV)ij):Z(I;)[V*dv],
1<i<j<N
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which leads to the conclusion

N _ _ (¥ +
volyss (U(N)/TV) - = /U(NWN AV = 2( >/U(N)/TN[V v

23 volgyapa (UN) /T

™) n(g) _ (271)(2’)
[T TR, T(k)

I
N

This completes the proof. [

3.2. Hilbert-Schmidt Volumes of Regular Adjoint Orbits

Denote the adjoint orbit Uy for x = (x1,...,x5) € RN, where x; > --- > xy, as
Uy = {Udiag(xl,...,xN)w U e U(N)}. a7
Let Vy(x) = Tlici<j<n(x; — x;). The stablizer group of x is just the flag manifold U(N)/TN. Apparently,
Uy = {x} x U(N) /TN, where TN = U(1)*N is N-torus. Suppose that the unitary group U(N) is equipped with

Haar probability measure pj,ar. Consider the following map

T (U(N)r yHaar) L (ux/V = n*]"Haar)/
U — Udiag(xq, . ..,xN)LI+.

The push-forward measure of yij,,r along the map 77 is v := 7T4Jifaqr, called the orbital measure [18]. So the
integral along the orbit is given by the following formula

[ v = @) = (epttaa, £) = (prtae, )
= -/U(N) f(lldiag(xl, .. .,xN)U+>d;4Haar(U).
The following result [19] is mentioned without proof. Here we provide detailed proof for the reference.
Proposition 3. The Hilbert-Schmidt volume of the adjoint orbit Uy = U(N) /TN is given by
volys (Uy) = Vv (x)*volus(U(N)/TN). (18)
Proof. Indeed, for X € Uy, ie., X = Vdiag(xl,‘.‘,xN)VJr, where V € U(N)/TN. Then
dX = dvdiag(xy, ..., xn)V' 4 Vdiag(xy, ..., xN)dVT,
which implies that
vi(dX)V = vidVdiag(xy, ..., xn) + diag(xy, ..., xN)dVTV.
Due to the fact that VTV = T, we infer that
(dvHv 4 vav = 0 <= (dvh)v = —viav.

This indicates that V* (dX)V = [V*dv, diag(x1, ..., xN)] . Thus

dx] = [vtdxV]= H[V*dv, diag(x1, - ..,xN)] '
i<j !
= H(X] — X[)RE(V+dV)ij(X]' — xi)Im(V+dV)ij

i<j
= Wn()?[viav],
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where [VIdV] = [Ti<icj<n Re(V+dV)ijIm(V+dV)ij is the Euclid volume element on the flag manifold U(N) /TN

We can derive that [dX] = Vi (x)?[VdV]. Now

voleuig(te) = [ [AX] = Ve [ (Vav)

= VN(x)ZVOIEuclid(U(N)/TN)'

The differential of arc length is given by

ds?e (dX,dX) = <[v+dv, diag(x1, ..., xy)], [VIdV, diag(x, .. .,xN)]>

2 N 2

= ¥ |5 - x)(Vidv),

N
) ‘ [vdv,diag(xy,..., xn)];j

ij=1 ij=1
2 2
= Y (x _xi)z‘(VerV)ij =2 Y (% _xi)z‘(VerV)ij
i#j 1<i<j<N
2 2
— Z (\[2()(] — xi)Re(V+dV)ij) —+ Z <\f2()€1 — Xi)Im(V+dV)i]'> .
1<i<j<N 1<i<j<N

N
2

The corresponding HS volume is given by dVigg = 2 )VN(x)Z[V+dV]. Thus

volps(Uy) = Z(Z)VOIEuclid(ux) =2(3) Vi (x)?volgyaia (U(N) /TN)
(%) (%)
—o(%) AL 2 (2m)%2)
2 VN(x) H}]{\]:1 F(k) VN(x) HkN:1 F(k) ’

implying that the HS volume of adjoint orbit Uy =2 U(N)/ TV is given by the following formula:

27)(3)

— 2
volys(Usx) = Vn(x) ITes T(k)

= Vy(%)*volys(U(N)/TV).

We are done. [

3.3. Hilbert-Schmidt Volumes of Quantum State Spaces

Let
CN = {(xl,...,xN)GlRN:Jq>--->XN},
N N
AN_1 = (xl,...,xN)E]I{>0:Zxk:1 .
k=1

The natural projection U(N) — U(N) /TN, where TN = {diag(eiel,...,eigN) :01,...,0N € R} such that:

U~ [u]=utN e UN)/TN.
Define the map T : Herms(CN) — Cy x U(N)/TN.
Theorem 1 ([16]). It holds that the above map T is a diffeomorphism:
Herm,(CV) £ Cy x (U(N)/TV).
Moreover, the map T induces the following two diffeomorphisms:

Ds(CN)
Uy

(An—1NCN) x (U(N)/TN),
{x} x (UN)/TN) = U(N)/TN.

1%

I

603

19

(20)

@n

(22)
(23)



Proof. The proof is omitted here. [

Although the HS volume of the set of all density matrices acting on CN is derived already by Zyczkowski, we
still include the proof here for completeness.

Theorem 2 ([3]). It holds that

N
volys(D(CY)) = vN(27) (%) Hﬁszgk) (24)

Proof. The infinitesimal distance takes a particularly simple form ds%IS = (dp, dp)yyg valid for any dimension N.
Making use of the diagonal form p = UAU', we may write

dp = V(dA + [vtav,A]) VY,

where V € U(N)/TN. Thus the differential of arc length can be rewritten as
N N
dshg =Y dA2 42 Y (A—A)) Mv*de
=1 1<i<j<N
Apparently, Z]‘Ii1 dA; = 0 since Z}-\Ll Aj =1. Thus
dstg = Z dhiggddj+2 Y (A —Ap) ‘< ‘V+dv‘ >]
ii=1 1<i<j<N

The HS volume element is given by

N
dVHS = \/>2 H k H Re(VerV),-]-Im(VerV),-]-.

1<i<j<N

The corresponding volume element gains a factor y/det(g) = /N, where ¢ = (8ij) (N—1)x (N—1) is the metric
in the (N — 1)-dimensional simplex Ay _1 of eigenvalues. Note that g = Iy_1 + |e)(e| for (N — 1)-dimensional
vector e := (1,...,1)". Therefore

N ' 2\ﬁN71 ' Myt
volgs(D(CN)) = / Vis= [ V) Nkljld/\kx /u(m/w 2N vtav)
N ) N-1
= volus(U(N)/TY) | oy TAPVN T
where
2
! (MM, )

N N
(M) [T ar / 5(1= Y A oA [ de = ~of 2
/Amch H k=N RY, ( k; k> N(A) g k T(N2)

Substituting the last result into the above, we get the desired result. [

Remark 1. We can partition the set D(CN ) of all density matrices acting on CN according to the spectrum A =
(M,...,AN) € Ay_1NCN:

DICY)= | Ua 25)
AEAN_1NCN
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From this observation and previous discussion, we get that

(It
T(N2)

= VN[ VN(A)[dA] - volus(U(N)/TY)

= \/N VOIHS (Z/{A) [d/\}
JAN_1NCN

volyg(D(CV)) = VN -volyg (U(N)/TN)

Based on it, we infer that every adjoint orbit U is subject to the distrubtion

dm(A) = VNS(1 — Tr(A))[dA]. (26)
It holds that
volps(D(CN)) = /C L volus(Un)dm(A). @7)

4. Symplectic Volumes of Regular Co-Adjoint Orbits

Consider a compact connected Lie group K with its Lie algebra ¢. Let T be the maximal torus of K with its Lie
algebra t, namely, the Cartan subalgebra. Choose an K-invariant inner product on £. By restricting such K-invariant
inner product on t, we can identify t*, the dual space of t, with t.

Let R™ be the set of all positive roots of K. Then RT determines the positive Weyl chamber t- via the way
t>0 = {X €itzg: a(X) 2 0,Va € R}, (28)

Analogously, we also identity t, with t>o.

*

Consider an element A € it>0,

the interior of positive Weyl chamber it’;o. Let

Oy :=K-A={AdzA:g €K} (29)
be the co-adjoint orbit, identified by co-adjoint action of K onit% ; = it.o. There is a K-equivariantly diffeomorphism
O3 =K/T.

Moreover, the coadjoint orbit O3 carry the so-called standard symplectic form, i.e., Kirillov-Kostant-Souriau form
d
wiks [20]. Now we get a symplectic form (O e wiks)- The top degree of wyyg will identify a volume form w;fs s

where d := } dim(0,) = } dim(K/T).

Definition 1. The Liouville measure on O 4 is defined by

“’1%1(5
po,(B) == T (30)

where B is a Borel subset of Oy. The symplectic volume of O is just volsymp(O3) = po, (O3).

Proposition 4 ([21]). Let T be a maximal torus of a compact connected Lie group K. Let Ae ity for which O3 is
the coadjoint orbit through A. The symplectic volume of O3, with respect to the KKS form wyxs, is given by

Volagmp (03) = ( I <x,a>> ( 1 2”) 31

aERT aERT <p,0(>

where p = % Y neR+ X
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Remark 2. According to Harish-Chandra’s volume formula [22],

27

volgs(K/T) = . (32)
HS( ) DCL—R]; <p, IX>
Based on this formula, we get that
volsymp (O3) = ( 11 <5\,a>>vole(I</T). (33)
x€ERT

Example 1. Let K = U(N). The maximal torus of U(N) is T = TN, and its Lie algebra t such that it* = it = RN,

Moreover it* , = Cy. Then the set of all positive roots R, where

>0 —

R*:{ai—aj:,1<i<j<N}, (34)

where wy is a linear functional taking the k-th position’s imaginary part. Moreover d = | RT ‘ = (157 ). The symplectic

volume of the coadjoint orbit (9;\ is
volsymp (O3) = Viv(A)volps (U(N) /TN). (35)

When we consider both HS volume and symplectic volume for the same manifold O, we will get the following
relationship between such volumes.

Proposition 5. Let A € it ) = ity for the unitary group U(N). The HS volume and the symplectic volume of O 1

are connected via the formula:
VOle(O}l) = VN(/A\) X VOlsymp (O}\) (36)
Proof. According to Proposition 3,

volys(03) = Vn(A)?volpg(U(N)/TN) = Viy(A) [VN(;\)VOIHS(U(N)/TN)]
VN(/A\)Volsymp(O;\),

where the last equality is obtained from Eq. (35). O

5. Duistermaat-Heckman Measure

The Duistermaat-Heckman (DH) Theorem, introduced in [10], revolutionized symplectic geometry and mathe-
matical physics by uncovering profound connections between Hamiltonian dynamics, localization, and topology. Its
key conclusions — including the exact stationary phase approximation, the convexity of images of moment map,
the polynomiality of reduced symplectic volumes, relations to equivariant cohomology and localization [23], non-
Abelian generalizations, applications in Physics, and combinatorial and algebraic consequences — have each had
significant impact.

Central to these developments is the powerful Duistermaat-Heckman (DH) measure [24]. This measure provides
a crucial tool across symplectic geometry, representation theory, and mathematical physics. Its strength lies in trans-
forming complex global geometric problems into manageable local computations concentrated at fixed points, thereby

effectively bridging symplectic geometry with representation theory, combinatorics, and physics.

Definition 2 (Push-forward of a measure). Given measurable spaces (X, F) and (Y, G), a measurable mapping
P : X — Yandameasure y : F — [0, +00), the push-forward of u is defined to be the measure . : G — [0, +00)
given by

(®.11)(B) := y((lfl(B)> for Beg.
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Proposition 6 (Change of variables formula). A measurable function f onY is integrable with respect to the push-
forward measure Dyt if and only if the composition @ f = f o ® is integrable with respect to the measure ji. In

that case, the integrals coincide

d(P. :/ ddy = / D" fdpu.
/Yf (Pspt) Xfo = fdp
In the sense of distribution, (®su, f) = (p, *f).

Definition 3 (Liouville measure). Ler (M, w) be a symplectic manifold of 2n dimension. A Borel set in M is a set
generated from compact subsets of M under countable union and complementation. Given a Borel set B in M, the
Liouville measure of B is defined as

The symplectic volume of M is defined by

wn

VOlsymp(M) = V(M) = M Pl
In order to define Duistermaat-Heckman measure, we need the following notion of moment map (or momen-
tum map) is a fundamental concept in symplectic geometry and mathematical physics, providing a bridge between
symplectic group actions and conserved quantities. It generalizes the idea of conserved momenta in Hamiltonian

mechanics to more abstract geometric settings.

Definition 4 (Moment map). Given a smooth manifold M equipped with a symplectic form w (a closed, non-degenerate
2-form). A Lie group K acts on M via symplectomorphisms (symmetry transformations preserving w). The so-called
moment map is a map @ : M — it* satisfying:
(i)  Forevery X € ¥, the function ®X(m) := (®(m), X) is a Hamiltonian function for the vector field Xy
on M generated by X:
doX = X, W.

(ii) @ is K-equivariant with respect to the coadjoint action Ad* on it*:
O(g-m) = (Adg®)(m), VgeK

In such a case, this action of K on M is called Hamiltonian action. At this time, (M, K, w) is called Hamiltonian
K-manifold.

Definition 5 (Duistermaat-Heckman measure). Let (M, K, w) (here w is a symplectic form) be a compact, connected

Hamiltonian K-manifold of dimension 2n and a choice of moment map ® : M — it*.
(i) The non-Abelian Duistermaat-Heckman measure DHKM is defined as follows:

DHY, = i(r,()*cb*y (37
Pk

where Ty 1 16" — it is defined as T (O3) = {AYfor A € it} and pr(A) = volsymp (O3 ), which is
known from Eq. (31).
(ii)  The Abelian Duistermaat-Heckman measure is defined as:
DHI; = 7. ®.p, (38)

where T : i€* — it* is the projection dual to the inclusion map t — €.

The computation of the density of the pushforward measure with respect to the Lebesgue measure on the positive
Weyl chamber is governed by the Duistermaat-Heckman (DH) theorem [10] and its generalizations. But in a special
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case, for instance, where the underlying symplectic manifold is just a coadjoint orbit through a regular element in

itl ), there is an explicit formula for computing the density. In the next subsection, we describe it explicitly.

5.1. Harish-Chandra Formula and Derivative Principle

The following result gives the Fourier transform formula of Abelian Duistermaat-Heckman measure for the co-

adjoint orbit O3 . By this, we can identify the analytical expression of Abelian Duistermaat-Heckman measure.

Theorem 3 (Harish-Chandra, [22]). The Fourier transform of abelian Duistermaat-Heckman DH(T)»\ measure is given
by

; wi 1
DHTh’el<7,X> — (_1)l(w)el<w2\,X> . . (39)
< * > weZW 0:4[1) 1<0(, X>
for every X in the Lie algebra of T which is not orthogonal to any root. That is,
DHY = Y (=1)"®)6 5 % Hogy ook Hoge (40)

weW

Here l(w) is the length of the Weyl group element w € W, and 84 for the Dirac measure at a;  means the convolution.

Subsequently, the so-called derivative principle is provided in which the non-Abelian Duistermaat-Heckman mea-

sure is obtained from Abelian Duistermaat-Heckman measure.

Theorem 4 (Derivative principle, [14]). It holds that

(110,
ity >0 &

Consider more generally the action of T on a co-adjoint K-orbit O induced by a group homomorphism T —
T C K. Note that it follows directly that

K
DHE,

A

fek
1t>0

T _ T
DHOZ = n*DHO;\
where 77 : it* — i* is the restriction map from the dual Lie algebra t* of T to that T* of T. Thus we get that

]DI‘IZ;ﬁ = ZW(_l)l(lU)(sﬂ(w;\) * H*T[(ﬂq) * ek H*TL’(D([{)’
we

In what follows, we will now use the non-Abelian Heckman algorithm to treat the case of random two-qubit states
with fixed, non-degenerate global eigenvalue spectrum. That is, we consider the action of K = SU(2) x SU(2) on a
coadjoint K = SU(4)-orbit through a point A in the interior of positive Weyl chamber of K.

+ Let T be the maximal torus of K.
» Symmetric group W = S, is the Weyl group of K = SU(4).
. DH(TQA = Ywes, Sign(w)én(w;\) * H_ gy % % H (), where {ag : k =1,...,6} is the set of
positive roots of K = SU(4).
* The dual Lie algebra ¥ of T can be identified with if* = R2.
* The maps 7t is given by
(A, ..., Ag) = 2i(A1 + A3, A + Ag).

 One computes readily that the —7t(ay) are precisely the weights
{(=2,2),(=2,0)(2), (=2,-2),(0, =2) ) }

In particular, two negative roots of K are contained in this list (each of them is in fact contained twice).

The following result appears in [14] without proof. We provide a detailed proof for completeness.
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Proposition 7. The non-Abelian Duistermaat-Heckman measure for the action of K = SU(2) x SU(2) on a coad-
Jjoint K-orbit O3 = K- A with A, where K = SU(4), in the interior of positive Weyl chamber of T is given by

I
DHE,

A

= ( Z Sig[‘l(ﬂ))&n(w)\)) * H(—Z,Z) * H(72,0) * H(—Z,—Z) * H(0,72) , (41)

ST ST
it wES, 19

where ii’;o = IR;O is the positive Weyl chamber of T, the maximal torus of K.

Proof. Recall that the Weyl group of K = SU(4) is the symmetric group W = S, with (—=1)!(®) equal to the
signum of a permutation w € S4. Then

DH), = mDHY = Y sign(w)d ) * Hop(ay) * -+ * H

WESy

—7t(w1) —7t(ag)

where T is is the maximal torus of K = SU(4), and T is the maximal torus of K = SU(2) x SU(2), and {ay : k =
1,...,6} are the positive roots of K = SU(4), i.e.,

DCl = (1/ _1/010)/[)(2 = (1,0,—1,0),0‘3 = (1/0/01_1)/
ay =(0,1,-1,0),25 = (0,1,0,—1), ¢ = (0,0,1, —1).

Since A > - -+ > Ay, it follows that this 77 maps each A to 2i(A; + Ap, A1 + A3), where 2(A1 4 A5) and 2(A; + A3)
are the maximal eigenvalues of two reduced density matrices determined by a global density matrix A, where A =
diag(Aq + %, O P %) One computes readily that the —7t(ay) are precisely the weights

{(=2,2),(=2,0)(2), (=2,-2),(0, =2) () }-
Indeed,
—nt(a1) = —7(ag) = (0,-2), —7m(az) = (=2,-2),
—7t(az) = —7(as) = (=2,0), —7(ay) = (=2,2).

That is,
{=m(w) s ke [6]} = {(=2,2),(=2,0)2), (=2,-2), (0, =2) ) }-
In particular, the two negative roots {(—2,0), (0, —2)} of K = SU(2) x SU(2) are contained in this list t (each of

them is in fact contained twice). From the above discussion, we see that

DH(T;A = < Z mgn(w)én(w;\)) *H(o,fz) *H(72,0) *H(72,72) *H(72,2) *H(72,0) *H(0,72)'
WESy

Therefore, we arrived at the following formula:

K
DH§,

(115 )ow,

ity >0 ii;o

= ( Z sign(w)én(w;w) *H(—Z,—Z) *H(—Z,Z) *H(—Z,O) *H(O,—Z) T .
WESy 0

We are done. [

We have already known the fact that a density matrix of a generic two-qubit state is represented by the 2 x 2 block

A C
912: C+ B 7

matrix
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where A, B are 2 X 2 positive semi-definite complex matrices. Now we present the two reduced marginal states,
respectively:
Tr(A) Tr(C) ALB
7\ () ) ) 2T b
14

From this, we see that for pjp = A with A; > --- > Ay > 0 and 2;1:1 Aj = 1, it can be rewritten as p — 3 =
diag(Ay,...,A4), where Ay > - > Ay and ):;-1:1 }Lj = 0. Thus A is in the positive Weyl chamber > of T.
Now the map p — (01, 02), where p; = Tra(p) and p, = Tr1(p), can be equivalently represented as

7_[(}1) _ ;\1+;\2 0 }L1+}\3 0
0 }L3+}L4 ’ 0 ;\2+;\4

2R +A2),2(A + A3)),

where

A+ Ay 0 dof A PO PO
A A =AM +Ay— (A3 +Ag) =2(A; + A
< 0 /\3+/\4> 1+ A — (A3 +Ay) =2(A1 + A)

and

j\1+}\3 0 def 4 N N A A ~
A A =AM+ A3 — (A +Ayg) =2(A1 + A3).
( 0 /\2+/\4> 1+ A3 — (A2 +Ag) =2(A1 + A3)

Denote h = diag(l, —1). Then dlag(;\l =+ }\2, }L3 + }\4) = (}‘1 + }\2) - h and dlag(f\l + }L3, /A\z + }L4) =
(A +A3) - h. Since Ay + Az = Ay + Agand (A1 + A3) + (A + Ag) = 0, thus Ay + Az > 0, a fortiori Ay + Ay >
A1+ Az > 0. Note that A; + A4 is not non-negative in general.

5.2. Boysal-Vergne-Paradan Jump Formula
In 2009, Bosyal and Vergne published a paper [13] in which they investigated the push-forward of Lebesgue

measures on the cone IR;’O along a linear map. Later in his PhD thesis, Walter found that the density of Abelian
Duistermaat-Heckman measure with respect to the Lebesgue measure on the affine hull of the Abelian moment poly-
tope is given by the volume of a parametrized polytope [25]. In view of this result, Boysal and Vergne’s result is
connected with Abelian Duistermaat-Heckman measure, and can be adapted to calculate the density. To this end, we

need firstly introduce some notions involved in question.
Definition 6 ([13]). Let e € V be a primitive vector. It defines a hyperplane in V* (the dual space of V):
W={aeV":(ae)=0Lel

Let P be a polynomial function on V* and let ¥ be a sequence of vectors not belong to W, i.e., YNW = @. We
define, for o € V*,

(a,x+ze)
POI(P, lIJ, e) (DC) = ReSz:(_) {(P(ax)lw> :| . (42)
! x=0

Remark 3. Note that the function Pol(P,Y, e) depends only on the restriction p of P to W. If p is a polynomial
function on W = e, We define
Pol(p,¥,e) := Pol(P, Y, e),

where P is any polynomial on V* extending p.
Definition 7 (Wall). Let ¥ = [i1,..., Pn] be a sequence of non-zero, not necessarily distinct, linear forms on 'V,

i.e., P € V* lying in an open half-space. If ¥ spans the whole space V* with dim (V) = n, then a wall of ¥ is a
(real) hyperplane generated by n — 1 linearly independent elements of Y.
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Note that V* is separated into two open half-spaces by the wall W := {¢ € V* : (¢,e) = 0} in V*. Let V
denote the corresponding open half-spaces, that is,

Vi={peV :(pe)>0}and V' :={pc V*: (p,e) <0}
Let C; C VY and C; C V* be two chambers on two sides of W and adjacent. We choose the measures dx on V and
d¢p on V*, respectively, and choose Lebesgue measure d¢ on RN. We also choose the measure dw on W such that
d¢ = dwdt with t = (¢, e) for ¢ € V*. Based on this, we can write ¥ as

Y =¥, ¥ ¥ ],

where ¥+ =¥ NV, and ¥g = Y NW.
Theorem 5 (Boysal-Vergne-Paradan jump formula, [13]). Let W be a wall, determined by a vector e € V, ¥ be
a sequence of vectors spanning the whole space V*. Denote Yo := Y N'W. Let v1 = v(¥,dw, C1p) be the
polynomial function on W associated to the chamber C1p of Y. Then, if (C1,€) > 0 and Vy is any extension of v1p
on V*,

U(‘Y, dx, Cl) — ‘U(‘F, dx, Cz) = POl(Ulz,T\To, e). (43)

Although the following result is obtained in [14], the details of proof is not provided. For reader’s convenience,

we present it here using Boysal-Vergne-Paradan jump formula.

Proposition 8. The measure H(_5 5y * H(_5 0y * H(_5 o) * H(y _2) has Lebesgue density

pi(r,s) = (r;r4s)2, if (r,) € C1 = {(r,s) : 0 < s < —r};
p(r,s) = pa(r,s) = 22— if(r,s) € Cy = {(r,8) : 7 <5 <0);
: pa(r,s) = &, if (r,s) € C3 = {(r,5) : s <r <0},
PO(V,S) =0, lf(T,S) S CO = ]Rz\(cl U C2 UC3)

The density function p(r, s) (its graph has already appeared in [14]) and its support that is decomposed into three
chammbers can be visualized in the following Figure 1.

© 1
©
© ]
_5 ) .
g |
-1 1
@
©
®
_%
(a) Chambers and support (b) Density function

Figure 1. The support of the iterated convolution and its density over the support.
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Proof. The measure H_j 5y * H(_50)* H(_3 _2)* H(g,_3) is, in fact, the non-Abelian Duistermaat-Heckman mea-

sure that is on the closures of the regular chambers containing the vertex (0,0) given by the above convolution:
(5(0/0) * H(_2/2) * H(_z/o) * H(_z/_2) * H(O,—2)'
Then its density is denote by p(r,s). Denote O(0,0), P;(—2,2), P,(—2,0), P3(—2, —2), P4(0, —2). Then
|OP1P2‘ = Clr |OP2P3‘ = Cz, |OP3P4‘ = C3.
Denote R2 — C; — Cy — C3 := Cp. Thus
R? =CoUCLUCUCGs.
(i) Clearly p = 0 on Cy.
* The wall Wy separating Cy and Cy is given by the equation: r +s = 0. Its normal vector ¢ = (—1, —1).
Just only one weights w; = (—2,2) lies on the linear hyperplane spanned by Wy, (other weights are
outside of Wy1: wp = (—2,0), w3 = (=2, -2), w4 = (0, —2)).

* Consider the push-forward of Lebesgue measure on ]Rl>0 along the linear map Py, : u +— uwy. Its
density with respect to dw is given by a single homogeneous polynomial on the wall W, .

* Denote by py,, any polynomial function extending it to all of the dual Lie algebra of T.

det( —2 2 )':2
-1/2 -1/2

* Clearly p,, = 3. Indeed,

P, = dA (w1, &/ [1E)%) =

1
< PWOl = E.

Note that, during the proof, we abuse notation by using identical symbols for a differential form and its induced
measure. Hence i = (7, )

( ) 1 R ( e<V'x+z§> >
pu)=sRes;—| —f———— ’
2 [T, (wk, x + 2E) —o

where

elpx+zg) exp(r(x1 —z) +s(xp — 2))

i (wix+28)  [=2(a = 2)][[-2(x1 = 2) = 2(x2 = 2)]][-2(x2 = 2)]

Thus

p(y) = %x (—%)Reszzo(( exp(r(x1 —z) +s(x2 —z)) )x:(,

x1 —2) (%1 4+ x2 — 22)(xp — 2)

1 e—(r+s)z 1 )
= iResZ:O <z3> = 6—4(1’4—5) .

(ii) The wall Wy, separating C; and C, is given by the equation: s = 0. Its normal vector { = (0, —1). Just
only one weights w1 = (—2,0) lies on the linear hyperplane spanned by Wi, (other weights are outside of Wyy:
Wy = (72,2),(4]3 = (72, *2),604 = (0, *2))
¢ Consider the push-forward of Lebesgue measure on ]R1>0 along the linear map Py, : u +— uwy. Its
density with respect to dw is given by a single homogeneous polynomial on the wall Wy5,.
* Denote by pyy,, any polynomial function extending it to all of the dual Lie algebra of T. Clearly Pw, =
1. Indeed
5. Indeed,

P, = dA (w1, &/ [1]%) =

-2 0 1
det< 0 1)‘2(:;7%22.
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Hence

() 1 (r+ )2 1R ( elmx+zg) )
p(u) — —=(r+s)” = Res—g| ———— ,
64 27\ Iy (wp x + 28) o

where
e(y,x+z§) - erx +s(x2—2)
[T (w,x428)  [=2x1 +2(x2 — 2)][-2x1 — 2(x2 — 2)][-2(x2 — 2)]
Thus
_(r+s)?
pin) — ¢

1 1 R o1 +s(xp—z)
= x —= _
27T N gt n-)m-2) )

1 e 5z S2
= ——Res,_ -5
16 esZ*O( 23 ) 32

Therefore, on the chamber Cp

_(r+s)? 2 2+ 2rs—s?

64 32 64

(iii) The wall Wp3 separating Cy and Cs is given by the equation: » —s = 0. Its normal vector ¢ = (1, —1). Just
only one weights wq = (—2,—2) lies on the linear hyperplane spanned by Wos (other weights are outside of Wos:
ws = (—2,2), w3 = (—2,0),wy = (0, —2)).
¢ Consider the push-forward of Lebesgue measure on ]R1>0 along the linear map Py, : u > uwy. Its
density with respect to dw is given by a single homogeneous polynomial on the wall Wo3.

* Denote by pyy,, any polynomial function extending it to all of the dual Lie algebra of T. Clearly PWy =
1

3
Indeed,
-2 -2 1
-1 _ 2\ _ _
Py, = dA (w1, E/11E)17) = det( 12 —1/2 > ‘ =2 pwy = 5
Hence
) 2 +2rs — 82 1o elpa+zl)
PWM) = = = 5R€S=0| —g—— =
64 27 T (wp x + 28) —o
where
elmx+zg) e (x1+2)+s(x2—2)
[Ty (wp x+28)  [=2(x1 +2) +2(x2 — 2)][-2(x1 +2)][-2(x2 — 2)]”
Thus
12 4+ 2rs — 52
p(u) — T ea

1 1 er(x1+2)+s(x2—2)
=7 X ~gResz=o (x1 — xp +22)(x1 +2)(x2 — 2) o

1 elr=s)z (r —s)?
32Resl=°< 3 ) 64

Therefore, on the chamber Cs

r2+2rs—s2  (r—s)? 12
p(l/l) - p(r’s) - 64 + 64 5‘
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This completes the proof. [

6. Applications of Duistermaat-Heckman Measure

For A = (Aq, A, A3,A4) € IR;O with A7 > Ay > Az > A4 and Z%:l Ax = 1, denote the SU(4)-adjoint orbit
of A = diag()\l, )\2, /\3, )\4) by
Uy = {uAu+ Ue su(4)}.

Let

AN:=AN— ]% = diag(;\l,}\g,}\3,;\4).

where A = Ay — %. Denote by A = (Aq, Ay, A3,A4). Apparently A; > A, > A3 > A4 and Z%:() A = 0. Itis
easily seen that

A €1b,
where t is the Cartan subalgebra of su(4), the Lie algebra of SU(4). By chosing Ad-invariant inner product on t, we

can identify t* with t. Let T be the Lie algebra of maximal torus T of K = SU(2) x SU(2).
Denote

3 =20 +42), =21 +A3), o1 =2|A; + A4l (44)
From the above definition, we infer that
c3 >cp>c1 > 0. (45)

Proposition 9. Consider the Lie group K = SU(2) x SU(2) with its maximal torus T whose Lie algebra is given by
t. The positive Weyl chamber it can be identified with IR;O.

Proof. The Lie group SU(2) has a rank one Lie algebra, s11(2), with Cartan subalgebra h spanned by H = |0)(0| —
|1)(1]. The root system is of a single positive root & satisfying a(H) = 2. The positive Weyl chamber is a subset of
the Cartan subalgebra h defined by the condition that all positive roots take nonnegative values. Any element 1 € ih
can be expressed as i = zH for some z € R. Then a(h) = za(H) = 2z > 0. Geometrically, h = R. Thus, the
positive Weyl chamber for SU(2) is the set of all nonnegative multipliers of H, i.e.,

The Lie group K = SU(2) x SU(2) has rank two. Its Lie algebra is € = 5u(2) @ su(2), and the Cartan subalgebra
is spanned by the generators Hy from the first su(2) factor and Hy from the second su(2) factor. Using the standard

representation, the generators are
H1 = H® ‘0><0| and Hz = H® |1><1|

The root system of K = SU(2) x SU(2) is the disjoint union of the root systems of each SU(2) factor. The positive
roots are aq for the first factor and ay for the second factor, defined

D(l(Hl) = 2,0(1(H2) = 0,0(2(H1) = 0,0(2(H2) =2.

The positive Weyl chamber is the subset of the Cartan subalgebra where all positive roots take non-negative values.

For an element i = z1Hq + zp H; € if, the conditions are

a1(h) = a1(z1Hy + 29Hp) = 221 + 0z = 221 > 0,
=

/%) (h) =y (Zle + Zsz) =0z1+ 2z, =2z, > 0.
Thus, the positive Weyl chamber is identified with

ﬁ}@ = {ZlHl +2zpHy 121 20,20 > 0} = ]R2>0'
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We are done. [

With ii’;o = ]R2>0, we have already seen that

g
DHE,

= ) sign(w)d (i) * Hz0) * H—,-2) * Hio,-2) * H(-22) (46)

rs -
ity wes, !

>0
is supported on ii’;o, which amounts to be also supported on ]Ré0~ ‘We can write it in the following form:

Proposition 10. For K = SU(2) x SU(2), it holds that

K
DHE

= Z sign(w)&n(w;t) * H(—Z,O) * H(—Z,—Z) * H(O,—Z) * H(_le) 47

A 2
wESy RS,

2
RS,

with its density function being given by

Z Sigrl(w)ér[(w}\) * p(x’ y)

WESy >

(43)

= (%ﬁq) = O(cr,e) T O(er,e5) ~ Oes,er) T O(eser) 5<c2,03>) *p(x,y) R/

where the expression of p(x,y) is from Proposition 8.

Proof. Sketch of proof can be given for Eq. (48): Indeed, we have already known the support of p(x,y) is U%lek.
Then the support of (3, ,,3) * p) (%, y) is the shifted version of U3 _, C to the point 77(wA). However, points whose
corresponding shifted supports do not intersect with ]R2>0 do not contribute to the density. In other words, by calcu-
lation, we find that it remains only 9 points can contribute to the density. [

Remark 4. Moreover, the non-Abelian moment polytope for the action of K = SU(2) x SU(2) on a generic co-
adjoint K = SU(4)-orbit can be identified as

AK(O;\) = {(x,y) € [0,03]2 cx+y<ctoes|x—y|<cs —cl}, (49)

where ci’s are from Eq. (44). This is just the support of the density in Eq. (48). Based on the constraint Eq. (49),
we can re-derive the compatibility solution for two-qubit quantum marginal problem. Let me describe it below: Let
paB € D(C? @ C?) with two reduced states (0 4, 0p), where the eigenvalues of p o are ordered non-increasingly
as A\ = -+ = Ay > 0, and the minimal eigenvalue of px (X = A, B) is denoted by Amin (px). Via )A\j =A; - %
forj€{1,2,3,4} and x =1 —2Amin(p1) and y = 1 — 2Anin(02), we see that the condition x € [0, c3] can be

rewritten as
min{Amin(04), Amin(08)} = A3(0aB) + Aa(paB); (50)
and the condition x +y < ¢p + c3 can be rewritten as
Amin(04) + Amin(pB) = A2(paB) + A3(0aB) +27A4(paB); (Dh
and the condition |x — y| < ¢3 — ¢q can be rewritten as

[Amin(04) — Amin(pB)| = min{A1(0aB) — A3(0aB), A2(0aB) — Aa(paB) }- (52)

In summary, for any given 2-tuple (pa, pp) of qubit states, there exists a global two-qubit states p s such that
pa = Tra(pap) and pg = Tra(pap) if and only if the three compatibility conditions Egs. (50)~(52) hold. This
result is obtained already by Bravyi [26].
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Consider the pushforward measure Fi ( HO;) of Liouville measure 1o, along the map F : O3 — ih;o = R,
where h%, is the dual Cartan subalgebra of su(2) and F = gy 0 w0 @,

(o] -
F:03(c ) S it Bithy = ibhy @bty B bl (53)
Proposition 11. The pushforward measure Fi 1o, is just

Ei(1oy) = (41):70:®s (o;) = (41)+ (pxDH, ) (54)

whose density function is given by (277)°T(x|A), where

T(x|A) = /IR

where the expression of p(x,y) is from Proposition 8. Moreover, it holds that

rY [(5(%:*:61) - 5(C1,C2) + 5(01,63) - (5(63,:5:61) + 5(C3,i62) - 5(52,03)) * P] (x,y)dxdy,

2
20

T(x|A) = T (x|A) + Zp(x|A) + Z3(x|A), (55)
where
2 C% - C% 2
Lixld) = —gxx =) X (%), (56)
2 C% - C% 2
LxlA) = —gx(x =) X (*), 57)
. 3 —ct )
Is(x|A) = o Lx(x —c3) X[0,65) (%), (58)

where ci’s are from Eq. (44), and x 4 (x) is the indicator of a set A.

Proof. Note that pg(5h, §h) = Psu(z)(%h)Psu(z)(%h) = xy. We consider the following integral

(
+ /]Rz>0 XYy [(_5(02,03) + 5(cz,cl) + (S(Cz,—cl)) * P] (x,y)dxdy
[

+ *y <5(C3,Cz) + 5(53,*62) - 5(63,61) - 5(63,7c1)> * P] (x,y)dxdy

2
]R20

which is the density of the Duistermaat-Heckman measure with respect to the Lebesgue measure on the positive Weyl
chamber (which is identified with IR;O) of SU(2) x SU(2). Denote by

L) = [ [ (See) O ) ] (ry)drdy, (59)
S0

I, (x|5x) = /]R2> x]/[<_5(cz,53) + ‘S(cz,cl) + 5(cz,—c1)> * P] (x,y)dxdy, (60)

I (XM) - /IRZ xy[<5(63,62) + (5(63,*62) - (5(63,61) - 5(%*@)) * P] (x, y)dxdy. D
S0

Note that ¢ = 2|5\1 +;\4} = 2};\2 + 5\3| because ;\1 +;\4 = —()12 —|—5\3). Thus

1 = max{;\l + ;\4,5\2 + }L3}
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(a) The range [0, c3] of parameter x can be decomposed into two parts [0, c3] = [0, c1] U [c1, ¢3]. In order to
calculate Zy, note that 7y = 0 if x € [cy, c3], it suffices to calculate it for x € [0, c1]. Thus

c3

xX+c3—cp
Ii(x|]A) = /0 xy - ps(x —c1,y —c3)dy + xy - pa(x —c1,y —c3)dy

x+c3—0C1

—x+c3+cq X+cr—c1
+/C xy-m(x—cl,y—%)dy—/o xy - p3(x —c1,y —c2)dy
3 B

(%]

—Xx+4c14C2
- xy-vz(x—clly—tfz)dy—/ xy - p1(x — e,y —c2)dy

X+cr—C1 2
2 2
53— ¢
_ 364 Zx(x—cl)2,
which leads to
GG N2
Td) =] & x(x—cq)%, ifx€0,¢], )
0, if x € [c1,c3].

With the help of the following Figure 2, the above calculation is easily obtained.

1214
b
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S
1.0f s
*\\:\
+>(O\
V’x;\ ( )
y=C: N, C1,C:
0.8 SRS 13
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Y
> N,
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A2 oo Ac1,02)
,/
N ’
7 4
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2
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S
/*/,‘*'
0.0 'cq
0.0 0.2 0.4 0.6 0.8 1.0 1.2
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Figure 2. The calculation of Z; over the non-Abelian moment polytope.

(b) Therange [0, c3] of parameter x can be decomposed into three parts: [0, c3] = [0,c2 —¢1] U [c2 — ¢1, 2] U
[c2, ¢3]. Note that Z; = 0 when x € [, c3]. It suffices to calculate Z; on [0, ¢ — ¢1] U [c2 — ¢1, ¢2]. See
the following Figure 3.
(b1) Forx € [0,cp — c1], we see that

c3

X+c3—C2
r(x|A) = _/O xyp3(x—cz,y—C3)dy—/x xyp2(x — ¢,y — c3)dy

+c3—C2

—Xx+c3+C2 c1
—/C xypl(x—Cz,y—Cs)der/O xyp2(x —co,y — c1)dy

v €3

—x+co+cy —Xx+c2—C1
+/C xypg(x—cz,y—cl)dy—l—/o xyp3(x — c2,y + c1)dy
1

2_ 2
I PRV
= o x(x — ).
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(b2) Forx € [c3 —¢1,¢2),

A €3

X+c3—C2
T(x|A) = _/0 xyp3(x—c2,y—¢:3)dy—/x xyp2(x — ¢,y — c3)dy

+c3—C2

—Xx+c3+c X+c1—C2
—/C xyp1(x —c2,y — C3)dy+/0 xypa(x — 2,y — c1)dy

3

c1 —x+c2+—01
+/ xypz(x—Cz,y—cl)der/ xyp1(x — e,y —c1)dy
x Jcy

+c1—C2
2_ 2
¢t —c
= 164 3x(xfcz)z.
This leads to
R C%(;fg x(x — cz)z, ifx € [0,cp],
Tr(x[A) = ) (63)

0, if x € [cp, 3]

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 3. The calculation of Z;, over the non-Abelian moment polytope.

(c) Therange [0, c3] of parameter x can be decomposed into three parts: [0, c3] = [0, c3 — c2] U [c3 — ¢, ¢3 —

c1] U [e3 — ¢q, ¢3). Tt suffices to calculate 7 on [0,c; — ¢1] U [ca — ¢1, ¢3]. See the following Figure 4.
(cl) Forx € [0,c3 — cp], we see that

—Xx+cz+cp

2
/0 xyp2(x —c3,y — cp)dxdy + / xyp1(x — c3,y — c2)dxdy
JC

2

I3(x|A)

r—X+c3—Cp "C1
+ /0 xyp1(x —c3,y + cz)dxdy — /0 xypa(x —c3,y — c1)dxdy

—x+czter —X+c3—0
- / xyp1(x — c3,y — c1)dxdy — /0 xyp1(x —c3,y + c1)dxdy
€1
2_ 2
_ 949 N2
= i x(x —c3)”.
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(c2) Forx € [c3 —cp, 03 —C1),

N X+cp—c3 o
Ii(x|A) = /0 xyp3(x —c3,y — cp)dxdy + xyp2(x —c3,y — c2)dxdy

Jx+cp—c3

—x+c3tcp 1
+ / xyp1(x — c3,y — cz)dxdy — /0 xypa(x —c3,y — c1)dxdy

2

—x+c3+cp —X+c3—C1
- / xyp1(x —c3,y — c1)dxdy — /0 xyp1(x —c3,y + c1)dxdy
€

2_ 2
_ 949 RV
= i x(x —c3)°.

(c3) Forx € [c3 —c1,¢3],

c2

N X+cp—C3
I3(x|A) = ./0 xyps(x —c3,y — cp)dxdy + / xypa(x —c3,y — cp)dxdy

Jx+cp—c3

—x+cy+c3 X+c1—c3
+ / xyp1(x —c3,y — c2)dxdy — /0 xyps(x —c3,y — c1)dxdy
€2

c1 —x+c3+cg
— / xypa2(x —c3,y — c1)dxdy — / xyp1(x —c3,y — c1)dxdy
x €1

+c1—C3
2_ 2

_%—q9 N2

=~ x(x —c3)”.

These leads to
2 2
A 5 —c
Is(x|A) = 264 Ly(x—c3)?, (x€[0,c3]). (64)

1.2

Figure 4. The calculation of Z3 over the non-Abelian moment polytope.

This completes the proof. [

6.1. Separability Probability in the Conditioned State Space
For a given qudit state 7 € D(C"), Milz and Strunz considered the conditioned state space [27]

DI(C"®C™) :={peD(C"®C™): Tren(p) =n € D(C")} (65)
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and the set of separable states in D" (C" @ C™), denoted by Dgep (C" ®C™). They studied the separability probability

in the conditioned state space

Ui n m
P(nXm) (]7) _ VOIHS (Dsep (C ®C )) (66)
Sep " volgg(D7(Cr @ C™))

All further considerations will be simplified by the observation that both the Hilbert-Schmidt measure in the set
D'(C" ® C™) and the separability of a state p € D (C" @ C™) are invariant under a transformation U @ 1,,, where
U € SU(n). Indeed,

DU (C" @ C™) = (U © 1y)D! (C" © C")(U © 1) 67)

For n = 2, the qubit state 77 € D(C?) can be represented by Bloch vector 7 = 1 (1, + a - o). We denote by 17 =~ a
simply. Thus we make the following identifications:

D*(C?®C™) = DI(C*eC™),
Dgep (Cz ® Cm) = Dgep(cz ® Cm)/
2 2
Ps(epxm)(a) = Ps(e;m)(ﬂ)'
Thus Eq. (60), can be represented as

a 2 m
P(2><m) . VOIHS (Dsep(c ®C )) 63
sep (8) = O DAz a Cn) 68)

We have already known the fact that SU(2) is the double cover of SO(3) from Lie Theory, which leads to the
following Unut = %(]lz + (Oa) - o), where both U € SU(2) and O = (0;;) € SO(3) are connected via
Oij = %TI‘ (UiU(TjU+).

Proposition 12. Ir holds that

PZ™ (0a) = P& ™ (a) (69)

forany O € SO(3) and a € R® with |a| < 1.
Proof. In fact, it is easily seen that

volH5<(U®Ilm)D’7(C"®Cm)(U®]1m)+> = volys(D'(C" ® C™))

volys ((u © 1) Dlep (C" © C™) (U ® M*) = volys (Dgep(c" ® cm))

holds for all U € SU(2), which means that PserpX m>(U17U+) = P§§; m) (17). The desired result is obtained by
translating it into the Bloch vector form. [J

Leta = |a| € [0,1]. From the above Proposition 12, we see that PS%,X m) (a) is constant on the sphere S, :=

{a € R3: |a| = a}. In view of this reason, we let a = (0,0,4) and

a 2 m
P(2><m)( _ VOIHS <Dsep(C & C )) (70)
Sep VOle(]D’Z (CZ ® Cm)) '
where
D (C*®C") = {p eD(C*®C™M) : Tren(p) = %(112 + aa’:;)}. (71)
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Denote the unit ball by By := {a € R3:|a| < 1}. Then B = Uaelo,1)Sa» Which leads to the following identifica-
tions:

D(C?’®C?) = |J DI(C*eC?) = J DY C*aC?) (72)
neD(C?) acB;
= U U Dbuctac?). (73)
a€(0,1] a€s,

Thus we get that

Proposition 13. Ir holds that

volis (D(C 0. %)) = % /B volgss (D*(C? © €)) [dal (74)
_ g /0 1112V01H5<D”(C2®C2)>da. (75)

Proof. Recall thatdys(p’,0) = 2dgucia (¥, x), wherex’ = (a’,b,¢};) and x = (a,b, cyy). Thus three parameters

3
in a determine Euclid volume [da], and thus contribute a scaling factor (%) multiple of Euclid volume [da], i.e.,

in the HS volume element for D(C? ® C2). Therefore we get that
volys (D(C2© €2) ) = /B Vol (D*(C? 0 €?)) (27(da))
_ %/01 da /S volys (D*(C2 © C2) ) [da]
_ % /01 da / 5(a— |a|)volys (D*(C? © C2) ) [da]
_ % /01 davolys (D"(C? & C2)) /5(a — |a])[da]
= % ./01 (47ta®)volyg (D” (C*® C2))da
= % /01 a*volys (D‘z((ﬁ2 ® C2)> da.
We have done it. [
Next, we calculate the HS volume volys (D?(C? ® C2)). Indeed,
Proposition 14 ([8]). It holds that
volys (D”(Cz ® C2)> = volys (DO (P CZ)) (1—a2)®, (76)
where a € [0,1). Moreover,

1 DO(C2 2 n°
vo HS( (©ac )> = 9676800° an
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Proof. This expression in Eq. (76) is conjectured by Milz and Strunz [27], and proved by Lovas and Andai [8]. From
the above formula, we get that

volys (D(C2 ® Cz)) = volys <D0(0:2 ® CZ)) X g /01 a*(1 —a?)%da (78)
- 4259?"5\/011&5 (DO(C2 ® C2)> . (79)
Note that, from Theorem 2, we can see that
volis (D(C2 ® CZ)) —  volis (D(C4)) = Va(2m)() H%;&zr)(k) (80)
_ 2(2n)ig1)(3!). @0
By combining the above formulas, we can derive that volys (D°(C? ® C2)) = %772;00. O

The following result was conjectured in [27], and proven in [8], which is described as a theorem without proof:

Theorem 6 ([8]). It holds that P2*?)

sep (@) is constant for all a € [0,1).

Proof. Please see the proof in [8, Corollary 2]. [

6.2. Separability Probability of Two-Qubit States
The separability probability is given by

VOIHS(Dsep (C"®C™M))
VOIHS(D(Cn ® Cm))

P(nxm) —

sep (82)

Here Dgep (C" ® C™) is the set of separable states in D(C" ® C™). In what follows, we focus on the case where
n=m=2.

For p € D((C2 ® Cz), we can view p as a 4 X 4 matrix acting on C* and then its partial transpose w.r.t. Ist
subsystem, are respectively:

P11 P12 P13 P14 f11 P21 P13 P23

0= P21 P22 P23 P24 and pr _ | P12 P22 P14 P24 (83)
P31 P32 P33 P34 031 P41 P33 P43
P41 P42 P43 P44 032 P42 P34 P44

Let E,;(i,j) be the elementary matrix, obtained by changing the i-th and j-th rows/columns of identity matrix 1.

Now
P11 P13 P12 P14
A B
E4(2,3)pE4(2,3) = P31 P33 P32 P34 | _ (84)
021 P23 P22 P2 Cc D
P41 P43 P42 P44
and
P11 P13 P21 P23
A C
E(23)p Ey(2,3) = | 1 PR Puofe ) : (85)
P12 P14 P22 P24 B D
032 P34 P42 P44
Denote
1
Dgs(C% @ C?) := {D(Cz ®C?) : Amax(p) < E}' (86)
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Proposition 15 ([7]). Letp € DO(C? ® C?). It holds that o is separable if and only if p € Dss(C2 ® C?). In other
words,

DY, (C* © C?) = D(C* ® C?) N Dy (C* @ C?). (87)

Proof. Note that the characteristic polynomial of p is given by f,(A) = det(o — Aly). Then

fo(A) = det(E4(2,3)pE4(2,3) — Aly) = det( A — Ay B )

cC D-AL
= det(A — AlL) det((D ~ ML) — C(A - /\Ilz)’lB>.

Similarly, the characteristic polynomial of pr is given by

A— 21, C
A) = det(E4(2,3)p  E4(2,3) — Ally) = det
for(A) = det(E4(2,3)p" E4(2,3) — Aly) e( B D—/\112>

= det(A — Aly) det((p — ML) — B(A — /\]12)*1C>

= det(D — Aly) det((A — M) —C(D - /\]12)_1B>.

Due to the fact that p € DO(C? @ C?), we see that Try(p) = 41, which is equivalent to A + D = 11,. Now we
have shown that

for(A) = det(D — Aly) det((A — M) - C(D — A112)—1B). (88)

Thus replacing the 2-tuple (A, D) by (% — A, 31, — A) in the first factor of Eq. (88), we get that the first factor
det(D — Aly) is transformed into

det((31, — A) — ( = A1) = det(Al, — A) = det(A — AL,).

Thus replacing A by % — A and using A + D = 11, in the second factor of Eq. (88), we get that the second factor
det((A — Aly) — C(D — Alp)~!B) is transformed into

det(((312 = D) = (3 = A1) = €((312 - 4) = (3 ~ A)12) 'B).
That is, the last expression is reduced to the following:
det<(—D +AL) — C(—A+ Aﬂz)’1B> = det<(D — M) — C(A — Aﬂz)’lB>.
Thus
fr (% - A) = det(A — AlL) det((D ~ ML) — C(A - /\112)*13) = fo(A).

In summary, we get that fpr (% - A) = fp(A). With these preparations, we can now present the proof below.

(=) Now suppose that p € Dgep (C? ® C?). Thatis, p € D(C? ® C?) is separable. Choose any eigenvalue
t > 0 of the separable state p, i.e., fo(t) = 0, then fpr(% —t) = fp(t) = 0, namely, 3 — t satisfying
the eigen-equation fpr (A) =0, thus % —t > 0 is an eigenvalue of pr 2 0 by Peres-Horodecki criterion.
Therefore t < 4, or p € Dgs(C? ® C?).

(<=) Ifp € D’(C?®C?) NDgs(C? @ C?), i.e., any generic eigenvalue t of p satisfying 0 < t < %, and moreover
r(A—t) = t) = 0, which means that 1_y > 0 is an eigenvalue of I'. All eigenvalues of o! are
f 0 (3 0 2 g © g o
nonnegative, that is, pr > 0. By Peres-Horodecki criterion, p is separable.

This completes the proof. [
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Denote
f(a) = volus (D(C? © ) ND(C? © €2)), (89)

where 2 € [0,1). Since the partial trace is a linear map, the function f(a) is continuous. Therefore, we can find
£(0) = lim,_,o+ f(a). Clearly f(0) = volys (Dgep (C*® Cz)) by Proposition 15. So we firstly calculate f(a) in
a small neighborhood of 0. Denote

Cy = {(xlrlexafxz;) ER x> x> x3 > x4}, (90)

¢ -1 ﬂ4mc4. o1)

In fact, we have the following result:

Proposition 16 ([7]). It holds that

5 1

(1-a)° <33a3 +16242 + 72a + 8), ae <o, g) ©92)

7T
() = 315334200

Proof. Forall t € (0,1), denote B; := {a € R?: |a| < t}. Denote

D (C*eC?):= | DY (C*®C?)
acB;

Note that

volyg (DB* (C>®C*) (Dss(C*® CZ)) = volys < U D*(C*®C?) (| Dss(C* @ c2)>

acB;
= /OtdavolHS( U D“(C2®C2)ﬂDSS(C2®C2)>
aces,
— '/Ot da E /5 [da]volys (D“(o:2 ©C2)(Dss(C*® CZ))}
- /Otda{%/[da]é(a— \a\)vole(Da(@@CZ)QDSS(@@c?)ﬂ

-z /Ot davolyss (D4(C? @ C?) (D (€ £ %)) [ 6(a— |al)[da].
Since f(a) = volys (D*(C? ® C?) N Dss(C? ® €2)), it follows that
E/tazf(a)da = vol <DB’(C2®C2)ﬂD (C2®C2)>. (93)
2 Jo HS ss
Now we partition the set Dgs(C? ® C2) by adjoint SU(4)-orbits as

Di(C?®C*) = |J U, 94
Aef0,114nCy

where U := {UALPL U e SU(4)} for A = diag(Aq,...,Aq), obtained from A = (Aq, ..., Ay). Itis easily seen
that the adjoint orbit { can be identified with the co-adjoint orbit O3, where A = A — (},..., }). That s,

Uy, = O}\,

624



where A € [0, 1]*NCyiff A € [—1, 1]* N Cy. Under the above identification, X = p — 114, we get that

DX (22 C?) = {p e D(C? ®C2) Tra(p) = %(112 +a-0),lal < }
= {X € Herm(C?) : Trp(X) = t}

— {X € Horm(©) Te(3) = 0,112 (Tra(X)) < 5 } =

That is, the set DB (C2 @ C?) is translated into the set &. Thus the HS volume is invariant under the translation and

volyg (DB’ (C?®C?)(Dss(C* @ C2)> = volys ( U D ctech) uA)
A€[0,3140Cy

= VOIHS ( U & ﬂ O ) / VOIHS A ﬂ&)dm(;\),

AeC

where we used the facts in Eq. (26) and Eq. (27). Up to now, we have already obtained that

g/ttﬂf(a)du:/ AVOle(O;\mgt)dWl(}L) 95)

= / _Va(A)volsymp(O3 (N E)dm(A), (96)

where we used the relationship (36) between HS volume of adjoint orbit and symplectic volume of co-adjoint orbit

in the last equality. Consider the map F in Eq. (53),
F: (05‘/ P‘O;) — (]R>0/ dﬂ),

where F(X) = A1 (Trp(X)) — A (Trp(X)) = 24 (Trp(X)) for any X € Oj, i.e., twice the positive eigenvalue
of Trp(X). By the definition of F, we see that

“Ho4) = 03N &

implying that
lsymp (£: N O3) = vol FL([0,])) = po, (F([0,t 97
volsymp (€1 N O3) = volsymp (F([0,4]) ) = po, (F([0,£])) ©N
tdFpo,
= (Fpuo,)([0,4]) = /O —a; 4 (98)
dF.uo. a
where ;:9" := (271)°Z(a|A) is the Radon-Nikodym derivative of push-forward measure F }o, with respect to

dF.
Lebesgue measure on the ray IR+ 5. Moreover, the analytical expression of such Radon-Nikodym derivative d’m =

(271)0Z(a|A) is given by Eq. (55). Once again, we have obtained that

7 "2 f(a)da — [, Vi(volgmp(& N O3)dm ()
= [ v (/Ot dF;’ZOA da) an(h) = [_vi(h) (/Ot(zn)ﬁz(amda) dm(A)

AeC
= (2m)® /Ot A66V4(A)I(u|i)dm(i)>da,
implying that
7 .ta2f(a)da—(27r)6/t</ Vi(M)Z (|A)dm(f\))da (99)
2 Jo B o \Jiec *
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By taking the derivative with respect to ¢, and then replacing t by a, we get that

3@ = @ [ Vi)Z(alh)dm(d) =

fl@) = Zaen [ VihZ@h)dmd),

where a € (0, 1). Now we compute the following integral

4
fevzaanty =2 TT o=y £ ) [Ta

eC [F142l'NC1Gidjca

Let the change of variables be given below:

P N
w N —
[T
ATl NS S
+ + +

>
S
I

Its Jacobian is given by

3
I

a(}\l/ ;\2/ ;\3)
=det| ——— =272 ) = _
] ¢ < a(tll t2/ t3)

HR = =

IN[SNINTEN
=

We note that
(i) t>=0(k=1,...,4)duetothe factthat A; > Ay > A3 > Ay
(i) t; +1tp +t3 < 1because t4 > 0 and Zﬁzl t; = 1 due to the fact that Zﬁzl Ay =0.
(iii) 3t1+t2+%3 < 1becauset1+t72+%3+%f % < %and[ﬁzltk =1.

In summary, C = [—1, 1]* N Cy is transformed into the following form:

t
R = {(tl,tz,f_g) € ]R3>O i+t +t3 <13+t + 53 < 1}.
According to such change of variables, we get that

=2M+A) =t +h+5§
=2M+A)=t+%

01 =2|A +Ay] = ‘tl -5

V4()A\) _ t1t2t3(2t1+t2)(3t24+3§t3)(6t1+3t2+2t3) = V(ty, b, t3)

Therefore we get that via change of variables

b(h+5+%)

~ 2

Iy (x|t) o <’t1—%3 —x) x, ‘tl—% > x
. h+%)(%3+% 2

To(x|t) %(tl—&-%—x) x, h+5>x
- tit3 ts 2 f

Ty(x|t) = K(t1+t2+§—x) Y, htb+§>x
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With these preparations, we can transform the integral in Eq. (102) into the following form:

2

[ DTy = 3 [Vttt (Bi(318) + Talxle) + Ta(xl) ddiadty

AeC 4!

= g/ V(t1, ta, t3) Ty (x[t)dt dtrdts
R

4!

4!

4!

= M +M,+ Ms.

+E / V(t1, by, t3) I (x[t)dt; dbpdts
R

2 ~
+5 /R V(ty, ta, t3) L3 (x[t)dt dtrdts

* Note that the following three planes {t; +t, +t3 = 1,3t + 5 + %3 =1,t; — té = 0} intersects at

the line segment in ]R;O:

t1 =t
tp =1—4t
t3 = 3t

* The following two planes {3t + t, + =1,t; —

t=t
t2:1+X*4t
t3:—3x+3t

* The following two planes {#; +tp +t3 =1, — L

(t € [0,%]).

(109)

t‘ = x} intersects at the line segment in 1R>0

(t € [x, 1fTX]).

(110)

= —x} intersects at the line segment in IR;O:

o=t
ty =1 —3x — 4t (te[O,%}). a1
t3 = 3x + 3t
In summary, the plane ‘t [0, %} For m > 2, denote
A :i={(p1 - pm) €EREy:p1+ -+ pm <1}
Now for x € [0, 1], we get that
(1) For the domain of the first integral for a given x, we get that
t
Ri(x) := {(tl,tz,tg)E]R>0 i+t +t3 <1, 3t1+t2+ 3 <1t — % 2x}
= Rya(x) URyp(x),
where
t
Rygq(x { t b, ts) € R it + ity + 15 < 1,3t + b + §3 <Lh-%>x
3(1 - 3x) 4t3 t3 1 tz t3
Ry 0<ts< T 20 0<h<l-3r— a4 2<h<;— 22
{tl,fz,tg (S >0 0 t3 2 0 tr 3x 3 X+ 3 t 3 3 9
t
Ryp(x { ti b, t3) € R3 it 4+ b+ 13 < 1,34 +t2+§3 <Lh-%< —x}
1-—3x—
{ fto b)) €EREG:0<Hh <1-3x,0<h < #,3@:“1) <h<1l-H —tz}
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In such case, we can evaluate M as follows: For x € (0, %),

2 . 2 8
My = o [ Vit ) hiaidndids = o [ Vi bt (ft)dndidt
4! Jr 4! JRy(x)
2 2 .
= 5 / V(ty,t, 3) T (x|t)dtydbpdts + - / V(t, ta, t3) Iy (x[t)dt dbrdts
41 IR, (x) 4 JRyp(x)
~ x(3x —1)7(567x* — 3564x° + 5526x% — 3152x — 1345)
- 774741019852800
N x(3x —1)7(567x* — 3564x3 + 5526x2 — 3152x — 1345)
774741019852800
~ x(3x —1)7(567x* — 3564x° + 5526x% — 3152x — 1345)
- 387370509926400 ’
thus
M x(3x — 1)?(567x* — 3564x3 + 5526x% — 3152x — 1345)
1= .

387370509926400
(2) For the domain of the second integral for a given x, we get that
Ry(x) = {(tl,tz,t3) ERY it +h+1H< 1,34 +t2+—3 <Lh+5> x}

3
= (A3URgp(x))\(Roa(x) URyp(x)),

where
Roq(x) = {(tl,tz,tg) ERY:t+h+i<L3H+h+ 5> 1}
Ryp(x) = {(tl,tz,t3) ERY i +h+h<1Lh+5 < x}
Roap(x) = Rou(x) N Ryp(x).
Note that
3 45 1t I3
Ry (x) = H b t3) ERP:0< < 2,0<th<1l— -2, -—2_3 cp<l—th—1t3,
2,0(X) {(123) St3<0<th 3/3 3 9 <h< 23}
t
Rzlb(x) = {(tl,tz,t3)€R3:0<i’3<3x,0 t <x— ; 0< 17t17t3}
3x t t3 t3
Rogp(x) = (titaty) ERP:0<H < =, 2 <ty <x—2,1-3H— = <ty<1—t —t3}.
¢ 2’3 37 3
In such case, we can evaluate M as follows: For x € (0, %),
2 2 7 .
Mz = 4' / V(tl,tz, t3)12(x|t)dt1dt2dt3 = I/ ( )V(tl,tz, t3)Iz(x|t)dt1dt2dt3
+ JRy(x
= 3 / V(tl,tz,t3)Iz(X‘t)df1dt2di’3 + — 2 / V(tl,tz, t3)j2(x|t)dt1dtzdt3
4! Ja, 4! JRy (%)
*E / V(t],tz,f3)12(x‘t)dt1dt2dt3 2 / V(tl,tz,t3)iz(x‘t)dt1dt2df3
4! JRy,(x) 4 Rop(x)
_ x(725985x> — 560326x + 123355)
- 96842627481600
~ xB(2894x° — 245705 + 81900x* — 150150x° + 160875x2 — 96525x + 25740)
177124147200
x(637485030x2 — 525965687 + 120181250)
99166850541158400
 x7(1572x” — 17550x° + 62712x° — 120835x* + 141570x> — 106821x* + 51480x — 12870)

132843110400
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implying that

My — 499x14 N 41x13 B 1061x12 N 653x11 B 163x10 N 557x°
17712414720 ' 151388160 1135411200 @ 371589120 82575360 = 412876800
118 x7 90533x3 3677549x2 613427x
T 20643840 | 10321920  84757991915520 | 7628219272396800  9916685054115840"

(3) For the domain of the third integral for a given x, we get that

t
R3(x) = {(t1/t2zt3) €ERYy it +h+t<L3h+ht 2 <Lbt+h+h >x}

= (A3UR3(x))\(R3,4(x) URzp(x)),

where
R3q(x) = {(tl,tz,t3) ERY it +h+t3 <13 +h+ 5 > 1},
Rap(x) i={(h tots) € Ryt + b+ § <x},
R3ap(x) = Ra,a(x) NR3p(x),
Note that
3 45 1 ty 3
R = t b t3) ERP:0<t3< 2,0<th<1——2, - — 23 <« <1—ty—t3,
3a(x) {(123)6 3< g 2 < 3'3 3 g9 <h 2—t3
t t
Ryp(x) = {(tl,tz,tg) ER*:0<13<3x,0<h <x— 53,0 <t <x—ty— g”}
R3ap(x) = Raua(x)NRzp(x) =D
In such case, we can evaluate M3 as follows: For x € (0, %),
2 - 20 7
M; = */ V(t1, t, t3)13(x[t)dtrdbrdts = */ V(t1, t, t3) 1o (x[t)dtrdbrdts
4! Jr 4! JRs(x)

= E/ V(t, ty, t3)Z3(x[t)dt drdts
4! Ja,

2 . 2 3
2 Vt,t,tIxtdtdtdtf—/ V(t1, ta, t3) T3 (x| ) diydtadt
& Jroie) (t1, t2,t3) 25 (x[t)dbydbpdts — 7 R (s) (t1,ta, t3)Z3(x|t)dt1dtrdts
_ x(2340x% —3341x +1220)  x(135789030x% — 199046263x + 74163970)  x'*
- 1513166054400 99166850541158400 691891200
implying that
M o= X! 15013x*  1531501x2 115799x
5 7 7691891200 ' 84757991915520  7628219272396800 = 1983337010823168°
In summary,
(1 —x)%x2(33x3 + 162x2 + 72x + 8)
My + Mz = . 112
My M+ Ms 40874803200 (112)
This indicates, together with Eq. (101), that
fa) = ”75(1 - a)9<33a3 +162a2 + 72a + 8) (113)
319334400 ’

where a € (O,%). O

Remark 5. We see that the parameter x is restricted to the open interval (0, % ) due to fact that the plane ) t — %3 =x

intersects with R iff x € [0, %] Note that the integrations involved are performed by the mathematical software

MATHEMATICA.
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In the recent paper [ 7], Huong and Khoi published a proof of the exact separability probability % for the two-qubit
system, resolving a long-standing conjecture originally proposed by Slater. Their result demonstrates that within the
Hilbert-Schmidt measure, the proportion of separable states among all two-qubit density matrices is precisely % This
breakthrough provides a definitive answer to a fundamental question in quantum information theory concerning the
geometric prevalence of entanglement in simple quantum systems, achieved through a novel combination of advanced
geometric probability techniques and symmetry arguments applied to the structure of the two-qubit state space.

Theorem 7. The separability probability of all two-qubit states is given by

2x2) _ volys(Dsep(C2®@C?)) 8

P& = ==, 114

sep volys(D(C2 ® C2)) 33 (114

Proof. From Theorem 6, we have seen that P§§§ 2) (a) is independent of a € [0,1), which means that Ps(pr 2) (a) =
PZX?(0) foralla € [0,1). Then

volys (Dgep(c2 ® C2)> = P& (0)volys (Dﬂ(qt2 ® cz)). (115)

By multiplying %az on both sides above, and taking the integration over [0, 1), we see that

1
PEP()F [ atvolus (D"(C* 2 €))da

P& (0)volys (D(C? @ €2)),

1
7 /0 a*volyg (Dgep(C2 ® C2)> da

where we used the result in Proposition 13. Analogously,

T rl
> /0 a*volyg (D‘Sl,ep((C2 ® CZ)) da = volyg <Dsep(C2 ® C2)>.

(2x2) (2x2)

These formulas indicate that Psep =" = Psep ~ (0). With Eq. (115), it suffices to calculate
0 2 2
P<2X2) _ VOIHS <Dsep(C ® C )> (] 16)
sep volys(DY(C2 ® C2))

To this end, it suffices to calculate volyg <Dgep (c? ®C2)> since we have already know the denominator

volyg (DO(C2 ® Cz)) = % from Eq. (77). Clearly, from Proposition 16,

5
7T
£(0) = voliys (Dl (C? @ €?) ) = s,
implying that
VOIHS (DO (C2 @ Cz)) S S 8
p§3*2> _ sep _ 39916800 _ ° (117)
P volyg(DY(C* ® C2)) whEw

This completes the proof. [

7. Concluding Remarks

This study establishes a comprehensive geometric derivation of the exact separability probability 8/33 for two-
qubit states under the Hilbert-Schmidt measure — a rigorously confirmed result previously inaccessible. By lever-
aging the intrinsic connection between Hilbert-Schmidt geometry and symplectic geometry formalized through the
Duistermaat-Heckman (DH) measure, and explicitly computing the Hilbert-Schmidt volume of the full state space,
volumes of critical substructures (flag manifolds and regular adjoint orbits), and the symplectic volumes of correspond-
ing regular co-adjoint orbits, we integrate these perspectives to isolate the volume of separable states and rigorously
confirm the 8/33 ratio.
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This work achieves pedagogical clarity through a self-contained derivation of a fundamental quantum information
constant and conceptual synthesis by unifying Hilbert-Schmidt geometry, symplectic mechanics, and representation-
theoretic tools within a coherent probabilistic framework. Beyond providing an alternative pathway to this constant,
our results elucidate the geometric structure governing the transition from classical correlation to quantum entan-
glement. Future work may extend this framework to higher-dimensional systems, alternative metrics (e.g., Bures),
and generalized entanglement witnesses, underscoring its potential as a universal paradigm for probing the classical-
quantum correlation boundary.
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