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Abstract: We propose a new dilation method for implementing non-unitary operators on a quantum computer using
the biorthogonal framework. By selecting an appropriate biorthogonal basis for the non-unitary operator, a unitary
counterpart can be constructed in the biorthogonal representation, enabling its implementation in the orthonormal
computational basis. When compared to other dilation and decomposition methods, the proposed method is particu-
larly efficient for non-contraction, non-unitary operators. In contrast to the Linear Combination of Unitaries (LCU)
method, the efficiency of the biorthogonal dilation technique is not constrained by the number of unitary summands
but instead by the dimensionality of the non-unitary operator. The proposed method complements the LCU method
for implementing general non-unitary operators that arise in positive-only open quantum systems, pseudo-Hermitian,

and general non-Hermitian systems.
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1. Introduction

Implementing non-unitary operations in a quantum computer is an inherently challenging task due to the unitary
operational framework of quantum machines. However, non-unitarity is of significant physical interest, as it plays a
key role in several areas relevant to quantum technologies, including open quantum systems [1,2], pseudo—Hermitian
and Parity-Time symmetric (P7) systems [3-6], and quantum simulation of differential equations[7-9].

One prominent approach for treating non-unitary quantum operations leverages the concept of duality quantum
computing, leading to the Linear Combination of Unitaries (LCU) method [10-13]. The LCU framework has been ap-
plied for quantum simulation of differential equations [7] and open quantum systems [14], as well as for implementing
non-unitary quantum gates in quantum computers [15]. Alternate methods for realizing non-unitary operators involve
different unitary decompositions [16,17] as well as dilation methods [18-22]. In principle, all the aforementioned
techniques require introduction of ancillary qubits to mimic an appropriate environment. Then, the evolution of the
total system is dictated by a unitary operator in an enlarged Hilbert space [23].

In this paper we develop a novel dilation technique that is appropriate for a class of non-unitary operators that
possess a unitary counterpart in the biorthogonal representation of quantum mechanics [24]. In standard quantum
computing, states and operations are implemented under a complete and orthonormal basis set {|k)} provided by
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a Hermitian operator O—observable. However, when O is non-Hermitian but diagonalizable, as in the case of non-

Hermitian quantum Hamiltonians [25-28], there is a set { |u), |{) } composed by the right and left eigenvectors,

Olun) = Anlun),  (un|O" = Ajy(un|, (1
OMZu) = AlZn), (ZnlO = An(Zal, 2)

that forms a biorthogonal basis with an overlapping orthogonality relation,
(Cn|tm) = (Cn|ttn)Onm, (no summation implied). 3)

In Egs. (1) and (2), A, are the complex eigenvalues with the superscript * indicating complex conjugate.

By treating the biorthogonal basis set {|u),|{)} as a new quantum representation for the A'~qubit non-unitary
operator V we devise a proper biorthogonal counterpart V? that attains a unitary matrix representation in the com-
putational basis {|k)}. This unitary representation V mediates, the post-selective implementation of the non-unitary
action V|‘Y) in a dilated space consisting of A/ ancillary qubits.

In contrast to the LCU method, the quantum implementation scaling of the biorthogonal dilation is insensitive to
the number of unitary operators in the respective decomposition. This attribute makes the biorthogonal dilation tech-
nique particularly effective in quantum implementation of non-contraction non-unitary operators of small dimension.
Thus, an effective scheme incorporating both the LCU and the biorthogonal method for implementing complex non-
unitary operations is proposed with applications to positive-only quantum channels and pseudo-Hermitian systems.

The paper is organized as follows. Section 2 presents the biorthogonal formalism that is fundamental to our paper,
introducing the associated states and the biorthogonal operations in an analogy with the standard quantum mechanics.
In Section 3.1 the general implementation algorithm for the non-unitary operator V is presented under the condition
that its biorthogonal representation vb possesses a unitary structured representation V in the computational basis
{]k)}. Then, in Section 3.2 a direct comparison with the Linear Combination of Unitaries (LCU) method and Sz.-
Nagy dilation is performed, in terms of efficiency for the different classes of non-unitary operators. Application
of the implementation algorithm is demonstrated in Section 3.3 for single-qubit non-unitary matrices with different
characteristics. Finally, Section 3.4 considers a range of applications where the associated non-unitary operators
possess complex stability features, for which the biorthogonal dilation in conjunction with the LCU method could
facilitate an efficient quantum implementation.

2. The Biorthogonal Framework

Following [24], we discuss the building blocks of the biorthogonal quantum mechanics pertinent to our purposes.
In what follows, we assume that the Hilbert space is finite dimensional of dimension 2NV , and the indices n, m, k span
{0,1,..,2V —1}.

2.1. Associated Spaces, States and Inner Product

Any state |¢) € H can be written in terms of a non-orthogonal basis set {|u)} that spans the Hilbert space H as,
|1/J> = Ecn‘un>/ <”m|un> # Onm, (€]
n

where the bra set {(u|} belongs to the dual space H*. To obtain a biorthogonal set, we define a linear, invertible
mapping f between the original Hilbert space # and its associated Hilbert space 7, such that

f TH—H, f|u) =18),  (Cnlum) = Kndnm &)

with x,, > 0. The mapping f and its inverse f —1, are orthogonal projections between the Hilbert spaces A and H,
explicitly provided by,

f:Zi\a»(Cnl, 7 :Z%\Mnﬂunl, 6)

7 Kn n

By definition, the mapping f in Eq. (6) is Hermitian and introduces | ) as the associate state of |¢),

9= flo) = 2 2 Cnlen) n) = enltn) € A ™

n,m "M
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The associated bra state (19| is given by

7 +
(@] = (19))" = Y (Gulen, ®)
n
and it is an element in the associated dual space, (| € H*.
It follows from Egs. (4) and (7) that the bi-linear functional (|) : H x H — C, is a proper inner product,
(Ply) = Z drycm (Cnlttm) = EKndZCn- ®
nm n
Thus, any state |¢) can be normalized in terms of the biorthogonal norm (9),
cnlu
9 L= Dncl) (10)
\/(l[)‘lﬁ) \/Zn Kn|Cn|
Following Eq. (9), we define an involution operation ¥,
([p))* = (1. (1

The involution in Eq. (11) is the biorthogonal complex conjugation which serves as a biorthogonal analog to the
standard complex conjugation © involution. Using these involutions we can translate operator properties between the
orthonormal and biorthogonal representations.

2.2. Operators

In the biorthogonal framework (indicated by the superscript b) any operator V? has an outer product form,

Vb = ZVHM‘MTL><§7H|/ (12)

where V};;; is the matrix representation of operator VY in the biorthogonal basis vectors, and is isomorphic to the
operator V,
Vi <V =Y Vam|n) (m], (13)

n,m

in the orthonormal basis {|k) }. From Eq. (12) the completeness relation is,

= Y fu) (2, (14)

T Kn
with 1% being the biorthogonal identity operator, 1%|y) = |¢).

2.2.1. Biorthogonal Hermitian Operators

In quantum mechanics, the set of physically meaningful measurement outcomes, known as observables, corre-
sponds to a set of Hermitian operators ensuring the reality of the outcome,

(FIV[¥) eR e V=Vt (15)

In the biorthogonal extension, the reality of observables is secured under an analogous condition to Eq. (15), but now
the associated operator has to be biorthogonal Hermitian (bi-Hermitian), i.e., Hermitian under the new involution
defined in Eq. (11),

(VP ]p) € R & VP = VP, (16)

with the state |i) properly normalized according to Eq. (10).
By explicitly calculating the mean value quantity in Eq. (16), using Egs. (4), (8) and (12) we obtain,

- ~pt
V0=V o Vi = Vi, (17)
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In addition, the standard complex conjugation involution and its biorthogonal counterpart are related through
P = fyrt L (18)

Equation (18) demonstrates that a bi-Hermitian operator, Vb= Vbi, possesses a pseudo-Hermitian structure
[4,5,29] under the complex conjugation involution, with the Hermitian operator f acting as the metric operator. Given
the positive definiteness of operator f , all bi-Hermitian operators correspond to pseudo-Hermitian operators with
a real spectrum [30,31] in an orthonormal basis representation. Additionally, a Dyson map 7 can be constructed,
satisfying f = 17*17, thereby establishing an equivalence between Hermiticity and bi-Hermiticity in the Hilbert space
‘H and facilitating quantum computing tasks by using the 7|) states [32].

2.2.2. Biorthogonal Unitary Operators

In analogy with the definition of unitary operators in the orthonormal case, a biorthogonal unitary (bi-unitary)
operator, %48 preserves the inner product structure of Eq. (9),

A

@O0 p) = (gly) & VIV =1 (19)
With the aid of Eq. (18), the bi-unitarity condition (19) in terms of the complex conjugation T involution reads,
VRt = f (20)

Equation (20) reveals that bi-unitary operators possess a complex Lorentz transformation structure [33] in the
orthonormal basis representation with metric f , akin to a pseudo-unitary structure [34] with a positive definite metric.
Therefore, since bi-unitary operators are generated from bi-Hermitian operators, they correspond to pseudo-unitary
operators with unimodular eigenvalues |Ay/| = 1 in the orthonormal basis representation [34].

3. Implementing Non-unitary Operators with Biorthogonal Unitary
Representations

Throughout this section we set ||uy ||2 = 1 to resolve the rescaling ambiguity in the biorthogonal vectors [35].
Then, according to Eq. (13), the action of the biorthogonal operators is equivalent to the action of its matrix repre-
sentation in the orthonormal basis,

VooV, qu) < k). @21)

The following lemma is useful for implementing the biorthogonal operator V" in a dilated orthonormal basis.

Lemma 1. Let Vb = Vi |uy) (Tn| be a N -qubit operator expressed in the biorthogonal basis {|u),|{)}. Consider
the operator f}
V=Y Vim|n)(m|, (22)
n,m

which is assumed to be unitary in the orthonormal basis {|k)}. Then, for any state |p) = Yy cx|u), the action of
VY on |¢) can be written as a N -qubit dilation,

Y n) @ (V¢))n, (23)

n

where (VP|()), denotes the n-th component of the V| () state in the {|u}) basis.

Proof. Define an auxiliary state |1f) in the orthonormal basis {|k)} as,

[§) =Y cirplk). 24)
k

Next, we dilate the auxiliary state |() by adding N ancillary qubits initialized in the state \0>®N: |P) ® |0)®N.

Since |y ||* = 1 there exist a set of unitary operators U, such that U, |0)®N = |uy).
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Then, a dilation operator U in the dilated space of 2\V/-qubits is defined as,

U= Vym|n)(m| @ U,. (25)

Given that V is unitary and each of the Ul,, are also unitary operators, it follows that U is also unitary. Acting on the
dilated state reads,

A(§) ©10)N) = Y VimContem| 1) ). 26)
n,m
On the other hand, the action V? ) is,

VPly) = Y VamCnKm |un). 27

n,m

To select the n-th component of Eq. (27), the biorthogonal projection operator ﬁf, is defined as,

. u R
I, = MZM, 1,00 [9) = Y Vit ttn), (28)
n m
such that
(VP |g))n = Y VamCmm|thn).- (29)
m

Combining Eq. (29) with the action of u operator in Eq. (26), and rearranging the coefficients in the tensor product,
we obtain,

U(l) ®10)° ZI" @ (V2 [9)) (30)

This completes the proof that the action of the 14 operator on the i) state can be implemented in the orthonormal
basis {|k)} through the A/-qubit dilation of Eq. (23). O

The key takeaway from Lemma 1 is that that if the operator Vis unitary, then it mediates the implementation of
the corresponding operator V¥ expressed in the biorthogonal basis {|u), |{)}. In particular,

(919) = (FVVI9) = (Plw) = Lralel” (31)
Consequently, if a non-unitary operator V in the orthonormal basis,

V=Y vpm|n)(m|, (32)

possesses a counterpart operator VY in the biorthogonal basis {|u), |{) } such that the operator Vis unitary, then, by
Lemma 1, the non-unitary V can be implemented within the computational orthonormal basis {|k)}.
In the following section, we present the explicit steps for implementing the non-unitary operator V in Eq. (32) on

a quantum computer.

3.1. The Implementation Algorithm
The implementation process begins with a biorthogonal amplitude preparation a;, — %Kn ¢y in the N qubit state

[¥) =Y, an|n), performed by a unitary operator lflpmp,

[$) = Uprep|¥) = ch|n (33)

c= /ZK%\CH|2. (34
k

The unitary operator aprgp will be treated as an oracle operation.

where,
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Coupling the state |() in Eq. (33) with an A/ qubit environment in the zero state |0>®N, we apply the V @ 1

operator with V defined in Eq. (22),

Ve )(|§) @ 0)%Y) = = ¥ Viemon|n) ©[0)". (35)

n,m

1
c

Subsequently, applying at most 2N consecutive A/-fold controlled operators lfls,_,h,ct in the ancillary state,

aselect = Z‘n> <n| ® aﬂ with l:[n|0>®N = |”n>/ (36)
n

non-orthogonal basis {|u)} is generated. The form of the product operator U= Usetect (f/ ® i) has been presented
in Eq. (25),

Z/A{(W_J) ® |O>®N) = % Z‘n> ® VimCm®m |tin). 37

n,m

Finally, applying either a A/-fold tensor product of Hadamard gates A®N | or more generally a quantum Fourier
transform (QFT) [36] to the orthonormal basis vectors {|n) } at the first register,

1 21 i N
QFT ‘n> — m kzo 627'[11’1}(/2 ‘k>’ (38)

yields the target state V[¥) together with an orthogonal state | L),

(QFT @ 1) Ugpronr(V @ 1)(|§) @ [0)N) =
v 1 (39)
=10)*" @ —=VI¥) +|L1),
C

V2N

where (J_|(|0>®N ® —L_V|¥)) = 0. The final result in Eq. (39) follows from the relation V?|p) = V|¥) in the

. c 2/\ . .
biorthogonal and orthonormal representations respectively.
Thus, a projective measurement [Ty = |0) SN N® (0] ® 1 in the first register, implements the non-unitary operator

v up to a normalization factor,

VY
1) out = # (40)
V)]
with success probability psuccess,
Y|VtV| ¥
Psuccess = % (41)

The steps involved in the implementation process described in Eqs. (33)—(40) are illustrated in Figure 1.

|\Ij> L ﬁprep f) QFT /7(

0)5 2 0, v)

out

Figure 1. The quantum circuit implementation of quantum operations (33)—(41) that produce the output
state |'V) s
according to the definition of Uy, in Eq. (36).

1o V|‘P> The controlled operation represents a series of 2N multi-qubit controlled operations

3.2. Implementation Scaling and Comparison with the LCU and Sz.-Nagy Techniques

The algorithm for implementing the non-unitary operator V, as presented in Section 3.1, is a unitary A/-qubit
dilation method. In this section we compare its advantages and limitations against other methods for implementing
non-unitary operations, namely the Sz.-Nagy dilation [23] and the LCU method [10,15].
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Our dilation consists of a quantum Fourier transform that can be implemented using O (N 2) elementary gates and
O(ZN ) N -fold controlled U1, gates. Hence, the overall implementation requires, at most, O(N- 29N ) single qubit and
Controlled-NOT (CNOT) gates. Additionally, assuming that the unitary operator V can be efficiently decomposed in
O[poly(N')] simple gates, the total implementation cost scales as O(A22V). Note that the implementation cost of
the unitary oracle operator l:lprep has not been considered in the previous analysis.

An interesting attribute of our algorithm is that, according to Eq. (41), the success probability psyccess decreases
with the dimension of the non-unitary matrix V, as Psuccess ~ 1/ 2N However, this probability remains unchanged
regardless of the number of summands of unitary operations into which V is decomposed. This is a striking difference
with the LCU method where the success probability psLl,?clEIess depends on the number N of the unitary summands. The
LCU method also requires log, N ancillary qubits.

In general, any complex operator V can be expressed as the sum of two unitary operators in the form of [37],

<>

v = I, 40y, “2)

N ‘

V|| = max{c(V)}. As aresult, the
LCU method can, in principle, be employed using only a single ancillary qubit with a success probability given by,

where ||V|| denotes the spectral norm of V, that is the largest singular value,

PN
L (YIV'V]Y)
pstg:cgess = PN I (43)
IVl
By comparing Eq. (43) with Eq. (41), the condition under which the biorthogonal method achieves a higher success
probability than LCU is derived,
Psuccess > pglgtlcless & V) > 2N/2, (44)

The probability threshold in Eq. (44) shows that the proposed biorthogonal dilation technique can outperform the
LCU method for a spectrum of non-contraction operators || V|| > 1. This higher implementation probability comes
at a cost of introducing A/ ancillary qubits, compared to a single extra qubit for the LCU method.

However, the two-unitary decomposition in Eq. (42) is not always optimal in terms of implementation cost of
unitary operators V; and V5. Ideally, we seek to decompose the non-unitary operator V into a weighted sum of A/-fold
tensor products in the Pauli basis {i, Oy, @’y, ﬁ’z}®N . For such a decomposition, the number N of unitary summands
for an \/-qubit non-unitary operator V scales as O(4N ). Therefore, the LCU method requires 2" ancillary qubits,
whereas the biorthogonal dilation method requires only A ancillary qubits, offering a significant reduction in overhead
resources.

For N/ = 1 qubit and ¢ ~ O(1), implementation success probability of the biorthogonal dilation method sur-
passes LCU for non-contraction operators satisfying ||\7H > /2. Ilustrative examples and comparisons with LCU
are discussed in Section 3.3.

For contraction operators || VH < 1, Eq. (44) no longer holds. Therefore, the LCU method and the Sz.-Nagy
unitary dilation CIV [23],

Vv Dy

Dy -vt

A

Uy = , Dy=Vi-Vvty, (45)

outperform our method. The two approaches have a significantly higher implementation success probability compared
to the biorthogonal method while requiring only a single ancillary qubit.

3.3. Application to Different Classes of Non-unitary Operations

In this section, we showcase the advantages of the proposed biorthogonal dilation method over the LCU method
for implementing pseudo-unitary operators as well as non-unitary operators which have no underlying symmetry.

the eigenvalues of a pseudo-unitary operator can be either unimodular or form complex-conjugate pairs [34]. When
dictating evolution generated by a pseudo-Hermitian operator, pseudo-unitary operators play a crucial role in describ-
ing both stable and unstable regions, as well as the underlying physical mechanisms governing the transition from

stability to instability in classical and quantum systems [38—42].

3.3.1. Unimodular Pseudo-Unitary Operators

Lemma 2. A bi-unitary matrix, satisfying Eq. (19), has a unitary matrix representation % ifand only if k, = 1,Vn.
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Proof. Upon substituting Eq. (14) into Eq. (19) we obtain,
u
3 [ X Vi Vi | [46) (@ _ v [um) G, (46)
km ~n m Km
It follows that,

5
Y kn Vi Vi = % 47
n

m

The operator V in Eq. (22) is unitary if and only if,
Y Vi Vam = Sk (48)
n

Therefore, Eq. (47) and Eq. (48) are equivalent if and only if x,,, = 1, forall m. O

An immediate consequence of Lemma 2 is that the proposed biorthogonal method is applicable to any unimodular
pseudo-unitary operator. This follows from Eq. (20) and the discussion in Section 2.2.2, where it is shown that all
bi-unitary operators are biorthogonal representations of pseudo-unitary operators with a positive definite metric.

As an illustration, suppose we want to implement the following single qubit non-unitary operator,

V=0, (0x +ioy) = Ll) :ﬂ (49)

in the {|0),|1)} computational basis. Here, ; are the Pauli matrices and V|¥) = (ag — 2a1)|0) — a1|1), where
[¥) = a0[0) + a1 [1).
Operator V' is a non-contraction ||V|| = v/3 + 21/2, pseudo-unitary operator [34],

I [ R |
ViV = f, f—{_l 3}. (50)

By choosing to decompose f (Eq. (6)) into the biorthogonal basis,

lug) = 10), 1Co) = 10) — 1), (51)

jwy = iy = va), )

the non-unitary operator V is converted to a bi-unitary operator,
A ALt A ~
VP = Jug)(Qol — |m)(Gal, VP VP =1" (53)

This is exactly the action of 0 in the biorthogonal basis; thus, V= 0. The coefficients cg, ¢1 for the |1/J> state in the
{|ug), |u1)} basis representation are cy = ag — a1 and ¢; = v/2a;.
Following the procedure in Section 3.1, we obtain,

N 1
|stepl) = Uprep|¥) = E(C0|O> +c1l1)),
|step2) = (6= @ 1) (|stepl) ®|0))
1
2eolo) — i) ®[0)
|step3) = CH|step2)
1
c

54)
(col0) @ |ug) —c1|1) @ [uy)),

|stepd) = (H @ 1)|step3)
_ 1 o
=10} —=0¥Ip) + |1,
= VPly) = V|¥)
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The last step in Eq. (54) incorporates a 0-bit measurement in the first register while omitting the normalization

factor in the output state. In addition, H gate is the Hadamard gate and CH is the controlled Hadamard gate,

Hzlr 1

Al 4l Userect = CH = |0) (0] @ 1+ [1)(1] © A (55)

The success probability of this process is,

lag — 2111\2 + |111|2
2(Jag — a1 [* +2|a1|*)

(56)

Psuccess =

The quantum circuit implementation of the operations in Eq. (54) is depicted in Figure 2.

A

|\Ij> - Uprep a-z I:I /7(

0) H V)

Figure 2. Quantum circuit implementation of non-unitary operator V in Eq. (49), following the procedure
of Eq. (54). The measurement outcome in the first register is conditioned on the 0-bit value.

To apply the LCU method, the unitary decomposition in Eq. (49) is re-written using positive coefficients,

V =0, + (=0x) + 0x0%. (57)
Since there are three unitary summands, l]l = 05, lfll = —0y, and 1213 = 0x0z, two ancillary qubits are required.
The corresponding preparation operator lflﬁr(g,lpl acts on the ancillary register as,
A 1
Uprep 10) = —=(10) + [1) + [2)). (58)

V3

Defining, the following unitary two-qubit control gates,

Uy = XDl @ U, i=0,1,2, (59)
1
the implementation sequence is,
N + oA N 1 X
Uy Ularocy Uprey (10) © %)) = 210) © VI¥) + | L). (60)

Consequently, the success probability of implementing V is,

2 2
Lcu lag —2a1|” + [a4]
Psuccess = 9 : (61)

Comparing Eq. (61) with Eq. (56) we note that we note that success probability for implementing the non-unitary
operator V using LCU method is smaller than when using the biorthogonal method for ¢Z ~ 1. In addition, the LCU
accomplishes the implementation of the non-unitary operator as a two-qubit dilation, while the biorthogonal dilation
accomplishes the same task with only one extra qubit. Evidently, by comparing the implementation quantum circuits

illustrated in Figure 3 for the LCU and Figure 2 for the biorthogonal dilation, the LCU circuit has significantly larger

LCU

depth. This includes two invokes to the oracle operation lAlpmp

as well as three two-qubit controlled gates.
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SLCU SLout
‘O> Uprep Uprep

) ) /7!
— O @ O

Figure 3. The LCU quantum circuit of Eq. (60), implementing the non-unitary operator V in Eq. (49).

Finally, it is important to highlight that the proposed LCU implementation in Figure 3 does not account for
the underlying pseudo-unitary symmetry. As demonstrated in [15,43], incorporating these symmetries allows the
respective operators to be implemented using a single ancillary qubit, akin to the biorthogonal dilation shown in
Figure 2.

3.3.2. Inverse Eigenvalue Pseudo-Unitary Operators and General Non-unitary
Operators

By parametrizing the unimodular non-unitary matrix in Eq. (49) from the previous example as,

V: |:K() K1K():|’ (62)
0 K1

with kg > 0, we will delineate how our method can implement non-unitary operators with diverse stability character-
istics, accommodating both amplifying and dissipative effects.

The eigenvalues A, of matrix V in Eq. (62) are given by A = {x0,%1}. When kg = 1/x1, the matrix V is pseudo-
unitary with inverse eigenvalues [34]. Such operators characterize unstable physical systems [38—42], arising from
the spontaneous breaking of pseudo-Hermiticity symmetry. Conversely, for general values of x(, 1, no underlying
symmetry is present, leading to dissipative instabilities [44].

Analogous to Egs. (51) and (52), we employ the biorthogonal basis,

o) =10y, o) = xo(10) — 1)), (©3)
- 1

with xy > 0, distinguishing two cases: 7 < 0 and k7 > 0.

o 12) = V2K [1), (64)

For x1 < 0 the non-unitary matrix V admits a biorthogonal representation Ve,

A

Y = |uo){Gol — |u1) {11, (65)

with
Ve = 6y. (66)

Therefore, the implementation process follows the same steps as in Section 3.3.1, except for the state preparation in
Eq. (54), which now reads,

_ N 1
[#) = Uprep[¥) = — (kocoluo) + [xi1], c1]ur)), 7

where c = 4/ K%C% + K% C%. As a result, the implementation of the V operator for k1 < 0 has the same quantum circuit
as in Figure 2, benefiting from the advantages of the biorthogonal implementation discussed in Section 3.3.1.
For x; > 0, the non-unitary matrix V has a simpler biorthogonal representation v,

V2 = [up)(Zo| + u1)(Cal, (68)
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which corresponds to the identity matrix,
Vo =1. (69)

Thus, implementing V for x; > 0 is essentially straightforward within the biorthogonal framework, as illustrated in
Figure 4.

|\Ij> T Uprep f{ /7<

0) H VW)

Figure 4. The implementation quantum circuit for the non-unitary operator V in Eq. (62) with x; > 0.
Notice that because Vs = 1 the circuit is considerably simple.

In both cases, operators Vg and Vg are not bi-unitary.
For general choices of xg, k1, where no underlying symmetry exists, the decomposition of Vin Eq. (62) into Pauli

summands,

o Ko+ Kis (K1 —Kp) Ko — K1
V= 1 7
0 + ) ( 5 Uz (70)

can be reduced, at best, to three terms [15]. Consequently, the biorthogonal dilation provides a more resource-efficient

Ox +i0y) +

implementation approach by incorporating one ancillary qubit compared to the two additional qubits needed for the
LCU, similar to Figure 3. In the case of inverse eigenvalues, V is generated by an operator with pseudo-Hermiticity

symmetry; hence, there exists a single ancilla qubit LCU implementation [15,43] similar to that presented in Figure 4.

3.4. Discussion on Potential Applications

Taking into consideration the implementation scaling and the advantages of the biorthogonal dilation as presented
in Section 3.2, we recommend a synergistic application of both LCU and dilation methods for efficient quantum
implementation of large dimensional non-unitary operators possessing a small-dimensional non-contractive subspace.
In this scenario, the LCU protocol efficiently handles the large-dimensional contraction space, whereas the present
biorthogonal dilation implementation process addresses a few amplification components.

We delineate this synergistic approach as follows. Consider a A/ -qubit non-unitary operator V that can be decom-
posed into two non-unitary terms,

V=V4+V5 (71)

where each of the V4 and Vg terms can be efficiently implemented using the LCU and the biorthogonal method,
respectively. Specifically, we assume that V4 can be expressed as

N
V4= Zaiai, a; >0, m=log, N, (72)
i

where m > 1 is the number of ancillary qubits required to perform LCU and that Vj acts non-trivially only within a
M -qubits subspace, satisfying Eq. (44) for M << A and M < m. Then, by defining the LCU and biorthogonal
unitary implementations of VA and \73 as U 4 and lflg, respectively we can further perform an LCU on these black-box
u A,B unitaries using only one additional ancillary qubit. Therefore, the total number of ancillary qubits required is
m + 1 The corresponding LCU-select operator is given by,

TECH = 10) (0] @ Uy + (1) (1] @ Us, (73)

and the overall implementation process is schematically illustrated in Figure 5.
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Figure 5. Synergistic quantum implementation of V|‘I’> using the LCU and biorthogonal unitary imple-
mentations U 4 and Up for the non-unitary components V4 and Vg, respectively.

The hybrid approach is well suited for implementing non-unitary operations in positive only and possibly trace-
preserving (PTP) quantum systems. These systems typically occur when the initial correlations between the open
system pg and the environment pr cannot be ignored, leading to a non-separable composite density matrix psg 7#

Ps ® pg. Then, the reduced dynamics of the open system,

ps = E(ps) = Tre(UsppseUlp), (74)

extends beyond the Markovian completely positive and trace-preserving (CPTP) Kraus representation [1,20,45-49].
Therefore, the reduced dynamics can be non-linear and PTP. In Eq. (74), Ugg is the unitary operator acting on the
composite system. For example, in the linear PTP quantum channels,

ps =E(ps) = L 1iKjpsK, ;= +1, 7
7

for some of the participating Kraus operators K ; applies that ||K i || > 1. Hence, a quantum computing implementation
of Eq. (75) is not possible under the Sz.-Nagy dilation of the Kraus operators as in [18]. Instead, it could be facilitated
by the proposed LCU-biorthogonal approach.

Another potential application is for the pseudo-Hermitian systems [4,5,29-31], which have either a purely real
spectrum or a complex conjugate eigenvalues, marking a transition from stable dynamics to instabilities and dissipa-
tion in classical physical systems [40—42]. At this point, the dissipative part in the associated non-unitary dynamics
can be treated with the LCU while the amplifying part can be managed with the biorthogonal method. In quantum
systems the break of a pseudo-Hermitian symmetry is related with the violation of adiabaticity [26]. Thus, instead
of solving the time-dependent pseudo-Hermiticity relation for the time-dependent metric operator f (t) [29,50], the
biorthogonal framework can be employed [28] and, subsequently, the biorthogonal dilation method for quantum im-

plementation of the non-adiabatic dynamics.

4. Conclusions

In this paper, we have established a A -qubit dilation protocol for the quantum implementation of a 2N _dimensional
non-unitary operation for which the LCU method can be challenging. The implementation cost of the method scales
as O\’ 29N ) using a single unitary oracle.

The algorithm requires that the non-unitary operator possesses a biorthogonal matrix representation with unitary
structure. While this requirement may seem restrictive, such a construction is fairly general [51]. The implementation
success probability of the algorithm decreases with the dimensionality of the non-unitary operator while remaining
unaffected by the number of unitary summands, regardless of the stability properties and the underlying symmetries

of the non-unitary operator.
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Therefore, when the non-unitary operator of interest is not a contraction or when it describes complex stability
dynamics, the biorthogonal dilation method could be proven more efficient than the LCU method. Thus, it can
be leveraged as a sub-routine in the quantum implementation of a general non-unitary operator possessing a small
dimensional component with non-contractive characteristics for which a proper biorthogonal basis representation can
be constructed [52]. Such dynamics are present in realistic physical systems in both quantum and classical realms,
notably in PTP open quantum systems, pseudo-Hermitian as well as general non-Hermitian systems.

Author Contributions

Conceptualization, E.K. Formal analysis, E.K., P.P., O.A., and L.LLG. Methodology, E.K. and P.P. Investigation,
E.K. K H., AKR. G.V, and D.V. Supervision, K.H., A K.R., and G.V. Writing—original draft, all authors have
contributed equally to this task. Writing—review and editing, all authors have contributed equally to this task. All
authors have read and agreed to the published version of the manuscript.

Funding

This work has been carried out within the framework of the EUROfusion Consortium, funded by the European Union
via the Euratom Research and Training Programme (Grant Agreement No. 101052200 — EUROfusion). Views and
opinions expressed are, however, those of the authors only and do not necessarily reflect those of the European Union
or the European Commission. Neither the European Union nor the European Commission can be held responsible
for them. A.K.R. is supported by the US Department of Energy under Grant Nos. DE-SC0021647 and DE-FGO02-
91ER-54109. G.V. is supported by the US Department of Energy under Grant No. DE-SC0021651.

Conflicts of Interest
The authors declare no conflicts of interest.

Data Availability Statement
No data were created or analyzed in the present study.

Acknowledgments

The authors thank the three anonymous reviewers for providing constructive comments, which significantly con-
tributed to improving this manuscript. E.K., P.P., K.H., and D.V. acknowledge valuable discussions with I. Theodonis,
C. Tsironis, Y. Kominis, E. Glytsis, and G. Fikioris.

References

1. H.-P. Breuer and F. Petruccione, (2007). The Theory of Open Quantum Systems. Oxford University Press.

2. L.H. Delgado-Granados, T. J. Krogmeier, L. M. Sager-Smith, I. Avdic, Z. Hu, M. Sajjan, M. Abbasi, S. E. Smart,
P. Narang, S. Kais, A. W. Schlimgen, K. Head-Marsden and D. A. Mazziotti, (2025). “Quantum algorithms and
applications for open quantum systems”. Chemical Reviews, 0, 0.

3. C. M. Bender and S. Boettcher, (1998). “Real spectra in non-Hermitian Hamiltonians having PT symmetry”.
Physical Review Letters, 80, 5243.

4. A. Mostafazadeh, (2002). “Pseudo-Hermiticity versus PT symmetry: The necessary condition for the reality of
the spectrum of a non-Hermitian Hamiltonian”. Journal of Mathematical Physics, 43, 205.

5. A. Mostafazadeh, (2010). “Pseudo-Hermitian representation of quantum mechanics”. International Journal of
Geometric Methods in Modern Physics, 7, 1191.

6. C.-Y.Ju, A. Miranowicz, G.-Y. Chen and F. Nori, (2019). “Non-hermitian Hamiltonians and no-go theorems in
quantum information”. Physical Review A, 100, 062118.

7. A. M. Childs and N. Wiebe, (2012). “Hamiltonian simulation using linear combinations of unitary operations”.
Quantum Information & Computation, 12, 901-924.

8. D. W. Berry, A. M. Childs and R. Kothari, (2015). “Hamiltonian simulation with nearly optimal dependence on
all parameters,” in Proceedings of the 2015 IEEE 56th Annual Symposium on Foundations of Computer Science
(FOCS), pp. 792-809.

9. H. Krovi, (2023). “Improved quantum algorithms for linear and nonlinear differential equations”. Quantum, 7,
913.

10. G.-L. Long, (2006). “General quantum interference principle and duality computer”. Communications in Theo-
retical Physics, 45, 825.

11. G.-L. Long and L. Yang (2008). “Duality computing in quantum computers”. Communications in Theoretical
Physics, 50, 1303.

12. G.-L. Long, L. Yang and C. Wang (2009). “Allowable generalized quantum gates”. Communications in Theoret-
ical Physics, 51, 65.

153



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

G.-L. Long, (2011). “Duality quantum computing and duality quantum information processing”. International
Journal of Theoretical Physics, 50, 1305-1318.

S.-J. Wei, D. Ruan and G.-L. Long, (2016). “Duality quantum algorithm efficiently simulates open quantum
systems”. Scientific Reports, 6, 30727.

C. Zheng, (2021). “Universal quantum simulation of single-qubit nonunitary operators using duality quantum
algorithm”. Scientific Reports, 11, 3960. https://doi.org/10.1038/s41598-021-83521-5.

A. W. Schlimgen, K. Head-Marsden, L. M. Sager, P. Narang and D. A. Mazziotti, (2021). “Quantum simulation
of open quantum systems using a unitary decomposition of operators”. Physical Review Letters, 127, 270503.
https://doi.org/10.1103/PhysRevLett.127.270503.

N. Suri, J. Barreto, S. Hadfield, N. Wiebe, F. Wudarski and J. Marshall, (2023). “Two-unitary decomposition
algorithm and open quantum system simulation”. Quantum, 7, 1002. https://doi.org/10.22331/q-2023-05-15-
1002.

R. Hu and S. Kais, (2020). “A quantum algorithm for evolving open quantum dynamics on quantum computing
devices”. Scientific Reports, 10, 3301. https://doi.org/10.1038/s41598-020-60321-x.

A. W. Schlimgen, K. Head-Marsden, L. M. Sager-Smith, P. Narang and D. A. Mazziotti, (2022). “Quan-
tum state preparation and nonunitary evolution with diagonal operators”. Physical Review A, 106, 022414.
https://doi.org/10.1103/PhysRevA.106.022414.

A. W. Schlimgen, K. Head-Marsden, L. M. Sager-Smith, P. Narang and D. A. Mazziotti, Quan-
tum simulation of open quantum systems using density-matrix purification. arXiv:2207.07112 [quant-ph].
https://doi.org/10.48550/arXiv.2207.07112.

S.Jin, N. Liu and Y. Yu, (2023). “Quantum simulation of partial differential equations: Applications and detailed
analysis”. Physical Review A, 108, 032603. https://doi.org/10.1103/PhysRevA.108.032603.

E. Koukoutsis, K. Hizanidis, A. K. Ram and G. Vahala, (2024). “Quantum simulation of dissipa-
tion for Maxwell equations in dispersive media”. Future Generation Computer Systems, 159, 221.
https://doi.org/10.1016/j.future.2024.05.028.

O. M. Shalit, (2021). “Dilation theory: A guided tour”, in M. A. Bastos, L. Castro, A. Y. Karlovich (eds),
Operator Theory, Functional Analysis and Applications; Springer International Publishing, pp. 551-623.
https://doi.org/10.1007/978-3-030-51945-2_28.

D. C. Brody, (2013). “Biorthogonal quantum mechanics”. Journal of Physics A, 47: 035305.
https://doi.org/10.1088/1751-8113/47/3/035305.

T. Curtright and L. Mezincescu, (2007). “Biorthogonal quantum systems”. Journal of Mathematical Physics, 48,
092106. https://doi.org/10.1063/1.2196243.

K. Sim, N. Defenu, P. Molignini and R. Chitra, (2023). “Quantum metric unveils defect freezing in non-Hermitian
systems”. Physical Review Letters, 131, 156501. https://doi.org/10.1103/PhysRevLett.131.156501.

V. Meden, L. Grunwald and D. M. Kennes, (2023). “PT -symmetric, non-Hermitian quantum
many-body physics—a methodological perspective”. Reports on Progress in Physics, 86, 124501.
https://doi.org/10.1088/1361-6633/ad05f3.

T.-X. Hou and W. Li, (2024). “Nonadiabatic geometric quantum computation in non-Hermitian systems”. Phys-
ical Review A, 109, 022616. https://doi.org/10.1103/PhysRevA.109.022616.

M. Znojil, (2008). “Time-dependent version of crypto-hermitian quantum theory”. Physical Review D, 78,
085003. https://doi.org/10.1103/PhysRevD.78.085003

A. Mostafazadeh, (2002). “Pseudo-Hermiticity versus PT-symmetry. II. A complete characterization
of non-hermitian hamiltonians with a real spectrum”. Journal of Mathematical Physics, 43, 2814.
https://doi.org/10.1063/1.1461427

A. Mostafazadeh, (2003). “Is pseudo-Hermitian quantum mechanics an indefinite-metric quantum theory?”
Czechoslovak Journal of Physics, 53, 1079-1084. https://doi.org/10.1023/B:CJOP.0000010537.23790.8¢c

E. Koukoutsis, K. Hizanidis, A. K. Ram and G. Vahala, (2023). “Dyson maps and unitary
evolution for Maxwell equations in tensor dielectric media”. Physical Review A, 107, 042215.
https://doi.org/10.1103/PhysRevA.107.042215

Q. Zhang and B. Wu, (2018). “Lorentz quantum mechanics”. New Journal of Physics, 20, 013024.
https://doi.org/10.1088/1367-2630/aa8496

A. Mostafazadeh, (2004). “Pseudounitary operators and pseudounitary quantum dynamics”. Journal of Mathe-
matical Physics, 45, 932. https://doi.org/10.1063/1.1646448

154



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

E. Edvardsson, J. L. K. Kénig and M. Stdlhammar, (2023). “Biorthogonal renormalization”. arXiv:2212.06004
[quant-ph], 2023. https://arxiv.org/abs/2212.06004

M. A. Nielsen and 1. L. Chuang, (2010). Quantum Computation and Quantum Information: 10th Anniversary
Edition. Cambridge: Cambridge University Press. https://doi.org/10.1017/CB0O9780511976667

X. Zhan, (2001). “Span of the orthogonal orbit of real matrices”. Linear and Multilinear Algebra, 49, 337.
https://doi.org/10.1080/03081080108818704

W. D. Heiss, (2004). “Exceptional points of non-Hermitian operators”. Journal of Physics A: Mathematical and
Theoretical, 37, 2455. https://doi.org/10.1088/0305-4470/37/6/034

W. D. Heiss, (2012). “The physics of exceptional points”. Journal of Physics A: Mathematical and Theoretical,
45, 444016. https://doi.org/10.1088/1751-8113/45/44/444016

A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M. Volatier-Ravat, V. Aimez, G. A. Siviloglou and D.
N. Christodoulides, (2009). “Observation of PT -symmetry breaking in complex optical potentials”. Physical
Review Letters, 103, 093902. https://doi.org/10.1103/PhysRevLett.103.093902

H. Qin, R. Zhang, A. S. Glasser and J. Xiao, (2019). “Kelvin-Helmholtz instability is the result of parity-time
symmetry breaking”. Physics of Plasmas, 26, 032102. https://doi.org/10.1063/1.5088498

R.Zhang, H. Qin and J. Xiao, (2020). “PT-symmetry entails pseudo-Hermiticity regardless of diagonalizability”.
Journal of Mathematical Physics, 61, 012101. https://doi.org/10.1063/1.5117211

C. Zheng, (2022). “Quantum simulation of pseudo-Hermitian-¢-symmetric two-level systems”. Entropy, 24, 867.
https://doi.org/10.3390/e24070867

O. N. Kirillov, (2021). Nonconservative Stability Problems of Modern Physics. Berlin, Boston: De Gruyter.
https://doi.org/doi:10.1515/9783110655407

P. Pechukas. (1994). “Reduced dynamics need not be completely positive”. Physical Review Letters, 73, 1060.
https://doi.org/10.1103/PhysRevLett.73.1060

P. Stelmachovic¢ and V. Buzek, (2001). “Dynamics of open quantum systems initially entangled with environment:
Beyond the Kraus representation”. Physical Review A, 64, 062106. https://doi.org/10.1103/PhysRevA.64.062106
A. Shaji and E. Sudarshan, (2005). “Who’s afraid of not completely positive maps?” Physics Letters A, 341, 48.
https://doi.org/10.1016/j.physleta.2005.04.029

H.-P. Breuer, E.-M. Laine, J. Piilo and B. Vacchini, (2016). “Colloquium: Non-Markovian dynamics in open
quantum systems”. Reviews of Modern Physics, 88, 021002. https://doi.org/10.1103/RevModPhys.88.021002

J. Rembieliriski and P. Caban, (2021). “Nonlinear extension of the quantum dynamical semigroup”. Quantum, 5,
420. https://doi.org/10.22331/q-2021-03-23-420

A. Fring and M. H. Y. Moussa, (2016). “Unitary quantum evolution for time-dependent
quasi-Hermitian systems with nonobservable Hamiltonians”. Physical Review A, 93, 042114.
https://doi.org/10.1103/PhysRevA.93.042114

J. Dieudonné, (1953). “On biorthogonal systems”. Michigan Mathematical Journal, 2, 7.
https://doi.org/10.1307/mmj/1028989861

Y. Saad, (1982). “The Lanczos biorthogonalization algorithm and other oblique projection methods for solving
large unsymmetric systems”. SIAM Journal on Numerical Analysis, 19, 485. https://doi.org/10.1137/0719031

155



	Introduction
	The Biorthogonal Framework
	Associated Spaces, States and Inner Product
	Operators
	Biorthogonal Hermitian Operators
	Biorthogonal Unitary Operators


	Implementing Non-unitary Operators with Biorthogonal Unitary Representations
	The Implementation Algorithm
	Implementation Scaling and Comparison with the LCU and Sz.-Nagy Techniques
	Application to Different Classes of Non-unitary Operations
	Unimodular Pseudo-Unitary Operators
	Inverse Eigenvalue Pseudo-Unitary Operators and General Non-unitary Operators

	Discussion on Potential Applications

	Conclusions

