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This paper is concerned with the analytical solution of a multi-side damage problem. The objective is to investigate the 
load-bearing capacity of an infinite e lastic-plastic p late weakened b y t hree p airs o f c ollinear s traight c racks w ith coalesced 
yield zones. Stress intensity factors (SIFs) are obtained when yield zones are subjected to three different patterns of yield 
stress distribution, i. e., constant, linearly, and quadratically varying. Muskhelisvili’s complex variable approach is applied for 
uncovering the solution to this problem. The problem is solved and analyzed rigorously based on Dugdale’s hypothesis. The 
numerical results are deduced for the load-bearing capacity of the plate and yield zone lengths. These results are analyzed and 
demonstrated graphically for various mechanical loading conditions and different crack lengths.
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NOMENCLATURE
Di(i = 0,1,2,3): Constants of the problem

F (θ ,k) ,E (θ ,k) ,Π
(
θ ,α2,k

)
: Incomplete elliptic

integral of first, second, and third kind, re-
spectively

±a1,±b1,±c1,±g1,±g2: Physical crack tips

±a,±b,±c: Fictitious crack (Extended crack) tips

Li(i = 1,2, . . . ,6): Crack lengths

Γi(i = 1,2, . . . ,9): Plastic zones

z = x+ iy: Complex variable

Pn (z): Polynomial of degree n

p(t),q(t): Applied stresses

Γ′: −1
2 (N1 −N2)e−2iα ,N1 and N2 are the values of
principal stresses at infinity, α be the angle
between N1 and the x-axis

∗ E-mail: naved.a86@gmail.com

Ω(z) ,Φ(z): Complex stress functions

γ: Poisson’s ratio

κ: = 3−γ

1+γ
for the plane stress. = 3 − 4γ for the

plane-strain

Xx,Yy,Xy: Components of stress

σye: Yield stress of the plate

σ∞: Remotely applied stress at the infinite bound-
ary of the plate

1. Introduction
The important task in investigating the frac-

ture or creep nature of engineering structures weak-
ened by cracks or singularities is finding the load-
carrying capacity of the structures under various
mechanical loading conditions in the presence of
a crack. The crack may occur in any structure
due to geometrical, environmental, material condi-
tions, and due to the applications of repeated loads.
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Residual strength of the structures decreases by in-
creasing the length of crack or crack-like defects.
Evaluation and analysis of applied load are the
main factors for structures containing cracks due
to fatigue or stress corrosion cracking. To model
such a condition, Dugdale [1] derived a strip yield
model to find the strength of a plate containing a
single straight crack under uniaxial loading condi-
tions, which play a pioneering role in the develop-
ment of the field of fracture mechanics. Initially,
it was used to solve the only single crack prob-
lem under uniform stress distributions, although
later it was modified by various researchers, as
there is a necessity, for solving different crack con-
figurations, in the presence of various mechanical
loading conditions. Some examples are: Harrop [2]
modified it to analyze the single crack subjected to
quadratically varying yield stresses. Kanninen [3]
used Dugdale’s method to note the effect of lin-
early varying tensile stresses on the load-bearing
capacity of the plate containing crack. Neimitz [4]
discussed Dugdale-Panasyuk model for mode-III
moving crack.

Dugdale model is used widely for approximat-
ing the plastic zone size due to its mathematical
simplicity. Theocaris [5] extended the idea of Dug-
dale for finding the load-bearing capacity of an in-
finite plate containing two equal/unequal cracks.
Collins et al. [6] used the Dugdale model to ana-
lyze the problem of an elastic perfectly plastic plate
containing two equal length cracks and also dis-
cussed the case of coalesced yield zone between
these cracks. Bhargava et al. [7] also used the
model to investigate the load-bearing capacity of
the plate containing two unequal asymmetrically
situated cracks with coalesced yield zones using
the complex variable method. Xu et al. [8] applied
the weight function approach to solve the problem
of two cracks using the Dugdale model. Wu et al.
[9] studied the plastic flow of an expanding crack
under a uniform in-plane or anti-plane shear stress.
The model was further extended to three collinear
straight cracks by Hasan et al. [10, 11] and Xu et al.
[12]. Dugdale’s model also used to evaluate the ef-
fect of in-plane constraint, transverse stress, on the
fatigue crack closure by Kim et al. [13].

Multiple cracks in a structure develop as non-

interacting and being isolated initially. When the
length of the crack increases and the space be-
tween cracks decreases, a disturbing communica-
tion between them starts exponentially that leads
to the perturbation in design and finally failure of
the structure. Hence, the modelling of the inter-
action and coalescence yield zones condition be-
tween cracks is necessary for the stability of the
plate containing multiple interacting cracks. Also,
the macroscopic crack developed due to coales-
cence of two or more microscopic cracks was an-
alyzed by Feng et al. [14]. The complex variable
method was used by Bhargava et al. [15] to study
the effect of coalescence of yield zones on the load-
carrying capacity of the plate containing collinear
straight cracks. Akhtar et al. [16] modified Dugdale
model to analyze the impact of the coalescence of
yield zones between three collinear straight cracks
on the bearing capacity of the plate.

Prediction of material behavior in the presence
of crack(s) under different mechanical loads causes
a serious concern among the engineers who design
modern structures. It has been also a challenging
task for researchers modeling such a situation or
condition mathematically. So many researchers in
history visualize the imperativeness of this type of
research. It is a harsh reality that finding the exact
position of cracks or singularities in a solid is a dif-
ficult task. Along with the location of cracks, their
size, orientation, coalescence conditions, and inter-
actions between them are also will be the challeng-
ing tasks and need to be investigated. Therefore, in
this paper, an attempt has been made to study the
load-bearing capacity of an infinite elastic perfectly
plastic plate weakened by multiple cracks with co-
alesced yield zones. Here, Dugdale’s model has
been modified to include the effect of various forms
of yield stress distributions. The infinite boundary
of the plate is subjected to uniform normal stress
distribution. Therefore, cracks are open in mode-
I type deformation and yield zones are developed
at each crack tip. Moreover, yield zones between
each pair of cracks unified due to an increase in the
tensile stress acting at the boundary of the plate.
Further damage in the plate is seized on the ap-
plication yield stress distribution within the yield
zones and coalesced yield zones. Analytical results
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Fig. 1. Configuration of the main problem.

are obtained for important fracture parameters like
stress intensity factor, applied load ratio, etc. Nu-
merical results are obtained for applied load ratio
in terms of yield zone length, which are reported
graphically.

2. The problem under considera-
tion

Consider a multi-site damage problem in which
six collinear straight cracks weakening an infi-
nite isotropic elastic-perfectly plastic plate. These
cracks are denoted by Li(i = 1,2, . . . ,6) and occupy
the segments (−a1,−g1), (−g2,−b1), (−c1,−h),
(h,c1), (b1,g2), and (g1,a1) on the real x-axis, re-
spectively. Cracks open in mode-I type deforma-
tion due to continuous applications of uniform ten-
sile stress distribution σ∞ at the boundary of the
plate which leads to the development of yield zones
at each crack tip. Further, the uniform tensile stress
σ∞ increases to such a limit that the yield zones de-
veloped between every pair of cracks get coalesced
that result in three pairs of collinear straight cracks
with coalesced yield zones as given in Figure 1.

These yield zones are denoted by
Γi (i = 1,2, . . . ,8) and occupy the intervals
(−a,−a1), (−g1,−g2), (−b1,−b), (−c,−c1),
(−h,h), (c1,c), (b,b1), (g2,g1), and (a1,a), re-
spectively. It is envisaged that the yield zones are
subjected to stress distribution ts

as σye to stop further

opening of cracks, where s = 0,1,2 denote the
constant, linear, and quadratically varying stress
distribution and σye is the yield stress of the plate.

3. Solution of the problem under
consideration

The problem discussed in this section (Sec-
tion 2) is divided in to two sub-problems, namely
sub-problem A (opening case) and sub-problem B
(yielding case) and solved separately. However, de-
pending on the stress distribution acting on the
rims of yield zones, three significantly different
cases of sub-problem B will be considered for s =
0,1,2. The solution of the main problem is then ob-
tained by superposing the solution of Sub-problem
A with each case of Sub-problem B one by one. We
first discuss the Sub-problem A in the Section 3.1.
However, the solution of this sub-problem is avail-
able already and may be directly taken from [17]
and [10].

3.1. Sub-problem A: case of tensile stress
distribution

In this section, we discuss the problem of three
equal straight cracks weakening an infinite plate
as shown in Figure 2. Tensile stress distribution
σ∞ is applied at the boundary of the plate caus-
ing the opening of cracks in mode-I type defor-
mation. As a result, yield zones develop at each
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Fig. 2. Configuration of the Sub-problem A.

crack tip. The cracks together with the yield zones
are treated as fictitious cracks and are denoted by
Ri (i = 1,2,3), and occupy the interval (−a,−b),
(−c,c), and (b,a), respectively, as shown in Fig-
ure 2.

The mechanical boundary conditions for the
problem considered in the section are:

Yy = σ∞, Xy = 0, (1)

when y →±∞,−∞ < x < ∞

Yy = Xy = 0, when y = 0,x ∈
3⋃

i=1

Ri, (2)

which implies boundary of the sheet is subjected to
uniform tensile stresses in absence of body forces.

The complex potential function ΦA (z) for this
case may be obtained using Eqs. (39, 40) under the
boundary conditions (1–2),

ΦA (z) = (3)

σ∞

2

[
1

χ (z)

{
z3 − z

(
c2 +

(
a2 − c2)

λ
2)}− 1

2

]
,

where, subscript A denotes that the function is re-
lated to sub-problem A,

χ (z) =
√

(z2 −a2)(z2 −b2)(z2 − c2),

λ
2 =

E (k)
F (k)

; k2 =
a2 −b2

a2 − c2

and F (k) and E (k) are complete elliptical inte-
grals of first and second kind, respectively, as given
in [18].

Now, with the help of Eq. (3) we can easily
obtain the opening mode (mode-I) stress intensity
factor at each crack tip by substituting ΦA (z) into
Eq. (44). After taking corresponding limits, the
closed-form expressions of SIFs at extended crack
tips a,b, and c are obtained and may be written as:

Ka
A = σ∞

(
1−λ

2)√πa
k
, (4)

Kb
A = σ∞

(
λ 2

1− k2 −1
)√

πb(1− k2)

k
, (5)

Kc
A = σ∞

√
πc√

1− k2
λ

2, (6)

respectively. Here, superscripts a,b, and c denote
the stress intensity factor related to respective crack
tip.

3.2. Sub-problem B. For yield stress distri-
bution

In the present section, we will be discussing
the case of six straight collinear cracks with coa-
lesced yield zones when faces of the yield zones
are subject to yield stress distribution. Since, three
different profiles of the yield stress of the form
ts

as σye;(s = 0,1,2) are assumed to be acted on the
developed yield zones, three different cases of sub-
problem B will be discussed in this section.

• Case-1: When s = 0, general yielding con-
ditions (as shown in Figure 3)
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Fig. 3. Configuration of the Sub-problem B (when s = 0).

Fig. 4. Configuration of the Sub-problem B (when s = 1).

Fig. 5. Configuration of the Sub-problem B (when s = 2).

• Case-2: When s = 1, linearly varying yield
stress distribution (as shown in Figure 4)

• Case-3: When s = 2, quadratically varying
yield stress distribution (as shown in Fig-
ure 5)

Case-1: deals with the situation when the yield
zones are assumed to be subjected to yield stress
distribution to arrest the opening of cracks at each
tip. Some structures may fail at a stress level that
is well below the yield stress of the material [19],
therefore a linearly varying yield stress distribution
is assumed on the rims of yield zones in case-2.

Furthermore, in case-3 a quadratically varying
stress distribution is assumed to be acted on the
faces of yield zones in order to study the situation
discussed in case-2 more effectively.

The combined boundary conditions for all three
cases for the sub-problem B are given below. How-
ever, by putting the value s = 0,1,2 we can use
these boundary conditions for three different cases
separately:

Yy = 0, Xy = 0, (7)

when y →±∞,−∞ < x < ∞

Yy =
ts

as σye, Xy = 0, (8)

when y → 0,x ∈
9⋃

n=1

Γn

These boundary conditions indicate that infinite
boundary of the plate is stress free and the faces of
yield zones are subjected to the yield stress distri-
bution of the form Yy =

ts

as σye.
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On solving the Eqs. (39, 40) under the bound-
ary conditions (7, 8), one can write the complex
potential function for the sub-problem B as written
below

ΦB(s) (z) =
σye

2πiχ (z)

[
∫L′

tsχ (t)dt
as (t − z)

(9)

+ i
(
D1(s)z

2 +D2(s)z+D3(s)
)]
,

{s = 0,1,2} ,

Where,

L′ = [−a,−a1]∪ [−g1,−g2]∪ [−b1,−b]

∪ [−c,−c1]∪ [−h,h]∪ [c1,c]

∪ [b,b1]∪ [g2,g1]∪ [a1,a] ,

subscript B indicates the case of sub-problem B.
Subscript in bracket (s) represent the stress profiles
under consideration.

The integral appeared in Eq. (9) is evaluated by
using the following forms of χ (t):

χ (t) = χ (−t) (10)

= i
√

a2 − t2
√

t2 −b2
√

t2 − c2,

when −a < t <−b or b < t < a,

χ (t) = χ (−t) (11)

=−i
√

a2 − t2
√

b2 − t2
√

c2 − t2,

when − c < t < c,

Hence, after a long and complicated mathematical
calculation the integral takes the form

1
2
∫

L′

tsχ (t)
t − z

dt = z

[
∫ a

a1

tsχ (t)
t2 − z2 dt (12)

+ ∫ b1
b

tsχ (t)
t2 − z2 dt + ∫ d2

d1

tsχ (t)
t2 − z2 dt

+ ∫ c
c1

tsχ (t)
t2 − z2 dt

]

= 2izas+2

[
m3

k

{
I1(2s+1)

+

(
1− 1

n2 (z)

)
H1(2s+1) (z)

}

−
ms+1

2
k2

{
I2(2s+2)

+

(
1− 1

n2
2 (z)

)
H2(2s+2) (z)

}]
,

*All the terms used here are given in Appendix B.
The constants D1(s) and D3(s) vanish due to

symmetrical mechanical loading conditions. On the
other side, constant D2(s) (for each stress profile) be
obtained using the condition of single-value given
in Eq. (41), thus, 1

D2(0) =−2am
k


am2

(
J11 −λ 2J12

)
+c1τ (ψ (c1) ,k)
−hτ (ψ (h) ,k)
+ν1 −ν2 +λ 2ν3

 , (13)

D2(1) =−2m
k


a2m2

(
J13 −λ 2J14

)
+

c2
1

2 τ (ψ (c1) ,k)
−h2

2 τ (ψ (h) ,k)
+W6 −W7 +

λ 2

2 W8

 , (14)

D2(2) =−2m
ak


a3m2

(
J15 −λ 2J16

)
+

c3
1

3 τ (ψ (c1) ,k)
−h3

3 τ (ψ (h) ,k)
+b2

(
ν1 − ν2

3

)
+ a2λ 2

3 ν3
−ν4 +

(
1− k2 −λ 2

)
ν5
3

 , (15)

Hence, the final form of the complex potential
function ΦB (z) for the sub-problem B may be ob-
tained by substituting Eqs. (12–15) into Eq. (9),

ΦB(s) (z) =
za2σye

πχ (z)



m3

k

{
I1(2s+1)+(

1− 1
n2(z)

)
H1(2s+1) (z)

}

−ms+1
2
k2

{
I2(2s+2)+(

1− 1
n2

2(z)

)
H2(2s+2) (z)

}
+

D2(s)

2a2


,

(16)

1 All the unknown terms are defined in Appendix B
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The opening mode stress intensity factors (SIFs)
for the Sub problem B at each crack tips a,b, and
c are then determined by using Eqs. (16) and (44)
for yield stress distribution (s = 0)

Ka
B(0) =

2a3σye√
aπ

√
a2 −b2

√
a2 − c2

(
D2(0)

2a2 (17)

+
m3

k

(
I1(1)−H1(1) (a)

)
− m2

k2

{
I2(2)+

(
1− 1

m2
2

)
H2(2) (a)

})
,

Kb
B(0) =

−2a2bσye√
bπ

√
a2 −b2

√
b2 − c2

(
m3

k
I1(1) (18)

+
D2(0)

2a2

− m2

k2

{
I2(2)+

(
1− 1

k2
2

)
H2(2) (b)

})
,

Kc
B(0) =

−2a2cσye√
cπ

√
b2 − c2

√
a2 − c2

(
−m2

k2
I2(2) (19)

+
D2(0)

2a2

+
m3

k

{
I1(1)+

(
1− 1

k2

)
H1(1) (c)

})
,

For linearly varying stress distribution (s = 1) at
each crack tips a,b, and c

Ka
B(1) =

2a3σye√
aπ

√
a2 −b2

√
a2 − c2

(
D2(1)

2a2 (20)

+
m3

k

(
I1(3)+H1(3) (a)

)
− m2

2
k2

{
I2(4)+

(
1− 1

m2
2

)
H2(4) (a)

})
,

Kb
B(1) =

−2a2bσye√
bπ

√
a2 −b2

√
b2 − c2

(
m3

k
I1(3) (21)

+
D2(1)

2a2

− m2
2

k2

{
I2(4)+

(
1− 1

k2
2

)
H2(4) (b)

})
,

Kc
B(1) =

−2a2cσye√
cπ

√
b2 − c2

√
a2 − c2

(
D2(1)

2a2 (22)

− m2
2

k2
I2(4)

+
m3

k

{
I1(3)+

(
1− 1

k2

)
H1(3) (c)

})
,

For quadratically varying stress distribution (s = 2)
at each crack tips a,b, and c

Ka
B(2) =

2a3σye√
aπ

√
a2 −b2

√
a2 − c2

(
D2(2)

2a2 (23)

+
m3

k

(
I1(5)+H15 (a)

)
−

m3
2

k2

{
I2(6)+

(
1− 1

m2
2

)
H2(6) (a)

})
,

Kb
B(2) =

−2a2bσye√
bπ

√
a2 −b2

√
b2 − c2

(
m3

k
I1(5) (24)

+
D2(2)

2a2

−
m3

2
k2

{
I2(6)+

(
1− 1

k2
2

)
H2(6) (b)

})
,

Kc
B(2) =

−2a2cσye√
cπ

√
b2 − c2

√
a2 − c2

(
m3

k

{
I1(5) (25)

+

(
1− 1

k2

)
H1(5) (c)

}
−

m3
2

k2
I2(6)+

D2(2)

2a2

)
.

where Kt
B(s) denotes the stress intensity factor at the

crack tip t for stress profile s and sub-problem B.

4. Applications
In this section, the relation between yield zones

lengths, |a−a1 |, |b1 −b|, |c− c1| and applied load
ratio

(
σ∞

σye

)
at each crack tips a,b, and c is de-

termined. By the principle of superposition, three
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non-linear equations for each stress profile are ob-
tained by equating the corresponding SIFs at each
crack tip. This enables to determine a relation be-
tween yield zone length and applied load ratio us-
ing Eqs. (4–6) and (17–25).

4.1. Yield zone length due to yield stress
distribution (Figure 3)

On equating the SIFs Ka
A, Kb

A, and Kc
A from

Eqs. (4–6) with Kt
B(0),(t = a,b,c) from Eqs. (17–

19) respectively, we get three non-linear equations
at each crack tip t = a,b,c

m2

k2

(
1−λ

2)(σ∞

σye

)
a(0)

(26)

+
2
π

[
m3

k

(
I1(1)− I1(2)

)
− m2

k2

{
I2(2)

+

(
1− 1

m2
2

)
H2(2) (a)

}
+

D2(0)

2a2

]
= 0,

m2

k2

(
1− k2 −λ

2)(σ∞

σye

)
b(0)

(27)

+
2
π

[
m3

k
I1(1)−

m2

k2

{
I2(2)+

(
1− 1

k2
2

)
H2(2) (b)

}

+
D2(0)

2a2

]
= 0,

m2

k2 λ
2
(

σ∞

σye

)
c(0)

(28)

− 2
π

[
m3

k

{
I1(1)+

(
1− 1

k2

)
H1(1) (c)

}

− m2

k2
I2(2)+

D2(0)

2a2

]
= 0.

4.2. Yield zone length under linearly vary-
ing yield stress distribution (Figure 4)

Further, on superposing the solutions in case of
linearly varying stress distribution, we get the fol-
lowing equations by using Eqs. (4–6) and (20–22)

m2

k2

(
1−λ

2)(σ∞

σye

)
a(1)

(29)

+
2
π

{
m3

k

(
I1(3)+H1(3) (a)

)
− m2

2
k2

{
I2(4)+

(
1− 1

m2
2

)
H2(4) (a)

}
+

D2(1)

2a2

}
= 0,

m2

k2

(
1− k2 −λ

2)(σ∞

σye

)
b(1)

(30)

+
2
π

{
m3

k
I1(3)−

m2
2

k2

{
I2(4)+

(
1− 1

k2
2

)
H2(4) (b)

}

+
D2(1)

2a2

}
= 0,

m2

k2 λ
2
(

σ∞

σye

)
c(1)

(31)

− 2
π

{
m3

k

{
I1(3)+

(
1− 1

k2

)
H1(3) (c)

}

− m2
2

k2
I2(4)+

D2(1)

2a2

}
= 0.

4.3. Yield zone length under quadratically
varying yield stress distribution (Figure 5)

Furthermore, Eqs. (4, 23), (5, 24), and (6, 25)
yields

m2

k2

(
1−λ

2)(σ∞

σye

)
a(2)

(32)

+
2
π

{
m3

k

(
I1(5)+H1(5) (a)

)
−

m3
2

k2

{
I2(6)+

(
1− 1

m2
2

)
H2(6) (a)

}
+

D2(2)

2a2

}
= 0,

m2

k2

(
1− k2 −λ

2)(σ∞

σye

)
b(2)

(33)

+
2
π

{
m3

k
I1(5)−

m3
2

k2

{
I2(6)+

(
1− 1

k2
2

)
H2(6) (b)

}
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+
D2(2)

2a2

}
= 0,

m2

k2 λ
2
(

σ∞

σye

)
c(2)

(34)

− 2
π

{
m3

k

{
I1(5)+

(
1− 1

k2

)
H1(5) (c)

}

−
m3

2
k2

I2(6)+
D2(2)

2a2

}
= 0.

These non-linear equations enable us to study
the behavior of yield zone lengths under the appli-
cation of uniform stress distribution σ∞ and vari-
able yield stress distribution ts

as σye. However, it is
almost impossible to write these equations as an ex-
plicit function of the applied load ratio. Therefore,
a study is carried out to discuss these results numer-
ically so that the results can be reported graphically.

5. Verification of analytical expres-
sions

• SIFs calculated at the crack tips (a,b, and c)
given in Eqs. (4–6) respectively, can be veri-
fied with the expressions given by Tada [17].

• SIFs calculated at the crack tips (a and b)
given in Eqs. (17, 18), respectively, also be
verified with the expressions given by [6] (as
a limiting case) by taking g1 = g2 and c =
c1 = h → 0.

6. Illustrations
In this section, the approximate length of yield

zones at each crack tip is obtained numerically by
using Eqs. (26–34). The yield zone length in this
study is normalized with respective crack lengths
and plotted against the applied load ratio σ∞

σye
for

different inter crack distances using the parame-
ter u = 2c1

b1+c1
. The parameter u denotes the posi-

tions of the cracks. Fictitious cracks R1,R2, and R3
are situated are situated far away from each other
when u = 0.1,0.2,0.3, etc, while the values u =
0.9,0.8,0.7 indicates closely positioned cracks.

6.1. Analysis for equal and symmetric
straight cracks
6.1.1. At crack tips ±a

A numerical illustrative study is presented in
which the variations between normalized yield
zone lengths a−a1

a1−b1
and applied load ratio

(
σ∞

σye

)
have been plotted at crack tip a for three stress
profiles as shown in Figures 6–8. Further, the re-
sults for three stress profiles are compared when
three pairs of cracks are situated close to each other,
u = 0.6, 0.7, 0.8, 0.9, as shown in Figure 9.

Fig. 6. Variation between normalized yield zone and
load ratio for yield stress ±a1.

Figure 6 depicts the behavior of yield zone
length under general yielding conditions. It is ob-
served from the figure that as the applied load ratio
increases, yield zone length at outer crack tip a1 in-
creases. But when cracks are situated far away from
each other (for small values of u) insignificant dif-
ference is seen in the load-carrying capacity of the
plate due to non-interacting cracks.

The influence of linear and quadratically vary-
ing stress distribution on the yield zones are de-
picted in Figures 7 and 8. It is seen from these
figures that the load-carrying capacity of the sheet
containing three pairs of collinear straight cracks

273



S. Shekhar et al.

Fig. 7. Variation between normalized yield zone and
load ratio for linearly varying yield stress ±a1.

Fig. 8. Variation between normalized yield zone and
load ratio for quadratically varying yield stress
±a1.

with unified yield zones at the crack tips, ±a1, is
inferior as compared to constant yield stress distri-
bution.

The significant difference in the load-carrying

Fig. 9. Comparison between three stress profiles ±a1.

capacity of the plate can be observed in a compar-
ative graph of all stress profiles, which is shown in
Figure 9. It indicates that the structures may fail at
a stress level that was well below the yield stress of
the material, as discussed in [19].

6.1.2. At crack tips ±b1

The same variations between normalized yield
zone length Γ7

a1−b1
and load ratio σ∞

σye
at crack tips,

±b1, have been plotted in Figures 10–12 for con-
stant, linear, and quadratic yield stress distribution.
It is seen from the figures that the plate can bear
more load in case of constant yield stress distribu-
tion rather than variable stress distribution at the
internal tips ±b1.

One insignificant effect of variable stress distri-
bution on the load-bearing capacity of the plate is
seen when the value of u will be small, due to non-
interacting cracks. But, when cracks are closed to
each other (for higher values of u) the yield zone
length at crack tips ±b1 is affected significantly
by the variable stress distribution. Hence, the crack
tips ±b1 are much sensitive about the applied load
ratio.

Figure 13 shows the effect of three stress pro-
files on the yield zone length. The load-bearing ca-
pacity of the plate is comparatively quite low when
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Fig. 10. Variation between normalized yield zone and
load ratio for yield stress at ±b1.

Fig. 11. Variation between normalized yield zone and
load ratio for linearly varying yield stress at
±b1.

quadratic stress distribution is assumed to be acted
on faces of the yield zones as cracks are situated
close to each other as u = 0.6,0.7,0.8,0.9.

Fig. 12. Variation between normalized yield zone and
load ratio for quadratically varying yield stress
at ±b1.

Fig. 13. Comparison between three stress profiles at
±b1.

6.1.3. At crack tips ±c

Figures 9–11 show the behavior of applied
stress ratio

(
σ∞

σye

)
c

with respect to normalized yield
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zone length Γ6
2c1

at crack tips (x =±c1) for constant,
linear, and quadratically varying stress distribution.

According to the figure, the load-carrying ca-
pacity of the sheet in the presence of three pairs of
collinear straight cracks with unified yield zones is
more in case of under constant yield stresses while
a very less load carrying capacity is seen in the
case of under linear and quadratically varying yield
stresses.

Fig. 14. Variation between normalized yield zone and
load ratio for yield stress at ±c1.

Moreover, the load-carrying capacity of the
sheet at the crack tips ±c1 is quite low in compar-
ison to that of at crack tips a1 and b1 when rims
of yield zones are subjected to variable yield stress
distribution.

Figure 17 depicts the behavior of yield zones
length at crack tips ±c1 when cracks are situated in
close vicinity.

6.1.4. Analysis for unequal and symmetric
straight cracks

In this section, the interaction between small
and big cracks is investigated when central pair of
cracks with unified yield zones of length 2c is taken
which is five times larger than the outer pairs of

Fig. 15. Variation between normalized yield zone and
load ratio for linearly varying yield stress at
±c1.

Fig. 16. Variation between normalized yield zone and
load ratio for quadratically varying yield stress
at ±c1.

cracks. A similar variation is plotted at each crack
tip.

Figure 18 shows the variation of applied load
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Fig. 17. Comparison between three stress profiles at
±c1.

Fig. 18. Variation between Γ6
a1−b1

and
(

σ∞

σye

)
a
.

ratio
(

σ∞

σye

)
a

with respect to normalized plastic
zones for different values of u at the crack tip a1
for three stress profiles. It is noticed from the Fig-
ure 18 that the yield zone length increases as the

Fig. 19. Variation between Γ6
a1−b1

and
(

σ∞

σye

)
b
.

applied stress increases when three stress profiles
are considered. However, the load-carrying capac-
ity of the plate at crack tip a1 is very low in case
of parabolically varying stress distribution within
the plastic enclaves when cracks are assumed to be
placed in closed proximity.

Figure 19 shows the effect of normalized yield
zone Γ6

a1−b1
(Γ6 = |b1 −b|) on the applied stress ra-

tio
(

σ∞

σye

)
b

at the crack tip b1. It has been observed
from Figure 14 that yield zones developed at the
crack tip b1 are much larger than the yield zone at
crack tip a1 when the cracks are close to each other,
i.e., u = 0.6,0.7,0.8,0.9. Further, for a fixed yield
zone size, the load carrying capacity of the plate
at the crack tip b1 is less in this configuration in
comparison to that in case of three pairs of equal
cracks with unified yield zones since bigger inte-
rior cracks make a significant impression on outer
pairs of cracks.

The variations between yield zone ratio Γ5
2c1

(Γ5 = |c− c1|) and load ratio
(

σ∞

σye

)
c

at crack tips
c1 is plotted in Figure 20. Low bearing capacity of
the plate as far as to crack tip c1 is a big concern
in case of parabolically varying yield stress distri-
bution when cracks are placed far away from each
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other due to small value of t2

a2 σye. In the case of
constant yield stress distribution, the load-carrying
capacity of the plate is the same for all values of
u as the big central pair of cracks has an insignifi-
cant impression of the presence of small side pairs
of cracks.

Fig. 20. Variation between Γ5
2c1

and ( σ∞

σye
)c.

6.1.5. Comparison with results of three equal
straight cracks

In this section, the results obtained for the con-
figuration shown in Figure 1 are compared with the
results of three equal straight cracks given in [10].
Here, the yield zone lengths are normalized with
the zone length, r j = x

[
sec
(

πσ∞

2σye

)
−1
]
, of sin-

gle Dugdale’s crack of equivalent configuration of
length 2x, where j = A,B,C and x is the corre-
sponding crack tip.

Figure 21 shows the variation between applied
load ratio

(
σ∞

σye

)
a

and yield zone ratio Γ8
rA

for differ-
ent values of u where rA is the length of yield zone
developed in case of single Dugdale crack of length
2a1. It is noticed from the Figure 21 that the entire
configuration in both the cases behaves like a single
crack when these cracks are situated far away from
each other, i. e., u= 0.1,0.2. But when these cracks

are assumed to be situated close to each other the
load-bearing capacity is much higher in the case
of three pairs of collinear straight cracks with uni-
fied yield zones as compared to three equal straight
cracks.

Fig. 21. Variation between Γ6
rB

and
(

σ∞

σye

)
a
.

Effect of the length of unified yield zones on
the load-carrying capacity of the sheet at the crack
tips x = ±b1 is plotted in Figure 22. Here, the re-
sults of yield zone length are normalized with the
yield zone length in case of a single central Dug-
dale crack of length 2b1. It has been observed from
the Figure 16 that the load-carrying capacity of the
sheet in the case of three pairs of collinear straight
cracks with unified yield zones is higher in com-
parison to that in the case of three collinear straight
cracks. Therefore, the plate can bear more load in
case of multiple cracks with coalesced yield zones.

Finally, we would like to investigate the behav-
ior of yield zone ratio Γ5

rC
(Γ5 = |c− c1|) with re-

spect to load ratio
(

σ∞

σye

)
at crack tips x = ±c1,

which is plotted in Figure 23. It is observed that
the yield zone lengths are approximately the same
in the case of three pairs of collinear straight cracks
with unified yield zones and three collinear straight
cracks at crack tips x =±c1 when the applied load
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Fig. 22. Variation between Γ6
rB

and
(

σ∞

σye

)
b
.

Fig. 23. Variation between Γ5
rC

and
(

σ∞

σye

)
c
.

is small and cracks are situated far away from each
other. However, a large yield zone is seen in the
case of three collinear straight cracks when applied
load is approximately the same as the yield stress
of the material.

7. Conclusion and discussion
In this paper, a complicated practical case of the

Multi-site damage (MSD) problem of three pairs
of symmetrical collinear straight cracks with co-
alesced yield zones in an infinite sheet is stud-
ied using a modified Dugdale-Barenblatt (DB) strip
yield model. Closed-form expressions for impor-
tant fracture parameters like SIFs and yield zone
length are obtained using the complex variable
method. The formulae (26–34) are exact analyti-
cal expressions, which provide a useful theoretical
base for the numerical study of yield zone length
and load-carrying capacity of the plate. Since the
effect of interaction is strongly dependent on the
distance between cracks, therefore results for u =
0.7,0.8,0.9 are the main results which are pre-
sented in this paper.

Based on the numerical study presented in Sec-
tion 6, some observations are made. It is noticed
that when cracks are situated far away from each
other (e. g., u = 0.1,0.2,0.3) and applied stress is
small when compared to yield stress, the developed
yield zones at each external tips of three pairs of
collinear straight cracks with coalesced yield zones
behave similar to the case of three collinear straight
cracks. But when cracks are situated close to each
other, the length of inner yield zones is much big-
ger than the outer yield zones. Large yield zone
length is observed in the case of quadratically vary-
ing yield stresses when compared to linearly vary-
ing loading conditions at all crack tips.
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Appendix A: basic mathematical
equations

In two-dimensional theory of elasticity, the
components of stresses Xx,Yy,Xy may be ex-
pressed in terms of two complex potential functions
Φ(z) ,Ω(z) as

Xx +Yy = 2
[
Φ(z)+Φ(z)

]
, (35)

Yy − iXy = Φ(z)+Ω(z̄)+(z− z̄)Φ′ (z), (36)

where bar (line) over the function or variable de-
notes its complex conjugate.

Consider a homogenous isotropic infinite
elastic-perfectly plastic plate weakened by n
collinear straight cuts (i=1, 2, 3„ n) along ox-axis.
Let X±

y ,Y±
y be the components of stresses acting

over the rims of the cracks. Superscript (+) and
(−) denoting the values of stress components on
the upper and lower rims of the cracks.

Eqs. (35, 36) may be converted into two prob-
lems of linear relationship

Φ
+ (t)+Ω

− (t) = Y+
y − iX+

y , (37)

Φ
− (t)+Ω

+ (t) = Y−
y − iX−

y . (38)

under the assumption lim
y→0

yΦ′ (t + iy) = 0.

The general solution of the boundary value
problems given in Eqs. (37, 38) may be written us-
ing Plemelj formula [20] as:

Φ(z)+Ω(z) =
1

πiχ (z)
∫
L

χ (t) p(t)dt
t − z

(39)

+
2Pn (z)
χ (z)

Φ(z)−Ω(z) =
1
πi

∫
L

q(t)dt
t − z

−Γ′, (40)

where

p(t) =
1
2
[
Y+

y +Y−
y
]
− i

2
[
X+

y +X−
y
]
,

q(t) =
1
2

[
Y+

y −Y−
y

]
− i

2

[
X+

y −X−
y

]
,
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χ (z) =
n

∏
k=1

√
z−ak

√
z−bk,

Pn (z) = D0zn +D1zn−1 +D2zn−2 + . . . ,

ak,bk denote the end points of kth crack.
Constants Di (i = 0,1,2, ..,n) shown in Pn (z)

are evaluated using the loading conditions at the
infinite boundary of the plate and single-valued
condition of displacement around the rims of the
cracks or cuts,

2(κ +1) ∫
Li

Pn (t)
χ (t)

dt (41)

+κ ∫
Li

[
Φ

+
0 (t)−Φ

−
0 (t)

]
dt

+ ∫
Li

[
Ω

+
0 (t)−Ω

−
0 (t)

]
dt = 0.

where

Φ0 (z) =
1

2πiχ (z)
∫

n⋃
i=1

Li

χ+ (t) p(t)
t − z

dt (42)

+
1

2πi
∫

n⋃
i=1

Li

q(t)
t − z

dt,

Ω0 (z) =
1

2πiχ (z)
∫

n⋃
i=1

Li

χ+ (t) p(t)
t − z

dt (43)

− 1
2πi

∫
n⋃

i=1
Li

q(t)
t − z

dt,

Stress intensity factor
Mode-I type stress intensity factor at each crack

tip z = z1 is evaluated using the formula given
in [21],

KI = 2
√

2π lim
z→z1

√
z− z1Φ(z) . (44)

Note: The mathematical formulations given above
are taken form Muskhelishvili [20] to make the pa-
per self-sufficient. All the integrals are solved in
the form of elliptic integrals whose definitions are
given in [18].

Appendix B: used mathematical
expressions

The expressions of terms used in the paper are
given in this section:

J1i = ji (φ (a1) ,m,k)− ji (φ (b1) ,m,k)

+ ji (φ (b) ,m,k)+ ji (φ (g2) ,m,k)

− ji (φ (g1) ,m,k) ,

J2i = ji (ϑ (c1) ,m2,k2)− ji (ϑ (c) ,m2,k2)

+ ji (ϑ (0) ,m2,k2)− ji (ϑ (h) ,m2,k2) ,

I1(i) = ℓi (φ (a1) ,m,k)− ℓi (φ (b1) ,m,k)

+ ℓi (φ (b) ,m,k)+ ℓi (φ (g2) ,m,k)

− ℓi (φ (g1) ,m,k) ,

I2(i) = ℓi (ϑ (c1) ,m2,k2)− ℓi (ϑ (c) ,m2,k2)

+ ℓi (ϑ (0) ,m2,k2)− ℓi (ϑ (h) ,m2,k2) ,

H1(i) (z) = hi (φ (a1) ,m,k,n(z))

−hi (φ (b1) ,m,k,n(z))

+hi (φ (b) ,m,k,n(z))

+hi (φ (g2) ,m,k,n(z))

−hi (φ (g1) ,m,k,n(z)) ,

H2(i) (z) = hi (ϑ (c1) ,m2,k2,n2 (z))

−hi (ϑ (c) ,m2,k2,n2 (z))

+hi (ϑ (0) ,m2,k2,n2 (z))

−hi (ϑ (h) ,m2,k2,n2 (z)) ,

νi = wi (ξ (c1) ,k2,k1)+wi (ξ (0) ,k2,k1)

−wi (ξ (h) ,k2,k1) ,

Wi = wi (ψ (c1) ,m,k)−wi (ψ (h) ,m,k)

+wi (ψ (0) ,m,k) ,

τ (θ ,k) = E (θ ,k)−λ
2F (θ ,k) ,
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ρ (θ ,k) = E (θ ,k)− tanθ

√
1− k2sin2θ ,

M (θ ,m,k) =
1− k2

k2
√

1−m2
Π
(
θ1 (θ ,m) ,k2,k1

)
+

1
mk

tan−1(
m k sinθ cosθ√

1−m2sin2θ
√

1− k2sin2θ

)
,

S (θ ,m,k) =
m2sin2θ

√
1− k2sin2θ

2(1−m2sin2θ)
,

Λ(θ ,m,k) =
sin2θ

√
1− k2sin2θ

4
√

1−m2sin2θ
,

θ1 (θ ,m) = tan−1
(

tan(θ)
√

1−m2
)
,

θ2 (θ ,m) = tan−1
(

mcosθ√
1−m2

)
,

θ3 (θ ,m) = tan−1

(√
1−m2

mcosθ

)
,

sinϑ (t) =
t
c
, k2 =

c
b
, m2 =

c
a
, n2 (t) =

c
t
,

sinψ (t) =

√
c2 − t2

b2 − t2 ,

sinϕ (t) =

√
(t2 −b2)(a2 − c2)

(t2 − c2)(a2 −b2)
,

sinξ (t) =

√
b2 (c2 − t2)

c2 (b2 − t2)
,

sinφ (t) =

√
a2 − t2

a2 −b2 ,

k =

√
a2 −b2

a2 − c2 , m =

√
a2 −b2

a2 ,

n(t) =

√
a2 −b2

a2 − t2 , k1 =

√
(a2 −b2)c2

(a2 − c2)b2 ,

ℓ1 (θ , p,q) =
1
p2

(
q2M (θ , p,q)− ℓ2 (θ , p,q)

)
,

ℓ2 (θ , p,q) =
q2 + p2 − p2q2

2
M (θ , p,q)

+ p2
Λ(θ , p,q)

+

√
1− p2

2
E (θ1 (θ , p) ,q1)

−
(
1−q2

)
p2

2q2
√

1− p2
F (θ1 (θ , p) ,q1) ,

ℓ3 (θ , p,q) =
1

3q2

[(
1−q2)F (θ ,q)

+
(
2q2 −1

)
E (θ ,q)−2q2

Λ(θ ,0,q)

]
,

ℓ4 (θ , p,q) =

(
p2 +q2 −2p2q2

)√
1− p2

3p2q
·E (θ2 (θ ,q) ,q2)

−

(
2p2

(
1−q2

)
+q2

(
1− p2sin2θ

)
3p2

)

· 2Λ(θ ,q, p)
sinθ

−
2
(
1−q2

)√
1− p2

3q
·F (θ2 (θ ,q) ,q2) ,

ℓ5 (θ , p,q) = ℓ6 (θ , p,q) = jℓ(θ , p,q)

−
(

p2 +q2 −3p2q2
)

4p2q2 ℓ2 (θ , p,q) ,

j1 (θ , p,q) =
1
p2

(
ℓ2 (θ , p,q)
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−E (θ ,q)
√

1− p2sin2θ

)
,

j2 (θ , p,q) = jh(θ , p,q)

−
√

1− p2sin2θ

p2 F (θ ,q) ,

j3 (θ , p,q) =
Λ(θ ,0,q)

3
− 1−q2

6q2 F (θ ,q)

+

(
2−q2

3q2 − 1−q2sin2θ

2q2

)
E (θ ,q) ,

j4 (θ , p,q) =
E (θ ,q)

2q2 − 1−q2sin2θ

2q2 F (θ ,q) ,

j5 (θ , p,q) =

(
5q2 + p2 −3p2q2

)
12p2q2 ℓ2 (θ , p,q)

− jℓ(θ , p,q)− (1− p2sin2θ)
3
2

3p2 E (θ ,q) ,

j6 (θ , p,q) =
1

3q2

(
ℓ2 (θ , p,q)

+
(
q2 − p2) jh(θ , p,q)

− q2(1− p2sin2θ)
3
2

p2 F (θ ,q)

)
,

h1 (θ , p,q,r) =
1

r2 − p2

(
h2 (θ , p,q,r)

−q2r2M (θ , p,q)
)
,

h2 (θ , p,q,r) = p2q2 jh(θ , p,q)

+
r2 −q2√

1− p2
Π
(
θ1 (θ , p) ,r2

1,q1
)
,

h3 (θ , p,q,r) =
q2

r2 F (θ ,q)−E (θ ,q)

+

(
1− q2

r2

)
Π
(
θ ,r2,q

)
,

h4 (θ , p,q,r) =−2p2

sinz
Λ(θ , p,q)

−q
√

1− p2
{

E (θ3 (θ , p) ,q2)

+F (θ3 (θ , p) ,q2)
}

+
p2
(
r2 −q2

)
qr2
√

1− p2
Π
(
θ3 (θ , p) ,r2

2,q2
)
,

h5 (θ , p,q,r) = h6 (θ , p,q,r)

=
h2 (θ , p,q,r)

r2 − ℓ2 (θ , p,q) ,

w1 (θ , p,q) =
b
2

[
E (θ ,q)

−
(
1+ k2 −2q2)F (θ ,q)

−
(
2q2 − p2 − k2)

Π
(
θ , p2,q

)
−S (θ , p,q)

]
,

w2 (θ , p,q) = b
[
E (θ ,q)+ k2 (p2 −1

)
F (θ ,q)

+
(

p2 −1
)(

1− k2)
Π
(
θ , p2,q

)]
,

w3 (θ , p,q) = b
[
F (θ ,q)+

(
p2 −1

)
Π
(
θ , p2,q

)]
,

w4 (θ , p,q) =−(b2 − c2)
2

b

[
k2

Π
(
θ , p2,q

)
−
(
2k2 −1

)
V2 (θ , p,q)

−
(
1− k2)V3 (θ , p,q)

]
,

w5 (θ , p,q) =−a2m2b
2k2

[
E (θ ,q)−

(
k2 +1

)
F (θ ,q)

−
(

p2 − k2)
Π
(
θ , p2,q

)
−S (θ , p,q)

]
,

w6 (θ , p,q) =
a2 p2

3q2

[(
1−2q2)

ρ (θ ,q)

+
(
q2 −1

)
F (θ ,q)

+
2
(
1−q2

)
cos4z

Λ(θ , p,q)

]
,
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w7 (θ , p,q) =
b2

2

(
E (θ ,q)

−
(
1− k2

2
)
(F (θ ,q)−ρ (θ ,q))

)
,

w8 (θ , p,q) = c2F (θ ,q)+
a2 p2

q2 ρ (θ ,q) ,

V2 (z, p,q) =
1

2(p2 −1)(q2 − p2)

·


p2E (z,q)+

(
q2 − p2

)
F (z,q)+(

2p2q2 +2p2 − p4 −3q2
)

Π
(
z, p2,q

)
−p2S (z, p,q)

 ,

V3 (z, p,q) =
1

4(1− p2)(q2 − p2)

·


q2F (z,q)+

2
(

p2q2 + p2 −3q2
)

Π
(
z, p2,q

)
+

3
(

p4 −2p2q2 −2p2 +3q2
)

V2 (z, p,q)+ p2S(z,p,q)
1−p2sin2z

 ,

jℓ(θ , p,q) =
q4 + p4 − p2q2

(
p2 +q2

)
4p2q2 M (θ , p,q)

+

(
q2 − p2

)(
1−q2

)
4q4
√

1− p2
F (θ1 (θ , p) ,q1)

− 1− p2sin2θ

2
Λ(θ ,q, p) ,

jh(θ , p,q) = M (θ , p,q)

+
q2 − p2

q2 p2
√

1− p2
F (θ1 (θ , p) ,q1) ,

q1 =

√
q2 − p2

1− p2 , r1 =

√
r2 − p2

1− p2 , q2 =
q1

q
,

r2 =
r1

r
.
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