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A γ-power stochastic Lundqvist-Korf diffusion process:
Computational aspects and simulation
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Abstract. In this paper, we introduce a new family of stochastic Lundqvist-Korf diffusion process, defined
from a γ-power of the Lundqvist-Korf diffusion process. First, we determine the probabilistic characteristics
of the process, such as its analytic expression, the transition probability density function from the corre-
sponding Itô stochastic differential equation and obtain the conditional and non-conditional mean functions.
We then study the statistical inference in this process. The parameters of this process are estimated by using
the maximum likelihood estimation method with discrete sampling, thus we obtain a nonlinear equation,
which is achieved via the simulated annealing algorithm. Finally, the results of the paper are applied to
simulated data.
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1. Introduction

Stochastic diffusion processes related to deterministic models is of great interest to inves-
tigators in many disciplines, such as biological phenomena, energy consumption, economy
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and finance, and environmental phenomena, see, Gutiérrez et al. [2, 3], Román-Román and
Torres-Ruiz [11], and Nafidi et al. [7], the process is generally defined by means of stochastic
differential equations. Ramos-Ábalos et al. [9] introduce a new family of Gompertz processes
defined by the power of the homogeneous Gompertz diffusion model. In this stage, we also
find the work of Ramos-Ábalos et al. [8] who modeled the natural gas pattern in Spain by a
new stochastic gamma diffusion process of power γ.

The Lundqvist-Korf model has been treated in several works, such as the work of Sghaier et
al. [13] who introduced a model of six generalized algebraic difference equations derived from
basic log-logistic models, Bertalanffy-Richards and Lundqvist-Korf were used to develop a site
index model for Pinus pinea plantations in northwestern Tunisia and concluded a generalized
algebraic difference equation derived from the base model of Lundqvist-Korf realized the best
compromise between biological and statistical constraints, producing the most adequate site
index curves. Moreover the work of Amaro et al. [1] which proposed the different forms
of the Richards and Lundqvist-Korf growth equations and the work of Sánchez-González et
al. [12] which treated and adjusted using the generalized least squares regression method the
differential forms of the growth functions of Lundqvist-Korf, Richards and McDill-Amateis.

The question of estimating parameters of the drift coefficient has received considerable atten-
tion of researchers in recent years, both when the process is observed continuously and when
it is discrete. Various authors address this question, and many papers have been published on
this subject, focusing on the simulated annealing (SA) algorithm for the problem of maximum
likelihood (ML) estimation, such as Nafidi and El Azri [6], Nafidi et al. [7] and Román-Román
et al. [10].

In the present study, we define and examine a new extension of the stochastic Lundqvist-
Korf diffusion process. The rest of this study is organized as follows: The second section,
presents an overview of the stochastic Lundqvist-Korf diffusion process and we define the
γ-power of the stochastic Lundqvist-Korf diffusion process (γ-SLKDP) by the powers of the
stochastic Lundqvist-Korf diffusion process. Them we define the proposed model as the so-
lution to a stochastic differential equation (SDE). From this, we get the explicit expression of
the process, the probability transition density function (ptdf), the moments of different orders
and, in particular, the conditional and unconditional mean functions (MFs) of the process. The
third section, deals with parameter estimation by the ML method, using discrete sampling. In
this situation, ML estimators cannot be given in closed form because the system of likelihood
equations does not have an exact solution. Therefore, numerical methods are required. The SA
is proposed, either continued until convergence or interrupted after reaching a given stopping
criterion, to compute or approximate the resulting ML estimator. The fourth section, presents
the results of the simulation cases. Finally, we summarise the main conclusions.

2. The proposed model

2.1. An overview of the stochastic Lundqvist-Korf model. Let {X(t); t ∈ [t1; T] ; t1 > 0} be
a diffusion process with values in (0; ∞), where X(t) is a stochastic Lundqvist-Korf diffusion
process with parameters α, β and σ2 (see, Nafidi and El Azri [6]) satisfies the following Itô’s
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SDE:

dX(t) =
αβ

tα+1 X (t) dt + σX (t) dw(t); X(t1) = x1 (2.1)

with the initial condition P (X(t1) = x1) = 1 where x1 is a positive real value and w(t) is a
standard Wiener process. The parameters α, β and σ2 are all positive. The SDE (2.1) has a
unique solution (see Kloeden and Platen [5]) is given by

X(t) = X(t1) exp
[
−β

(
1
tα
− 1

tα
1

)
− σ2

2
(t− t1) + σ (w(t)− w(t1))

]
.

From this, we deduce that the process (X (t) | X(s) = xs) is distributed as the following one-
dimensional lognormal distribution Λ1

[
µ (s, t, xs) ; σ2 (t− s)

]
with

µ (s, t, xs) = log (xs)− β

(
1
tα
− 1

sα

)
− σ2

2
(t− s).

2.2. The γ-SLKDP and its analytic expression. Let {X(t); t ∈ [t1; T] ; t1 > 0} be a stochastic
Lundqvist-Korf diffusion process. Then, the γ-SLKDP is defined by

Xγ(t) = Xγ(t); γ ∈ R∗ (2.2)

The process {Xγ (t) ; t ∈ [t1; T] ; t1 > 0} is also a diffusion process with values in (0; ∞), and
has the drift and diffusion coefficients are shown below.

By applying Itô’s formula to the transform given in Eq. (2.2), we have

dXγ (t) =
(

γαβ

tα+1 +
γ(γ− 1)σ2

2

)
Xγ (t) dt + γσXγ (t) dw(t); (2.3)

The last SDE (2.3) has a unique solution (see, Kloeden and Platen [5]) can be obtained using
the formula Xγ(t) = Xγ(t) and Eq. (2.3), from which we have

Xγ(t) = Xγ(t1) exp
[
−γβ

(
1
tα
− 1

tα
1

)
− γσ2

2
(t− t1) + γσ (w(t)− w(t1))

]
. (2.4)

According to this, we derive that the process (Xγ (t) | Xγ(s) = xs) is distributed as the one-

dimensional lognormal distribution Λ1

[
m (s, t, xs) ; γ2σ2 (t− s)

]
with

m (s, t, xs) = log (xs)− γβ

(
1
tα
− 1

sα

)
− γσ2

2
(t− s).

2.3. The ptdf of the γ-SLKDP. When (Xγ (t) | Xγ(s) = xs) has the log-normal distribution

Λ1

[
m (s, t, xs) ; γ2σ2 (t− s)

]
, then the ptdf of the γ-SLKDP is

f (x, t | y, s) =
1

x
√

2πγ2σ2(t− s)
exp

(
− [log (x)−m(s, t, y)]2

2γ2σ2(t− s)

)
. (2.5)
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2.4. The MFs of the γ-SLKDP. From the properties of the log-normal distribution, the rth

conditional moment of the γ-SLKDP is

E
(

Xr
γ (t) | Xγ(s) = xs

)
= exp

(
rm (s, t, xs) +

r2γ2σ2

2
(t− s)

)
= xr

s exp
(
−rγβ

(
1
tα
− 1

sα

)
+

rγ(γr− 1)σ2

2
(t− s)

)
.

Then, for r = 1, the conditional mean function (CMF) of the process is

E (Xγ(t) | Xγ(s) = xs) = xs exp
(
−γβ

(
1
tα
− 1

sα

)
+

γ(γ− 1)σ2

2
(t− s)

)
.

In addition, the MF (mean function) of the γ-SLKDP is given by the initial condition
P (Xγ(t1) = x1) = 1 and has the form

E (Xγ(t)) = x1 exp
(
−γβ

(
1
tα
− 1

tα
1

)
+

γ(γ− 1)σ2

2
(t− t1)

)
.

Remark. If γ = 1, note that E (Xγ (t) | Xγ(s) = xs) = xs exp
(
−β

(
1
tα
− 1

sα

))
is the condi-

tional mean function of the stochastic Lundqvist-Korf diffusion process.

3. Statistical inference on the model

3.1. ML parameter estimation. Let us then consider in this section the ML estimation of the
parameters α, β and σ2 of the model from which we can obtain, by virtue of Zehna’s theorem
[14], we obtain the estimated mean functions of the process.

We consider a discrete sampling of the process, that is, for fixed times t1, t2, ..., tn, where
n > 2, with the initial condition P [Xγ (t1) = x1] = 1, we observe the variables x (t1), x (t2), · · ·,
x (tn) whose values provide the basic sample for the inference process. In addition, we assume
ti − ti−1 = h, for i = 2, · · ·, n. Let x1, x2, · · ·, xn be the observed values of the sampling. The
associated likelihood function is thus

L = Lx1,x2,...,xn

(
α, β, σ2

)
=

n

∏
j=2

f
(
xj, tj | xj−1, tj−1

)
,

which is of the form

L =
n

∏
j=2

1

xj
√

2πγ2σ2h
exp

−
[

log
(

xj
xj−1

)
+ γβ

(
1
tα
j
− 1

tα
j−1

)
+ γσ2

2 h
]2

2γ2σ2h

 . (3.1)
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From Eq. (3.1), the log-likelihood function of the sample is

log(L) =− (n− 1)
2

log
(

2πγ2h
)
− (n− 1)

2
log
(

σ2
)
−

n

∑
i=2

log(xj)

− 1
2γ2σ2h

n

∑
j=2

{
log

(
xj

xj−1

)
+ γβ

(
1
tα

j
− 1

tα
j−1

)
+

γσ2

2
h

}2

. (3.2)

However, estimating α, β and σ2 poses some difficulties. In fact, the resulting system of equa-
tions is exceedingly complex and does not have an explicit solution, and numerical procedures
must be employed.

3.2. Computational aspects. In this section we propose the use of the SA algorithm to maxi-
mize the likelihood function or, equivalently, its logarithm. Hereafter is the description of the
method.

SA algorithm is a metaheuristic algorithm to approximating the solution of optimization
problems of the type min

x∈θ
g(x), where g is the objective function to be optimized and θ is the

solution space. It was developed by Kirkpatrick et al. [4]. Under this algorithm, in each
iteration, let x be a current solution, x′ be a new value selected in a neighborhood of x in the
next iteration, and the objective difference is δ = g(x′)− g(x). If δ ≤ 0, then x′ is selected as
the new solution. Otherwise, it could be accepted with probability p = exp (−δ/T), where T
is a scale factor called temperature.

In our case, the problem becomes maximizing the log-likelihood function log(L) Since the
algorithm aforementioned is usually formulated for minimization problems, then, from Eq.
(3.2), the objective function is a function of the parameters α, β and σ2 and has the form:

g
(

α, β, σ2
)
=

(n− 1)
2

log
(

σ2
)
+

1
2γ2σ2h

n

∑
j=2

{
log

(
xj

xj−1

)
+ γβ

(
1
tα

j
− 1

tα
j−1

)
+

γσ2

2
h

}2

.

(3.3)
The parametric space θ related to the objective function (3.3), on which the selected algorithm
must operate, is continuous and unbounded. Therefore,

θ = {(α, β, σ) : α > 0, β > 0, σ > 0}.
The disadvantage is that the solution space may not be explored in sufficient depth. This
forces us to find some arguments to bound this space. For this we use the strategies developed
by Nafidi and El Azri [6]. Thus, for a known γ, the parametric space, which is obtained

numerically for a =
1
α

, b = exp(−β) and σ is bounded and takes the form

θ′ =

(
0,

κ

γ

)
×
(

0, exp
(
−t

γ
κ
1

))
× (0, 0.1) ,

where κ = log

(
kmax

xγ
1

)
− 1 and kmax is the maximum value of the sample path.
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4. Simulation study

4.1. γ-SLKDP simulated sample paths. This section presents some examples of simulated
trajectories of the γ-SLKDP model. We obtain the trajectory of the model by simulating the
exact solution of the DHS (2.4). We get the simulated trajectories of the model by considering
the time discretization of the interval [t1, T], with time points ti = ti−1 + (i − 1)h, i = 2, .., N

and step size h =
T − t1

N
for the sample size N.

The random variable γσ (w(t)− w(t1)) in the Eq. (2.4) is distributed as one-dimensional
normal distribution N1

(
0, γ2σ2(t− t1)

)
. This simulation for xγ(t) (γ = 1; γ = 1.5 and γ = 2)

is based on 20 sample paths with t1 = 1, T = 40, x1 = 2, and N = 50.
Figures 1, 2 and 3 shows some simulated sample paths of the γ-SLKDP for (γ = 1; γ = 1.5

and γ = 2) and its mean function for several values of σ with α = 0.5 and β = 4.

Figure 1. Simulated trajectories of the γ-SLKDP and its MF for several values of
σ with α = 0.5, β = 4 and γ = 1.
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Figure 2. Simulated trajectories of the γ-SLKDP and its MF for several values of
σ with α = 0.5, β = 4 and γ = 1.5.

Figure 3. Simulated trajectories of the γ-SLKDP and its MF for several values of
σ with α = 0.5, β = 4 and γ = 2.
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4.2. Parameters estimation. This section shows various examples in order to validate the es-
timation procedure developed above. For this purpose, the equation (2.4) was simulated 25
times under the following hypotheses, for each one, we consider the equidistant time dis-
cretization of [t1, T] with time points ti = ti−1 + (i− 1)h; for i = 2, ..., N where T = 50 and step

size h =
T − t1

N
, starting from instant t1 = 0.1 and x1 = 2. As for the sample size, values 100,

250 and 500 have been considered for N.
The SA algorithm has been applied for estimating the parameters of the process.
The results obtained are summarised in Tables 2 and 3 which shows for each of the above

data sets the empirical mean, the standard deviation (std), and the coefficient of variation (CV)

obtained for a =
1
α

, b = exp (−β) and σ given by Table 1.
The results obtained show the performance as well as the usefulness and importance of the

methodology studied.

Table 1. The empirical mean, the std and the CV for a, b and σ (M is the sample paths)

Empirical mean std CV

a = 1
M

M
∑

i=1
ai std(a) =

(
1

M−1

M
∑

i=1
(ai − a)2

) 1
2

CV(a) = std(a)
a

b = 1
M

M
∑

i=1
bi std(b) =

(
1

M−1

M
∑

i=1

(
bi − b

)2
) 1

2

CV(b) = std(b)
b

σ = 1
M

M
∑

i=1
σi std (σ) =

(
1

M−1

M
∑

i=1
(σi − σ)2

) 1
2

CV (σ) =
std(σ)

σ

5. Conclusions

This paper introduces a study of the γ-stochastic Lundqvist-Korf diffusion process, includ-
ing its probabilistic features and the related statistical inference.

This paper presents a study of the γ-stochastic Lundqvist-Korf diffusion process, including
all its probabilistic features and the corresponding statistical inference.

A simulation study was performed, analyzing different process trajectories.
The inferential study is performed on the basis of discrete sampling via ML method. Since

a complex system of equation appeared, which cannot be solved via classical numerical proce-
dures, we suggest the use of metaheuristic optimization algorithms such as simulated anneal-
ing algorithm.

As an interesting line of study for further research, it will be possible to apply this model to
fit real data and to obtain goodness of fit results between the process and the data.
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Table 2. Estimation values, the std and the CV of a, b and σ for several values of
γ (a = 2, b = 0.02, σ = 0.01).

γ
=

1

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

1.
98

88
6

0.
02

08
2

0.
00

98
7

72
.7

9
5.

19
4

5.
75

7
36

.6
0

24
9.

4
58

3.
2

25
0

1.
99

02
5

0.
02

07
0

0.
01

00
7

60
.1

3
4.

50
0

5.
28

3
30

.2
1

21
7.

4
52

4.
3

50
0

1.
98

82
6

0.
02

08
3

0.
01

00
1

28
.3

6
1.

96
4

2.
47

9
14

.2
7

94
.2

9
24

7.
7

γ
=

1.
5

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

2.
01

43
9

0.
01

96
4

0.
01

18
7

73
3.

8
51

.0
4

32
.5

4
36

4.
3

25
99

27
42

25
0

2.
04

88
7

0.
01

71
3

0.
01

14
1

59
2.

7
34

.1
1

24
.5

0
28

9.
3

19
92

21
47

50
0

2.
00

73
8

0.
02

03
1

0.
01

12
9

81
2.

0
64

.4
5

14
.1

6
40

4.
5

31
73

12
54

γ
=

2

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

1.
97

97
2

0.
02

16
9

0.
01

10
8

50
3.

4
37

.7
9

17
.5

7
25

4.
3

17
42

15
86

25
0

1.
99

65
5

0.
02

08
2

0.
01

03
3

37
2.

1
32

.4
7

8.
48

2
18

6.
4

15
59

82
1.

0
50

0
1.

99
49

8
0.

02
05

9
0.

01
02

7
41

1.
2

34
.3

1
8.

76
2

20
6.

1
16

65
85

3.
0
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Table 3. Estimation values, the std and the CV of a, b and σ for several values of
γ (a = 0.02, b = 0.7, σ = 0.02).

γ
=

1

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

2.
00

55
8

0.
01

96
1

0.
01

99
1

38
.1

2
2.

86
1

14
.0

5
19

.0
1

14
5.

9
70

6.
1

25
0

2.
00

52
9

0.
01

96
2

0.
01

99
4

24
.9

4
2.

41
3

9.
92

5
12

.4
4

12
2.

9
49

7.
8

50
0

2.
00

40
2

0.
01

96
9

0.
01

98
6

38
.9

7
2.

90
4

7.
24

4
19

.4
4

14
7.

5
36

4.
7

γ
=

1.
5

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

1.
99

80
0

0.
02

03
9

0.
02

00
5

46
6.

1
38

.6
4

16
.6

5
23

3.
3

18
94

83
0.

3
25

0
2.

00
17

7
0.

01
99

6
0.

01
97

8
30

8.
2

22
.8

8
10

.0
2

15
3.

9
11

47
50

6.
2

50
0

1.
98

62
3

0.
02

12
8

0.
02

00
1

42
9.

1
35

.4
8

8.
02

0
21

6.
1

16
67

40
0.

6

γ
=

2

N
a

b
σ

st
d
(a
).

10
−

4
st

d
(b
).

10
−

4
st

d
(σ
).

10
−

4
C

V
(a
).

10
−

4
C

V
(b
).

10
−

4
C

V
(σ
).

10
−

4

10
0

1.
96

74
7

0.
02

27
3

0.
02

07
1

61
9.

0
50

.8
3

18
.0

1
31

4.
6

22
36

86
9.

7
25

0
1.

99
41

5
0.

02
07

3
0.

02
02

3
46

2.
6

39
.0

0
14

.6
9

23
1.

9
18

81
72

6.
2

50
0

1.
99

41
8

0.
02

07
5

0.
02

01
9

48
7.

2
43

.6
7

9.
20

8
24

4.
3

21
04

45
5.

9
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