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Least energy sign-changing solutions for a nonlocal anisotropic
Kirchhoff type equation
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ABSTRACT. In this paper, we investigate the existence of sign-changing solutions for the following class of
fractional Kirchhoff type equations with potential

(1 + b[u]i) (—Ax)*u — Ayu) + V(x,y)u = f(x,y,u), (x,y) € RN =R" x R",

1
where [u], = ( Jrn ( —Ay)Tul?+ |Vyul ) dxdy) * . Based on variational approach and a variant of the

quant1tat1ve strain lemma, for each b > 0, we show the existence of a least energy nodal solution u;. In
addition, a convergence property of u; as b \, 0 is established.
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1. Introduction and main result

Consider the following Kirchhoff equation involving BO-ZK operator
<1 + b[u]ﬁ) ((—Ax)"u — Ayu) + V(x,y)u = f(x,y,u), (x,y) € RN = R" x R", (1.1)
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1
where [u], = (f]RN <|(—Ax)%u|2+ |Vyu|2> dxdy)z, a € (0,1), n,m > 1, (—Ay)* denotes the

fractional Laplacian in x which is defined via the Fourier transform by (—Ay)*u(X,Y) =
| X|?*#(X,Y), where i is the Fourier transform of u; if u is smooth enough, it can be expressed
by

A _ u(x,y) —u(zy) N
(—=Ax)*u(x,y) = CnsP.V. A PR TR dz, (x,y) € RY,

with Cy , is a normalization positive constant and P.V. stands for the Cauchy principal value;
V € C(RN,R) and f € C'(RN x R, R).

Because of the presence of the coefficient (1 + b[u]2), equation (1.1) is nonlocal in the sense
that is not a pointwise identity. This phenomenon produces new mathematical complications
and so makes the study of such type of equations especially interesting. Furthermore, equation
(1.1) is closely a fractional version related to the following hyperbolic equation

0%u po . E (L 2 0%u
Pw - <? + ﬁ/{) dx =0, (1.2)

0x?
which was initially introduced by Kirchhoff [16] as a generalization of the classical D’ Alembert’s
wave equation taking into consideration the change of the length of the strings produced by
transverse vibrations. For additional discussions and physical phenomena described by non-
linear vibration theory, we mention [21].
On the other hand, for b =0, V =1 and f(u) = u?, equation ( 1.1) goes back to the study of
solitary waves of the generalized Benjamin-Ono-Zakharov-Kuznetsov equation

ur+ 0y, ((—Ax)*u—Ayu+uf) =0 (x,y) € R" x R", (1.3)

see [25] for some local and global well-posedness results on this equation in the case m = n = 1.
The anisotropic operator (—Ay)*u — Ayu has appeared in the study of toy models parabolic
equations for which local diffusions occur only in certain directions and nonlocal diffusions.
It models diffusion sensible to the direction in the Brownian and Lévy-It6 processes. Some
results concerning regularity and rigidity properties of this operator can be found in [2, 11].
Recently, equation (1.1) was studied in [9] when b = 0 and f(x,y,u) = f(u). Exploiting some
original arguments in [3, 4, 5], the author obtained a least energy sign-changing solution for
(1.1) via the constrained minimization on a suitable Nehari manifolds.

Differential equations involving fractional Laplacian (isotropic) operator have attracted spe-
cial attention due to their significant applications in many fields such as the thin obstacle
problem, soft thin films, optimization, finance, phase transitions, anomalous diffusion, strat-
ified materials, crystal dislocation, semipermeable membranes, flame propagation and ultra-
relativistic limits of quantum mechanics, we refer to [1, 6,7, 12, 17]. In particular, several stud-
ies have explored the existence and multiplicity of solutions for fractional problems through
the use of different tools and techniques of nonlinear analysis, see e.g., [13, 20, 14, 27].

During the last few decades, the fractional of Kirchhoff-type problems have been investi-
gated by many researchers, we can list here [15, 22, 24, 26]. However, as far as we know,
except [18, 19], there are no papers that consider the existence of solutions for a Kirchhoff-
type equation with an operator containing local and nonlocal diffusions. Influenced by the
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works mentioned above, in the present paper we first establish the existence of a least energy
sign-changing solution for any parameter b > 0, making use of a minimization method on the
nodal Nehari manifold and a modified Miranda’s theorem. After that, we give a convergence
property of solution obtained as b — 0.

To state our results, we assume that f € C!(RN x R,R) and

(f1) }irr(} % = 0 uniformly in (x,y) € RY;
%

(f2) ‘l‘lm % = 0 uniformly in (x,y) € RY, for some p € (2, p*) where p* := %;
t|—o0

Jin = +oc0 uniformly in (x,y) € RN, where F(x,v,t) fg flxy T
t—

4) For all (x,y) € RN, the function f — it y3t) is nondecreasing in R\{0}.
y O g

For the potential V, we assume that V : RN — R is continuous and verifies:

(V1) inf V(x,y) =: Vj > 0. Moreover, there exists d > 0 such that
(xy)ERN

lim |[{(x,y) € B(z,d) : V(x,y) < M}| =0 for all M > 0.

|z| =+4c0
Remark 1.1. By (f1) and (fy), F(x,y,t) > 0 forall (x,y,t) € RN x R.

Due the dependence of potential, let us first recall our suitable working Sobolev space. Let
H*(RN) be the fractional Sobolev-Liouville space

HY(RN) = {u € L*(RN) : /]RN (y(_Ax)%u\2+ ]Vyu|2+u2> dxdy < oo}

with the norm

e = ([, (168080 + 930+ 1) )
The homogeneous fractional Sobolev-Liouville space D*(IRYN) is defined by
D*(RN) = {u € L>(RV) : [u], < o0},
where

U]y = (/RN <|(—Ax)%u’2 + |Vyu|2> dxdy)é

We search the solutions in the following subspace

E, = {u e D*(RN) : /]RN V(x,y)dxdy < oo} ,

endowed with the inner product

o), = [, (=80

N|=

u(—Ay)20 + Vyuvyv) dxdy + /RN V(x,y)uvdxdy
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and its related norm )
ulle, = (u,u)g, -
A function u € E, is called weak solution of (1.1) if

(1 + b[u]i) /]RN ((—Ax)%u(—Ax)%v + Vyuvyv) dxdy + /]RN V(x,y)uvdxdy
= /]RNf(X,]/,M)dedy, forall v € E,,

A sign-changing solution of (1.1) is a weak solution u € E, satisfying u® # 0, where

+

u" =max(u,0) and u~ = min(u,0).

The main results can be described by the following two theorems.

Theorem 1.1. Assume that (Vy) and (f1) — (fa) hold. Then equation (1.1) admits a least energy
sign-changing solution uy.

Theorem 1.2. Assume that (V1) and (f1) — (fs) hold. Then, for any real sequence {b,} satisfying
by — 0, up to a subsequence u, — ug in Ey, where ug is a least energy sign-changing solution for the
following equation

(—Ax)*u — Ayu+ V(x,y)u = f(x,y,u), (x,y) € RN =R" x R", (1.4)
2. Auxiliary Results and Proof of main theorems

In this section, we give some preliminary results for the proof of Theorems 1.1 and 1.2.

Lemma 2.1 ([10]). The fractional Sobolev-Liouville space H*(RN) is continuously embedded into
L1(RN) for q € [2, p*]; and is compactly embedded into L1(RN) for q € (2, p*).

According to the previous lemma, we have the next result (see [9, Lemma 2.1]).

Lemma 2.2 ([9]). Assume that (Vy) holds. Then E, is continuously embedded into L1(RN) for q €
2, p*]; and compactly embedded into L1(RN) for q € [2, p*);

Obviously, the energy functional associated to (1.1) defined on E, by

1 b
() = 5 llull?, + F0i = [ FCoy,u)dxdy,

is of class C! and its critical points are solutions of (1.1). When b = 0, I, = Ij is the corre-
sponding functional to equation (1.4).

To discus the existence of sign-changing solutions, we follow some original arguments in
[3, 4, 5]. More precisely, we will minimize the functional I; on the nodal set

My ={ueNy:u®#£0, (I(u),u™) = (I}(u =0},

where

= {u € E,\{0} : (I;( =0}.
The following modified eranda s theorem [23] (see[8 Lemma 2.3]) will be used to establish
some results on M.
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Lemma 2.3 ([9]). Let G = {z = (z1,22,...,2n) E RN : ¥ < z; < Rfori=1,...,N}. Assume that

the mapping G = (G, Gy, ...,GN) : G — RN is continuous such that G(z) # 0 for all z € 3G, and
Gi(z1,2z2,---,2i-1,7,2ix1,---,2N) = 0fori=1,...,N,
Gi(z1,22,...,2zi-1,R,zix1,...,2n) <O0fori=1,...,N.

Then equation G(z) = 0 has a solution in G.

Lemma 2.4. Assume that (V1) and (f1) — (f4) hold. Then for any u € E, with u™ # 0, there exists a
unique pair of positive reals (ty,s,) such that tyu™ + s,u™ € M,,.

Proof. For u € E, with u™ # 0, define vector field ¥ : [0,0)? — R? by
Y(t,s) = ((I(tu" +s u" ), tu™), (L(tut +s u"),su")).
We notice that

[tut 4 su™)2 = 2ut]? +s?[u 2 +2tsZ(u",u") (2.1)
and
+ - — (tyt - - _ oyt
(0" su7) ) (b 50 2 ) =)
R2n-+m ‘x _ Z’n+21x
+/ ) Pdxdy = £2[u™)2 + 2tsZ(u™,u"), (2.2)
where

+ - - +
2t um) = — ut(x,y)u (z,y) +u (x,y)u (z’y)dxdzdy >0,
R21+m |x — Z‘n—&—th

By a direct computation, we derive
(L(tut +s7u™),tut) =0 <t2[u+]§ + 52 [u"]2 + 2tsZ(u™, u*)> (tz[uﬂﬁ + 2tsZ(u+,u*)>
+ 2ut]2 +2tsZ(ut,u") + / ) (tu™)?dxdy
_ Yyt
/]RNf(x,y, tu™ ) tu"dxdy
= bt [ut )y + 30Ps[uT2Z(ut, um) + bPs? w2 [u ]2 + 4bt2 P Z (ut, u)?
+ 2[ut)2 + 26t} w2 Z(ut, um) 4+ 2tsZ(ut, u)

2 +)2 _ gyt
+t /]RN V(x,y)(u™ ) dxdy /]RNf(x,y, tu™ ) tu " dxdy. (2.3)
From (f1) — (f2), for given g, there exists C; > 0 such that
|f(x,y,t)t| < et? + Ce|t|P* for all t € R. (2.4)
Choosing & < % it follows from (2.3)-(2.4) that
L2(RN)

(I (tu™ +su™), tu™) > bt ut]} +30Ps[uT2Z(u", u™) + bt [u 2 [u )2 + 4bt? 2 Z(ut, um)?
+ 26t [u” 2 Z(ut, um) + 2t Z(ut, u7)
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12
2 +3\2 |1, +
2 [ V) (0 dy + T = Gt |
t2 i
> 2[ ] C tp ||u+||Lp* ]RN) (25)
On the other hand, for some p > 0, we have [Qf| > 0, where O := {(x,y) € RN : u™(x,y) >
p}. By (f3), for A > % there exists T > 0 such that
P

f(xty' 2 > Aforallt > T and (x,y) € RY.

This and (f4) imply that for all ¢ > 5,

oyt > flry tu®) oy 47,414
/]RNf(x,y, tu™ )tu " dxdy > 0 )y (tut)*dxdy > 2bt*[u™];.

Therefore, by (2.3) we get

(I (tu™ +su™), tut) < —bt*ut)t +3b82s[ut2Z(u™, u™) + bt?P[ut )2 [u" ]2 + 4bt*s* Z(u", u~)?
+ PluT)2 426t [ 2 Z(ut,um) + 2tsZ(ut,u)
+ 12 /]RN V(x,y)(u")?dxdy. (2.6)

Similarly, for some C; > 0 we have

(I (tu™ +su™),su™) > %[u_]i — CZSP*||u_||§;(RN). (2.7)
and for s sufficiently large,
(L (tu™ +su™),su™) < —bs*[u~ |2 +3bts* [u 2Z(u™, u™) + bt?s?[u ]2 [u" )2 + 4bt?s*Z (ut, u~)?
+s2[u 2+ 208s[uT 2 Z(ut, um) + 2tsZ(ut, u)
+ 52 /]RN V(x,y)(u")2dxdy. (2.8)
By (2.5)-(2.8), we can find 0 < r < R such that
(L(ru™ +su™),rut) >0, (I,(tut +ru~), ru”) >0forallt,s € [r,R] (2.9)
and
I(Rut +su”),Ru®) <0, I (tu"+Ru"),Ru") <O0foralltse[r,R] (2.10)

Hence, applying Lemma 2.3, there exist t,,s, € [r,R] such that ¥(f,,s,) = 0, which means
that t,u™ + s,u™ € M. Let us now show the uniqueness of (f,sy).
Case 1: u € M. Sinceu = ut +u-,

b ([ + [+ 22 u) ) (W3 +22(u,u7) ) + [t + 22 u7)

—i—/]RN V(x,y)(u")?dxdy = /]RN flx,y,ut)utdxdy (2.11)
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and
b ([u*]i + 2 +2Z(u", u_)) ([u_]z +2Z(u", u‘)) + 2 +2Z(ut,u)
+ / u”)2dxdy = / f(x,y,u” )u dxdy. (2.12)

Claim 1. Let ty,sg > 0 such that tou™ +sou™ € Mj. Then tyg = s = 1.

In fact, we have
b (tz[qu]z + s3[u" )2 4 2tos0Z (uT, u*)) (t%[u*]Z + 2tosoZ(u™, u*)> + 13[ut)2 + 2tgs0Z(uT,u")

+/ (x,vy)(tou™)?dxdy = / f(x,y, tou™ ) tou ™ dxdy (2.13)

b (tz[u 12+ s3[u"]2 + 2tgsoZ(u™, u*)> (sz[u*]2 + 2tOSOZ(u+,u*)> + s3[u" )2 + 2tesoZ (ut, u")
+/ (x,y) (sou™)*dxdy = / f(x,y,s0u™ )sou dxdy. (2.14)
If we assume for example that ¢y < sy, it follows from (2.13) that
bt ([ 13 + w2 +22 (e u0) ) (012 + 22" u) ) + 6 (W2 + 22t u7) )
2 +)2 gt
+ 5 /]RN Vi(x,y)(u")dxdy < /]RNf(x,y, tou™ tou " dxdy. (2.15)

Combining (2.11) and (2.15), we immediately obtain

(1—%2) ([ 2 427 (u +/ dedy)

FOoyat)  Flpturt)Y s
> — dxdy. 2.1
> Joo (5 - B wtasty (210
If ty < 1, by (f1) and (2.16), we get a contradiction. Then sy > to > 1. Analogously, from (2.12),
(2.14) and (f1), we have ty < sy < 1. Then, we deduce that ty) = sy = 1.
Case 2: u € M. Let (t1,51) and (t2,s2) be two pair of positive reals such that

v :=tut +siu” €My and vy = but +su” € M,,.
Then 01i # 0 and

S =0 € M,.
tl 0 + 51 1 2 b
Since v; € M,, it follows from Claim 1 that t—z = z—f =1,1e., t; = tp and s; = sp. The

uniqueness is now achieved.
For u € E, with u™ # 0, we define the function ¢, : [0,00) x [0,00) — R as follows
@u(t,s) = L(tu™ +su™).
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Lemma 2.5. Assume that (V1) and (f1) — (f4) hold. For any u € E, with u™ # 0, the function ¢,
has a unique global maximum (t1,s_) = (t4(u),s—(u)) := (tu,su), where the pair (t,,s,) is given
by Lemma 2.4.

Proof. Let QF = {(x,y) € RN : u*(x,y) # 0}. Then |QF| > 0 and

1
ou(t,s) = EHtu+ +su” ||}, + Z[nﬁr +su” |3~ /]RN F(x,y,tu™ +su™)dxdy

12 2 b
= 5||u+|]%a + %Hu_H%a +tsZ(ut,u") + Z[tbﬁ +su~ ]t — / N(F(x,y, tu™ + su” )dxdy
R
t2 2 b 2
= Sl 1, + Sl 1R, + szt um) 4+ 5 (Pl 13+ Pl 13+ 202w, u0) )

—/Q+ F(x,y,tu*)alxdy—/Qa F(x,y,su”)dxdy

0
1 1, _ _
< () (510 B+ 3l 1B, + 20%,00))

2 522
AE (W R+ 2t u))

—/Q+ F(x,y,tqu)dxdy—/QO F(x,y,su”)dxdy.

0

+

Thus
(t/S 1 1 1 _ _ b B 3 2
(t(/;u+52§2 S pis §||”+||%a+§||” 12, +Z(u",u”) +E<[u+]§+[u 2+ Zut,u ))
t! Fx,y,tut) . st F(x,y,su™), _
_ 'Y, d d _—/ Y, 4d d .
(t2+52)2 /(23 (tu+)4 (l/l ) xay (t2—|—32)2 o —(su_)4 (u ) xay
(2.17)
Observing that
L>lift>s and L>lift<s
(2 +s2)2— 4 — (F+s22 =4 =7

it follows from (2.17), (f3) and Fatou’s lemma that

timsup 205 (g 4 200

()| oo (2 H82)2 7 4
t>s
1 L Floy tut) oy _
and
: Pult,s) by —12 + 2
imeup (85 < (w200

s>t
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1 . . Flxytu—), _
——/ 11m1nf('y—'4)(u Yrdxdy = —co.
Qp s—te  (su™)

Hence, ¢,(t,s) — —oo as [(t,s)| — 0. By the continuity, we conclude that ¢, admits a global
maximum (f,$) € [0,00)2. Note that [tu*]2 + [su~]2 < [tu™ +su~]2 and

/]RN F(x,y, tut +su™)dxdy = /]RN F(x,y, tu™)dxdy + /]RN F(x,y,su”)dxdy.
Thus
@u(t,0) + ¢u(0,8) = I(tu™) + L,(su™) < L(tu" +su™) = @,(t,s) for all t,s > 0.
This together with the fact that max ¢u(t,0), max ¢4(0,5) > 0 gives

max Pu(t,0) < max ¢u(t,s) = ¢u(t,8) and max ¢u(0,5) < max Pu(t,s) = eu(t,8),

which proves that f,§ > 0. Consequently (£,3) is a critical point with positive coordinates.
From Lemma 2.4, we conclude that (£,§) = (t,,s,), and hence (t+,s_) := (t,,sy,) is a unique
global maximum, the proof is complete.

Lemma 2.6. Assume that (Vy) and (f1) — (fs). For any {u,} C My, if u, — u weakly in E,, then
u® #£0.

Proof. For all v € My, we have
o5 |2. < /]RNf(x,y,vi)vidxdy
By (f1) — (f2) and Lemma 2.2, for € > 0, there exists Cg, such that

*
1o*11, < eVy ' lo™|IE, + CCello™| I,

1
1—eVyt\ 72
g, 20:= | —=2 :
o=, = cc.

Let {u,} C My such that u,, — u weakly in E,. Then

Letting ¢ < Vj, we get

/Nf(x, y,u )ufdxdy > & for all n € N.
R

According to (f1) — (f2), we see that

nh_r}go ]RNf(x,y,u,jf)u,jfdxdy = /H{Nf(x,y,ui)uidxdy, (2.18)
nh_r}(}o . F(x,y,ul)dxdy = /]RN F(x,y, u™)dxdy. (2.19)

Thus
/RN f(x,y,ui)uidxdy > 6> 0,
which yields that u* # 0.
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Proof of Theorem 1.1. Let {u,} C M, be a minimizing sequence of I;, that is

. . M
lim [ = inf [ = (o’ > 0. 2.20
Jim Iy (un) = inf 1(v) = co > (220)
Let us first show that {u, } is bounded in E,. Arguing indirectly, up to a subsequence ||u,||g, —
oo and set v,;, = W Then {v,} is bounded in E,. So, in view of Lemma 2.2, we may assume
that
v, — vin E,, v, — v a.e. RN and v, — v in L1(RY) for g € [2, p*). (2.21)
Since ||un||g, 0, + ||unl||g, 0y = un € My, by Lemma 2.5,
ty(vn) = s—(on) = |[un]]E,-
Therefore, for all t > 0 and n € IN,
Iy(un) = Iy(llunlle,on) = Iy(t+ (0n)vg +5-(0n)0,) = o, (t1(vn),5-(vn))
2 btt
> @y, (tt) = I(to,) = 7+ T[vn]ﬁ — /RNF(x,y, tv,)dxdy
t2
> 5~ /IRN F(x,y, tv,)dxdy. (2.22)

If v = 0, then (2.20)-(2.22) and Fatou’s lemma imply

2
M > % forall t > 0, (2.23)

which is an absurd and hence v # 0. Thus |Qy| > 0, where Qg = {(x,v) : v(x,y) # 0}.

Dividing I (i) by ||un||}, and using (2.21), (f3) and Fatou’s lemma, we entail
0= lim Ib(un) < é_ hmian(x/y/HunHEavn)

4
< vidxdy = —oo.
o [l =4 Joy e (luallgon)t Y

which is impossible and consequently {u,} is bounded in E,. Then u, — u; in E,. From
Lemma 2.6, we infer that ubjE # 0. By Lemma 2.4, there exist t1,s_ > 0 such that t+u; +s_u, €

My, and
(I(tyu) +s_uy ), uif) =0.
Since u,, — uy and u, € My, from (2.18) and Fatou’s Lemma, we deduce that
(Ij(ap) 1) < T in(1} (1), 1) = 0.
Similar to the analysis above, we see that t,,s_ < 1. It follows from (f;) and (2.18)-(2.19) that
Ml < Ip(tyu +s_uy)

1
= Ip(truy +su) = (I (teu] +sowy) b +souy)

1 _ 1
- ZLHt*ul;L +s_uy ||E, + /]RN (Zf(x,y, tuf ) tyu — F(x,y, t+u;r)) dxdy

1 _ _ _
+/RN <Zf(x,y,s_ub )s—uy, — F(x,y,s-u, )) dxdy
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IN

sl [ (G owmi ot = Feoyu) ) ddy
1 L _
+/]RN <Zf(x,y,ub )u,, —F(x,y,ub)> dxdy
= gl [, (370w s = Flry,m) ) ddy
< hmmf{ ||”Vl||Ea+/ ( (x,y, un)u n—F(x,y,un)) dxdy}
o 1
— timinf | 1n) = 0 oe) )| = 21

This yields I(tyu; +s_u, ) = cte, Arguing as in the proof of Claim 1, we derive that t, =
s_ =1,and so

Iy (up) = vgflb Iy(v).

Now, we show that I;(u;) = 0. Suppose by contradiction that Ij(u,) # 0. Then, by the
continuity of I, there exist v, ¢ > 0 such that

|1, (v)|| > v for all v € E, with ||v — u]|g, < 3. (2.24)

Let0 < a; <1< a, witha, —a; < and D = (ay,4a3) X (a1,a;). Define the function

¢

_ V2|[up|l,
Yp(t,s) = tuf +suy .

Then I(7,(1,1)) = 2t and by Lemma 2.5, I;(7(t,s)) < X for all (t,s) € D\{(1,1)}.

Therefore

= I Mo, 2.25
@ X p(7(ts)) <c (2.25)

M
In view of (2.24) and [28, Lemma 2.3], for ¢ < min {%, Coo bz‘o} , there exists 1 € C([0,1] x
E,, Ey) verifying

1) q(t,v):vifvglb_l([coo — 2¢, coob+2£])
n2) I(n(1,0)) < cile — ¢ for all v € E, with ||l —up||g, < o0and [(v) < Ay
n3) Iy(n(1,v) < I,(n(0,v)) = I(v) for all v € E,.

We claim that

max_I,(17(1, 75 (t,5)) < &', (2.26)
(t,5)eD
Note that
Io(7p(t,s)) < c5" + ¢ for all (t5) € D
and

175 (t,5) — upl[F, = |1t = Dy + (s = Dl |,
< 2(ap — m)?[|up|[7, < 0%
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which yields ||v,(t,8) — uy||g, < o for all (t,s) € D. Therefore, (172) implies I,(17(1,v,(t,s)))

X — ¢, and hence (2.26) holds.
Now, we show that
(L 7(D)) N My # @. (2.27)
Let
Co(t,s) = (1, 7(t5)),
polts) = ((L(v(t,9)) u)), (Tp(u(t s)) uy)
= (93(4,5),93(1,5))
and
1,, o1, _
05) = (U@, @t ) ), LG9, @l65) ) ).
By direct computation
a;’;0(1 1) = |[|u) ||z, +3blu Ja +8bZ (), uy )12 + bluf 12[u, 12 +4bZ (u), uy)
(2.28)

Gy ) Py

and

Pl _ N
%0 (L1) = 4bZ(u),uy )[u) )3 +6bZ(u), uy )uy 13 +2b[u 13, |5 +8bZ (), uy )?
(2.29)

+2Z(u),uy ).

From (I; (u +u, ), u;) = 0, we entail
[y 113, + bl 1a +46Z (uf ) ) [ 17 +20Z () [y 12

/]RN floy,ufufdedy =
bl 2 uy 12+ 4bZ(u, uy )2+ 2Z (uf ). (2.30)
By (fs1), we see that
f'(x,y, )t > 3f(x,y,t)t for all (x,y) € RN and ¢ # 0. (2.31)
Combining (2.28) and (2.30)-(2.31), we obtain
84)0 —=0(1,1) > 2| |u;||,2;a Jr419Z(u;,ub_)[uzr]fé + 6bZ(u;, ub_)[ub_]i + 2b[uyf 15 [u;, 12
(2.32)

ot
+80Z (), uy )+ 6Z(uf, uy ).

Similarly, we have
uy 1 + 260 13 [uy 15+ 8bZ (uf, uy )?

D00,1) = 6z (uf )l B+ 402 ;)|
127 (uf, uy) (2.33)
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and
o2 _ _ N _
—= (L) > 2wy R, +6bZ(uy ) )[uy 1; +4bZ (), ) [1 T3 + 26 [ T3 o T2
+8bZ(ujf, uy )* + 6Z(uf,uy). (2.34)
From (2.29) and (2.32)-(2.34), we deduce

9%

1 2 2
2 (L1) > E%ﬂ(m) and — %(1,1) > %(1,1).

0s 0s ot
Therefore
Jac(o)(1,1) > 0.
Note that (1,1) is the unique pre-image of (0,0) by ¢, thus (1,1) is the unique regular point
of ¢o. By the Brouwer degree theory,
deg(¢o, D, (0,0)) = sign(Jac(¢o)(1,1)) = 1. (2.35)
By (2.25), we know that for all (¢,s) € 9D,

Ib(’)/b(t,S)) <w< Cé\o/lb — 2e.
This together with (171) gives 7(1,v,(t,s))) = ¥u(t,s) for all (¢,s) € 0D. Hence
deg(¢1,D, (0,0)) = deg(¢o, D, (0,0)) =1, (2.36)
from which ¢4 (to, sg) = (0,0) for some (tg,sg) € D. Consequently

1(L vp(to,50)) = Culto,s0) € My,
but this contradicts (2.26). We conclude that u; is a critical point of I and so it is a sign-
changing solution of (1.1).
Proof of Theorem 1.2. We split the proof into three steps.
Step 1. For given sequence of positive reals b, \, 0, the sequence {uy, } is bounded in E,. In
fact, choose & € CF°(RVN) such that && # 0. Then, using (f3) — (f1), for any b € (0,1], we can
tind t1,s1 > 0 independent of b such that

(Iy(héy +5180), 0185 ) <0 and (L(h&5 +s1y),818, ) <O (2.37)
Moreover, in view of Lemma 2.4, there is a unique pair of positive reals (f,,s,) such that
Cp = tbt1€8_ + Sbsléo_ e M,. (2.38)

By (2.37) and similar arguments as those used in Claim 1, we can show that f,,s, € (0,1].
According to (f1) — (f2), for some Cq,Cp > 0 we have

|f(x,y,)t], [F(x,y,t)| < Ci|t]> 4+ C|t|? for all (x,y,t) € RN x R. (2.39)
Furthermore, using (f), we can infer that
%f(x,y,t)t — F(x,y,t) > 0forall (x,y,t) € RN x R.

Therefore

1 1
Z||ubn||%a < Ibn(ubn)—zlﬂén(ubn)zubn)=1bn(ubn)
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< Iy, (@) = 1o, (@) — {0, (E0). )

1 1
= llenl [ (8,8, — B(x,y, 8, )dxdy
< Ingf IR, + ol +Co [ (Ingd P+ lsigg ) dxdy

+Cp /]RN (|11 + [s125 |P) dxdy
— K, (2.40)

Hence {uy, } is bounded in E,.
Step 2. Equation (1.4) admits a sign-changing solution ug. Since {uy, } is bounded in E,, up
toa subsequence, we may assume that

Up, — UQ in E,
up, — up in L1(RYN) for all g € [2, p*) (2.41)
Up, — Up a.e. in RN,

Noticing that u;, is a solution of (1.1), for all v € C(RN) we have
(1 + bn[ubn]§> /]RN ((—Ax) up, (—Ax)2v + Vyubnvyv> dxdy + /]RN V(x,y)up,vdxdy

o S

Letting n — oo, from (2.41) we get

/]RN ((—Ax)%uo(—Ax)%v + Vyuovyv) dxdy + /]RN V(x,y)upvdxdy = /]RN f(x,y,ug)vdxdy,
which means that ug is a solution of (1.4). In addition, we have
|[1p, — uol|E, = (I, (up,) — Ip(uo), up, — o)

—bn[up, | /IRN ((—Ax)%”bn(—Ax)%(”bn — 1) + Vyup, Vy (up, — u0)> dxdy

— [ UG 0) = £y, 10, (15, — o). 242)

Then with the aid of Lemma 2.2 and (2.39), we conclude that ||u;, — ug||« — 0. By Lemma 2.6,
we have u§ # 0. Hence uy is a sign-changing solution of (1.4).

Step 3. 1y is a list energy solution of (1.1). Similar to the proof of Theorem 1.1, equation
(1.4) admits a list energy sign-changing solution vy. By Lemma 2.4, there exists a unique pair
of positive reals (t;,,sp,) € (0,00)? such that t, vf + 5, v, € M,,. We claim that #,, — 1 and
sp, — 1. In fact, since t;, v§ + sp,0, € My, ,

by (tin [vf 1z + st [vg 13 + thnsan(vg,vO_)) (tin [vg 12 + 2tbnsan(vg,vo_)) (2.43)

+ 8 o 12+ 210,80, 200, 0) + [ VICey) (b, 08y = [ Fx,y, b, 08,0 dady

NI=
IR
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and

by (tin [vf 1z + st [vg ]2 + thnsb”Z(vaL,vg)> (s%n [0y 12 + thnsan(var,va)) (2.44)

+ sﬁn [vg]i + 2ty sp, Z(vg ,vg ) + /]RN V(x,y)(sbnvo_)zdxdy = /]RNf(x, Y, Sp,Vq )5, Vo Axdy.

Therefore, using (f4) and the convergence of {b,}, we see that {t; } and {s;,} are bounded.
Hence, up to a subsequences, we may assume that t;, — ty and s;, — so. It holds from
(2.43)-(2.44) that

t5[od 12 + 2tesoZ(vg, vy ) + /]RN V(x,y)(tovg )*dxdy = /IRN f(x,y, tovg ) tovg dxdy (2.45)
and
sélvg 12 + 2tes0Z(vg, vy ) + /]RN V(x,y)(sovy )2dxdy = /]RNf(x, Y,800, )Sov, dxdy.  (2.46)

Recalling that vy is a solution of (1.4), we write

[v(ﬂi +2Z(vg, vy ) + /]RN V(x,y)(var)zdxdy = /]RN f(x,y,08 ) vy dxdy (2.47)
and
[vg]i + 2Z(08“,05) + /]RN V(x,y)(vo_)zdxdy = /IRN f(x,y,vq vy dxdy. (2.48)

By virtue of (f1) and (2.43)-(2.44), it can be shown that fy,sp > 0. So, arguing as in the proof of
Claim 1, from (2.45)-(2.48), we obtain ty = sy = 1. Then

Io(vo) < Io(uo) = lim I, (up,) < lim I, (ty, 04 + 8,09 ) = lo(vg +v) = lo(vo).

Consequently Iy(u9) = Ip(vp). The proof of Theorem 1.2 is now finished.
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