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Abstract. In this paper, we investigate the existence of sign-changing solutions for the following class of
fractional Kirchhoff type equations with potential(

1 + b[u]2α
) (

(−∆x)
αu− ∆yu

)
+ V(x, y)u = f (x, y, u), (x, y) ∈ RN = Rn ×Rm,

where [u]α =
(∫

RN

(
|(−∆x)

α
2 u|2 + |∇yu|2

)
dxdy

) 1
2 . Based on variational approach and a variant of the

quantitative strain lemma, for each b > 0, we show the existence of a least energy nodal solution ub. In
addition, a convergence property of ub as b↘ 0 is established.
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1. Introduction and main result

Consider the following Kirchhoff equation involving BO-ZK operator(
1 + b[u]2α

) (
(−∆x)

αu− ∆yu
)
+ V(x, y)u = f (x, y, u), (x, y) ∈ RN = Rn ×Rm, (1.1)
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where [u]α =
(∫

RN

(
|(−∆x)

α
2 u|2 + |∇yu|2

)
dxdy

) 1
2 , α ∈ (0, 1), n, m ≥ 1, (−∆x)α denotes the

fractional Laplacian in x which is defined via the Fourier transform by ̂(−∆x)αu(X, Y) =
|X|2αû(X, Y), where û is the Fourier transform of u; if u is smooth enough, it can be expressed
by

(−∆x)
αu(x, y) = CN,sP.V.

∫
Rn

u(x, y)− u(z, y)
|x− z|n+2α

dz, (x, y) ∈ RN,

with CN,α is a normalization positive constant and P.V. stands for the Cauchy principal value;
V ∈ C(RN, R) and f ∈ C1(RN ×R, R).

Because of the presence of the coefficient (1 + b[u]2α), equation (1.1) is nonlocal in the sense
that is not a pointwise identity. This phenomenon produces new mathematical complications
and so makes the study of such type of equations especially interesting. Furthermore, equation
(1.1) is closely a fractional version related to the following hyperbolic equation

ρ
∂2u
∂t2 −

(
ρ0

h
+

E
2L

∫ L

0

∣∣∣∣∂u
∂x

∣∣∣∣2 dx

)
∂2u
∂x2 = 0, (1.2)

which was initially introduced by Kirchhoff [16] as a generalization of the classical D’Alembert’s
wave equation taking into consideration the change of the length of the strings produced by
transverse vibrations. For additional discussions and physical phenomena described by non-
linear vibration theory, we mention [21].

On the other hand, for b = 0, V ≡ 1 and f (u) = up, equation ( 1.1) goes back to the study of
solitary waves of the generalized Benjamin-Ono-Zakharov-Kuznetsov equation

ut + ∂x1

(
(−∆x)

αu− ∆yu + up) = 0 (x, y) ∈ Rn ×Rm, (1.3)

see [25] for some local and global well-posedness results on this equation in the case m = n = 1.
The anisotropic operator (−∆x)αu − ∆yu has appeared in the study of toy models parabolic
equations for which local diffusions occur only in certain directions and nonlocal diffusions.
It models diffusion sensible to the direction in the Brownian and Lévy-Itô processes. Some
results concerning regularity and rigidity properties of this operator can be found in [2, 11].
Recently, equation (1.1) was studied in [9] when b = 0 and f (x, y, u) = f (u). Exploiting some
original arguments in [3, 4, 5], the author obtained a least energy sign-changing solution for
(1.1) via the constrained minimization on a suitable Nehari manifolds.

Differential equations involving fractional Laplacian (isotropic) operator have attracted spe-
cial attention due to their significant applications in many fields such as the thin obstacle
problem, soft thin films, optimization, finance, phase transitions, anomalous diffusion, strat-
ified materials, crystal dislocation, semipermeable membranes, flame propagation and ultra-
relativistic limits of quantum mechanics, we refer to [1, 6, 7, 12, 17]. In particular, several stud-
ies have explored the existence and multiplicity of solutions for fractional problems through
the use of different tools and techniques of nonlinear analysis, see e.g., [13, 20, 14, 27].

During the last few decades, the fractional of Kirchhoff-type problems have been investi-
gated by many researchers, we can list here [15, 22, 24, 26]. However, as far as we know,
except [18, 19], there are no papers that consider the existence of solutions for a Kirchhoff-
type equation with an operator containing local and nonlocal diffusions. Influenced by the
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works mentioned above, in the present paper we first establish the existence of a least energy
sign-changing solution for any parameter b > 0, making use of a minimization method on the
nodal Nehari manifold and a modified Miranda’s theorem. After that, we give a convergence
property of solution obtained as b→ 0.

To state our results, we assume that f ∈ C1(RN ×R, R) and

( f1) lim
t→0

f (x, y, t)
|t|3 = 0 uniformly in (x, y) ∈ RN;

( f2) lim
|t|→∞

f (x, y, t)
|t|p−1 = 0 uniformly in (x, y) ∈ RN, for some p ∈ (2, p∗) where p∗ := 2(n+mα)

n+(m−2)α ;

( f3) lim
|t|→∞

F(x, y, t)
t4 = +∞ uniformly in (x, y) ∈ RN, where F(x, y, t) =

∫ t
0 f (x, y, τ)dτ;

( f4) For all (x, y) ∈ RN, the function t 7→ f (x,y,t)
|t|3 is nondecreasing in R\{0}.

For the potential V, we assume that V : RN → R is continuous and verifies:
(V1) inf

(x,y)∈RN
V(x, y) =: V0 > 0. Moreover, there exists d > 0 such that

lim
|z|→+∞

|{(x, y) ∈ B(z, d) : V(x, y) ≤ M}| = 0 for all M > 0.

Remark 1.1. By ( f1) and ( f4), F(x, y, t) ≥ 0 for all (x, y, t) ∈ RN ×R.

Due the dependence of potential, let us first recall our suitable working Sobolev space. Let
Hα(RN) be the fractional Sobolev-Liouville space

Hα(RN) =

{
u ∈ L2(RN) :

∫
RN

(
|(−∆x)

α
2 u|2 + |∇yu|2 + u2

)
dxdy < ∞

}
with the norm

||u||Hα =

(∫
RN

(
|(−∆x)

α
2 u|2 + |∇yu|2 + u2

)
dxdy

) 1
2

.

The homogeneous fractional Sobolev-Liouville space Dα(RN) is defined by

Dα(RN) = {u ∈ L2(RN) : [u]α < ∞},
where

[u]α =

(∫
RN

(
|(−∆x)

α
2 u|2 + |∇yu|2

)
dxdy

) 1
2

.

We search the solutions in the following subspace

Eα =

{
u ∈ Dα(RN) :

∫
RN

V(x, y)dxdy < ∞
}

,

endowed with the inner product

(u, v)Eα =
∫

RN

(
(−∆x)

α
2 u(−∆x)

α
2 v +∇yu∇yv

)
dxdy +

∫
RN

V(x, y)uvdxdy
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and its related norm
||u||Eα = (u, u)

1
2
Eα

.
A function u ∈ Eα is called weak solution of (1.1) if(

1 + b[u]2α
) ∫

RN

(
(−∆x)

α
2 u(−∆x)

α
2 v +∇yu∇yv

)
dxdy +

∫
RN

V(x, y)uvdxdy

=
∫

RN
f (x, y, u)vdxdy, for all v ∈ Eα,

A sign-changing solution of (1.1) is a weak solution u ∈ Eα satisfying u± 6= 0, where

u+ = max(u, 0) and u− = min(u, 0).

The main results can be described by the following two theorems.

Theorem 1.1. Assume that (V1) and ( f1) − ( f4) hold. Then equation (1.1) admits a least energy
sign-changing solution ub.

Theorem 1.2. Assume that (V1) and ( f1) − ( f4) hold. Then, for any real sequence {bn} satisfying
bn → 0, up to a subsequence ubn → u0 in Eα, where u0 is a least energy sign-changing solution for the
following equation

(−∆x)
αu− ∆yu + V(x, y)u = f (x, y, u), (x, y) ∈ RN = Rn ×Rm, (1.4)

2. Auxiliary Results and Proof of main theorems

In this section, we give some preliminary results for the proof of Theorems 1.1 and 1.2.

Lemma 2.1 ([10]). The fractional Sobolev-Liouville space Hα(RN) is continuously embedded into
Lq(RN) for q ∈ [2, p∗]; and is compactly embedded into Lq(RN) for q ∈ (2, p∗).

According to the previous lemma, we have the next result (see [9, Lemma 2.1]).

Lemma 2.2 ([9]). Assume that (V1) holds. Then Eα is continuously embedded into Lq(RN) for q ∈
[2, p∗]; and compactly embedded into Lq(RN) for q ∈ [2, p∗);

Obviously, the energy functional associated to (1.1) defined on Eα by

Ib(u) =
1
2
||u||2Eα

+
b
4
[u]4α −

∫
RN

F(x, y, u)dxdy,

is of class C1 and its critical points are solutions of (1.1). When b = 0, Ib = I0 is the corre-
sponding functional to equation (1.4).

To discus the existence of sign-changing solutions, we follow some original arguments in
[3, 4, 5]. More precisely, we will minimize the functional Ib on the nodal set

Mb =
{

u ∈ Nb : u± 6= 0, 〈I′b(u), u+〉 = 〈I′b(u), u−〉 = 0
}

,

where
Nb =

{
u ∈ Eα\{0} : 〈I′b(u), u〉 = 0

}
.

The following modified Miranda’s theorem [23] (see[8, Lemma 2.3]) will be used to establish
some results onMb.
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Lemma 2.3 ([9]). Let G = {z = (z1, z2, . . . , zN) ∈ RN : r < zi < R for i = 1, . . . , N}. Assume that
the mapping G = (G1, G2, . . . , GN) : G → RN is continuous such that G(z) 6= 0 for all z ∈ ∂G, and

Gi(z1, z2, . . . , zi−1, r, zi+1, . . . , zN) ≥ 0 for i = 1, . . . , N,

Gi(z1, z2, . . . , zi−1, R, zi+1, . . . , zN) ≤ 0 for i = 1, . . . , N.

Then equation G(z) = 0 has a solution in G.

Lemma 2.4. Assume that (V1) and ( f1)− ( f4) hold. Then for any u ∈ Eα with u± 6= 0, there exists a
unique pair of positive reals (tu, su) such that tuu+ + suu− ∈ Mb.

Proof. For u ∈ Eα with u± 6= 0, define vector field Ψ : [0, ∞)2 → R2 by

Ψ(t, s) =
(
〈I′b(tu+ + s−u−), tu+〉, 〈I′b(tu+ + s−u−), su−〉

)
.

We notice that
[tu+ + su−]2α = t2[u+]2α + s2[u−]2α + 2tsZ(u+, u−) (2.1)

and ∫
R2n+m

((tu+ + su−)(x, y)− (tu+ + su−)(z, y))t(u+(x, y)− u+(z, y))
|x− z|n+2α

dxdzdy

+
∫

RN
|∇y(tu+)|2dxdy = t2[u+]2α + 2tsZ(u+, u−), (2.2)

where

Z(u+, u−) = −
∫

R2n+m

u+(x, y)u−(z, y) + u−(x, y)u+(z, y)
|x− z|n+2α

dxdzdy ≥ 0,

By a direct computation, we derive

〈I′b(tu+ + s−u−), tu+〉 = b
(

t2[u+]2α + s2[u−]2α + 2tsZ(u+, u−)
) (

t2[u+]2α + 2tsZ(u+, u−)
)

+ t2[u+]2α + 2tsZ(u+, u−) +
∫

RN
V(x, y)(tu+)2dxdy

−
∫

RN
f (x, y, tu+)tu+dxdy

= bt4[u+]4α + 3bt3s[u+]2αZ(u+, u−) + bt2s2[u+]2α[u
−]2α + 4bt2s2Z(u+, u−)2

+ t2[u+]2α + 2bts3[u−]2αZ(u+, u−) + 2tsZ(u+, u−)

+ t2
∫

RN
V(x, y)(u+)2dxdy−

∫
RN

f (x, y, tu+)tu+dxdy. (2.3)

From ( f1)− ( f2), for given ε, there exists Cε > 0 such that

| f (x, y, t)t| ≤ εt2 + Cε|t|p∗ for all t ∈ R. (2.4)

Choosing ε < [u+]2α
2||u+||2

L2(RN )

, it follows from (2.3)-(2.4) that

〈I′b(tu+ + su−), tu+〉 > bt4[u+]4α + 3bt3s[u+]2αZ(u+, u−) + bt2s2[u+]2α[u
−]2α + 4bt2s2Z(u+, u−)2

+ 2bts3[u−]2αZ(u+, u−) + 2tsZ(u+, u−)
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+ t2
∫

RN
V(x, y)(u+)2dxdy +

t2

2
[u+]2α − C1tp∗||u+||p

∗

Lp∗(RN)

>
t2

2
[u+]2α − C1tp∗||u+||p

∗

Lp∗(RN)
. (2.5)

On the other hand, for some ρ > 0, we have |Ω+
ρ | > 0, where Ω+

ρ := {(x, y) ∈ RN : u+(x, y) >

ρ}. By ( f3), for A > 2b[u+]4α∫
Ω+

ρ
(u+)4dxdy , there exists T > 0 such that

f (x, y, t)
t3 > A for all t > T and (x, y) ∈ RN.

This and ( f4) imply that for all t > T
ρ ,∫

RN
f (x, y, tu+)tu+dxdy ≥

∫
Ω+

ρ

f (x, y, tu+)

(tu+)3 (tu+)4dxdy > 2bt4[u+]4α.

Therefore, by (2.3) we get

〈I′b(tu+ + su−), tu+〉 < −bt4[u+]4α + 3bt3s[u+]2αZ(u+, u−) + bt2s2[u+]2α[u
−]2α + 4bt2s2Z(u+, u−)2

+ t2[u+]2α + 2bts3[u−]2αZ(u+, u−) + 2tsZ(u+, u−)

+ t2
∫

RN
V(x, y)(u+)2dxdy. (2.6)

Similarly, for some C2 > 0 we have

〈I′b(tu+ + su−), su−〉 > s2

2
[u−]2α − C2sp∗||u−||p

∗

Lp∗(RN)
. (2.7)

and for s sufficiently large,

〈I′b(tu+ + su−), su−〉 < −bs4[u−]4α + 3bts3[u−]2αZ(u+, u−) + bt2s2[u+]2α[u
−]2α + 4bt2s2Z(u+, u−)2

+ s2[u−]2α + 2bt3s[u+]2αZ(u+, u−) + 2tsZ(u+, u−)

+ s2
∫

RN
V(x, y)(u−)2dxdy. (2.8)

By (2.5)-(2.8), we can find 0 < r < R such that

〈I′b(ru+ + su−), ru+〉 > 0, 〈I′b(tu+ + ru−), ru−〉 > 0 for all t, s ∈ [r, R] (2.9)

and
I′b(Ru+ + su−), Ru+〉 < 0, I′b(tu

+ + Ru−), Ru−〉 < 0 for all t, s ∈ [r, R]. (2.10)
Hence, applying Lemma 2.3, there exist tu, su ∈ [r, R] such that Ψ(tu, su) = 0, which means
that tuu+ + suu− ∈ Mb. Let us now show the uniqueness of (tu, su).

Case 1: u ∈ Mb. Since u = u+ + u−,

b
(
[u+]2α + [u−]2α + 2Z(u+, u−)

) (
[u+]2α + 2Z(u+, u−)

)
+ [u+]2α + 2Z(u+, u−)

+
∫

RN
V(x, y)(u+)2dxdy =

∫
RN

f (x, y, u+)u+dxdy (2.11)
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and

b
(
[u+]2α + [u−]2α + 2Z(u+, u−)

) (
[u−]2α + 2Z(u+, u−)

)
+ [u−]2α + 2Z(u+, u−)

+
∫

RN
V(x, y)(u−)2dxdy =

∫
RN

f (x, y, u−)u−dxdy. (2.12)

Claim 1. Let t0, s0 > 0 such that t0u+ + s0u− ∈ Mb. Then t0 = s0 = 1.

In fact, we have

b
(

t2
0[u

+]2α + s2
0[u
−]2α + 2t0s0Z(u+, u−)

) (
t2
0[u

+]2α + 2t0s0Z(u+, u−)
)
+ t2

0[u
+]2α + 2t0s0Z(u+, u−)

+
∫

RN
V(x, y)(t0u+)2dxdy =

∫
RN

f (x, y, t0u+)t0u+dxdy (2.13)

and

b
(

t2
0[u

+]2α + s2
0[u
−]2α + 2t0s0Z(u+, u−)

) (
s2

0[u
−]2α + 2t0s0Z(u+, u−)

)
+ s2

0[u
−]2α + 2t0s0Z(u+, u−)

+
∫

RN
V(x, y)(s0u−)2dxdy =

∫
RN

f (x, y, s0u−)s0u−dxdy. (2.14)

If we assume for example that t0 ≤ s0, it follows from (2.13) that

bt4
0

(
[u+]2α + [u−]2α + 2Z(u+, u−)

) (
[u+]2α + 2Z(u+, u−)

)
+ t2

0

(
[u+]2α + 2Z(u+, u−)

)
+ t2

0

∫
RN

V(x, y)(u+)2dxdy ≤
∫

RN
f (x, y, t0u+)t0u+dxdy. (2.15)

Combining (2.11) and (2.15), we immediately obtain(
1− 1

t2
0

)(
[u+]2α + 2Z(u+, u−) +

∫
RN

V(x, y)(u+)2dxdy
)

≥
∫

RN

(
f (x, y, u+)

(u+)3 − f (x, y, t0u+)

(t0u+)3

)
(u+)4dxdy. (2.16)

If t0 < 1, by ( f4) and (2.16), we get a contradiction. Then s0 ≥ t0 ≥ 1. Analogously, from (2.12),
(2.14) and ( f4), we have t0 ≤ s0 ≤ 1. Then, we deduce that t0 = s0 = 1.

Case 2: u 6∈ Mb. Let (t1, s1) and (t2, s2) be two pair of positive reals such that

v1 := t1u+ + s1u− ∈ Mb and v2 := t2u+ + s2u− ∈ Mb.

Then v±1 6= 0 and
t2

t1
v+1 +

s2

s1
v−1 = v2 ∈ Mb.

Since v1 ∈ Mb, it follows from Claim 1 that t2
t1

= s2
s1

= 1, i.e., t1 = t2 and s1 = s2. The
uniqueness is now achieved.

For u ∈ Eα with u± 6= 0, we define the function ϕu : [0, ∞)× [0, ∞)→ R as follows

ϕu(t, s) = Ib(tu+ + su−).
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Lemma 2.5. Assume that (V1) and ( f1)− ( f4) hold. For any u ∈ Eα with u± 6= 0, the function ϕu
has a unique global maximum (t+, s−) = (t+(u), s−(u)) := (tu, su), where the pair (tu, su) is given
by Lemma 2.4.

Proof. Let Ω±0 := {(x, y) ∈ RN : u±(x, y) 6= 0}. Then |Ω±0 | > 0 and

ϕu(t, s) =
1
2
||tu+ + su−||2Eα

+
b
4
[tu+ + su−]4α −

∫
RN

F(x, y, tu+ + su−)dxdy

=
t2

2
||u+||2Eα

+
s2

2
||u−||2Eα

+ tsZ(u+, u−) +
b
4
[tu+ + su−]4α −

∫
RN

(F(x, y, tu+ + su−)dxdy

=
t2

2
||u+||2Eα

+
s2

2
||u−||2Eα

+ tsZ(u+, u−) +
b
4

(
t2[u+]2α + s2[u−]2α + 2tsZ(u+, u−)

)2

−
∫

Ω+
0

F(x, y, tu+)dxdy−
∫

Ω−0
F(x, y, su−)dxdy

≤ (t2 + s2)

(
1
2
||u+||2Eα

+
1
2
||u−||2Eα

+ Z(u+, u−)
)

+
b(t2 + s2)2

4

(
[u+]2α + [u−]2α + Z(u+, u−)

)2

−
∫

Ω+
0

F(x, y, tu+)dxdy−
∫

Ω−0
F(x, y, su−)dxdy.

Thus
ϕu(t, s)
(t2 + s2)2 ≤ 1

t2 + s2

(
1
2
||u+||2Eα

+
1
2
||u−||2Eα

+ Z(u+, u−)
)
+

b
4

(
[u+]2α + [u−]2α + Z(u+, u−)

)2

− t4

(t2 + s2)2

∫
Ω+

0

F(x, y, tu+)

(tu+)4 (u+)4dxdy− s4

(t2 + s2)2

∫
Ω−0

F(x, y, su−)
(su−)4 (u−)4dxdy.

(2.17)

Observing that
t4

(t2 + s2)2 ≥
1
4

if t ≥ s and
s4

(t2 + s2)2 ≥
1
4

if t ≤ s,

it follows from (2.17), ( f3) and Fatou’s lemma that

lim sup
|(t,s)|→∞

t≥s

ϕu(t, s)
(t2 + s2)2 ≤ b

4

(
[u+]2α + [u−]2α + Z(u+, u−)

)2

−1
4

∫
Ω+

0

lim inf
t→+∞

F(x, y, tu+)

(tu+)4 (u+)4dxdy = −∞

and

lim sup
|(t,s)|→∞

s≥t

ϕu(t, s)
(t2 + s2)2 ≤ b

4

(
[u+]2α + [u−]2α + Z(u+, u−)

)2
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−1
4

∫
Ω−0

lim inf
s→+∞

F(x, y, tu−)
(su−)4 (u−)4dxdy = −∞.

Hence, ϕu(t, s) → −∞ as |(t, s)| → ∞. By the continuity, we conclude that ϕu admits a global
maximum (t̂, ŝ) ∈ [0, ∞)2. Note that [tu+]2α + [su−]2α ≤ [tu+ + su−]2α and∫

RN
F(x, y, tu+ + su−)dxdy =

∫
RN

F(x, y, tu+)dxdy +
∫

RN
F(x, y, su−)dxdy.

Thus

ϕu(t, 0) + ϕu(0, s) = Ib(tu+) + Ib(su−) ≤ Ib(tu+ + su−) = ϕu(t, s) for all t, s ≥ 0.

This together with the fact that max
t≥0

ϕu(t, 0), max
s≥0

ϕu(0, s) > 0 gives

max
t≥0

ϕu(t, 0) < max
t,s≥0

ϕu(t, s) = ϕu(t̂, ŝ) and max
s≥0

ϕu(0, s) < max
t,s≥0

ϕu(t, s) = ϕu(t̂, ŝ),

which proves that t̂, ŝ > 0. Consequently (t̂, ŝ) is a critical point with positive coordinates.
From Lemma 2.4, we conclude that (t̂, ŝ) = (tu, su), and hence (t+, s−) := (tu, su) is a unique
global maximum, the proof is complete.

Lemma 2.6. Assume that (V1) and ( f1)− ( f4). For any {un} ⊂ Mb, if un ⇀ u weakly in Eα, then
u± 6= 0.

Proof. For all v ∈ Mb, we have

||v±||2Eα
≤
∫

RN
f (x, y, v±)v±dxdy

By ( f1)− ( f2) and Lemma 2.2, for ε > 0, there exists Cε, such that

||v±||2Eα
≤ εV−1

0 ||v
±||2Eα

+ CCε||v±||p
∗

Eα
.

Letting ε < V0, we get

||v±||Eα ≥ δ :=

(
1− εV−1

0
CCε

) 1
p∗−2

.

Let {un} ⊂ Mb such that un ⇀ u weakly in Eα. Then∫
RN

f (x, y, u±n )u
±
n dxdy ≥ δ for all n ∈N.

According to ( f1)− ( f2), we see that

lim
n→∞

∫
RN

f (x, y, u±n )u
±
n dxdy =

∫
RN

f (x, y, u±)u±dxdy, (2.18)

lim
n→∞

∫
RN

F(x, y, u±n )dxdy =
∫

RN
F(x, y, u±)dxdy. (2.19)

Thus ∫
RN

f (x, y, u±)u±dxdy ≥ δ > 0,

which yields that u± 6= 0.
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Proof of Theorem 1.1. Let {un} ⊂ Mb be a minimizing sequence of Ib, that is

lim
n→∞

Ib(un) = inf
v∈Mb

Ib(v) = cMb
∞ > 0. (2.20)

Let us first show that {un} is bounded in Eα. Arguing indirectly, up to a subsequence ||un||Eα →
∞ and set vn = un

||un||Eα
. Then {vn} is bounded in Eα. So, in view of Lemma 2.2, we may assume

that
vn ⇀ v in Eα, vn → v a.e. RN and vn → v in Lq(RN) for q ∈ [2, p∗). (2.21)

Since ||un||Eα v+n + ||un||Eα v−n = un ∈ Mb, by Lemma 2.5,

t+(vn) = s−(vn) = ||un||Eα .

Therefore, for all t > 0 and n ∈N,

Ib(un) = Ib(||un||Eα vn) = Ib(t+(vn)v+n + s−(vn)v−n ) = ϕvn(t+(vn), s−(vn))

≥ ϕvn(t, t) = Ib(tvn) =
t2

2
+

bt4

4
[vn]

4
α −

∫
RN

F(x, y, tvn)dxdy

≥ t2

2
−
∫

RN
F(x, y, tvn)dxdy. (2.22)

If v = 0, then (2.20)-(2.22) and Fatou’s lemma imply

cMb
∞ ≥ t2

2
for all t > 0, (2.23)

which is an absurd and hence v 6= 0. Thus |Ω0| > 0, where Ω0 = {(x, y) : v(x, y) 6= 0}.
Dividing Ib(un) by ||un||4Eα

and using (2.21), ( f3) and Fatou’s lemma, we entail

0 = lim
n→∞

Ib(un)

||un||4Eα

≤ b
4
−
∫

Ω0

lim inf
n→∞

F(x, y, ||un||Eα vn)

(||un||Eα vn)4 v4
ndxdy = −∞.

which is impossible and consequently {un} is bounded in Eα. Then un ⇀ ub in Eα. From
Lemma 2.6, we infer that u±b 6= 0. By Lemma 2.4, there exist t+, s− > 0 such that t+u+

b + s−u−b ∈
Mb and

〈I′b(t+u+
b + s−u−b ), u±b 〉 = 0.

Since un ⇀ ub and un ∈ Mb, from (2.18) and Fatou’s Lemma, we deduce that

〈I′b(ub), u±b 〉 ≤ lim inf
n→∞

〈I′b(un), u±n 〉 = 0.

Similar to the analysis above, we see that t+, s− ≤ 1. It follows from ( f4) and (2.18)-(2.19) that

cMb
∞ ≤ Ib(t+u+

b + s−u−b )

= Ib(t+u+
b + s−u−b )−

1
4
〈I′b(t+u+

b + s−u−b ), t+u+
b + s−u−b 〉

=
1
4
||t+u+

b + s−u−b ||
2
Eα

+
∫

RN

(
1
4

f (x, y, t+u+
b )t+u+

b − F(x, y, t+u+
b )

)
dxdy

+
∫

RN

(
1
4

f (x, y, s−u−b )s−u−b − F(x, y, s−u−b )
)

dxdy
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≤ 1
4
||ub||2Eα

+
∫

RN

(
1
4

f (x, y, u+
b )u

+ − F(x, y, u+
b )

)
dxdy

+
∫

RN

(
1
4

f (x, y, u−b )u
−
b − F(x, y, u−b )

)
dxdy

=
1
4
||ub||2Eα

+
∫

RN

(
1
4

f (x, y, ub)ub − F(x, y, ub)

)
dxdy

≤ lim inf
n→∞

[
1
4
||un||2Eα

+
∫

RN

(
1
4

f (x, y, un)un − F(x, y, un)

)
dxdy

]
= lim inf

n→∞

[
Ib(un)−

1
4
〈I′b(un), un〉

]
= cMb

∞ .

This yields Ib(t+u+
b + s−u−b ) = cMb

∞ . Arguing as in the proof of Claim 1, we derive that t+ =
s− = 1, and so

Ib(ub) = inf
v∈Mb

Ib(v).

Now, we show that I′b(ub) = 0. Suppose by contradiction that I′b(ub) 6= 0. Then, by the
continuity of I′b, there exist ν, $ > 0 such that

||I′b(v)|| ≥ ν for all v ∈ Eα with ||v− ub||Eα ≤ 3$. (2.24)

Let 0 < a1 < 1 < a2 with a2 − a1 < $√
2||ub||Eα

, and D = (a1, a2)× (a1, a2). Define the function

γb : D → Eα by
γb(t, s) = tu+

b + su−b .

Then I(γb(1, 1)) = cMb
∞ , and by Lemma 2.5, Ib(γb(t, s)) < cMb

∞ for all (t, s) ∈ D\{(1, 1)}.
Therefore

v := max
(t,s)∈∂D

Ib(γb(t, s)) < cMb
∞ . (2.25)

In view of (2.24) and [28, Lemma 2.3], for ε < min
{

ν$
8 , c

Mb
∞ −v

2

}
, there exists η ∈ C([0, 1] ×

Eα, Eα) verifying

η1) η(t, v) = v if v 6∈ I−1
b ([cMb

∞ − 2ε, cMb
∞ + 2ε]);

η2) Ib(η(1, v)) ≤ cMb
∞ − ε for all v ∈ Eα with ||v− ub||Eα ≤ $ and Ib(v) ≤ cMb

∞ + ε;
η3) Ib(η(1, v) ≤ Ib(η(0, v)) = Ib(v) for all v ∈ Eα.

We claim that
max
(t,s)∈D

Ib(η(1, γb(t, s)) < cMb
∞ . (2.26)

Note that
Ib(γb(t, s)) < cMb

∞ + ε for all (t, s) ∈ D
and

||γb(t, s)− ub||2Eα
= ||(t− 1)u+

b + (s− 1)u+
b ||

2
Eα

≤ 2(a2 − a1)
2||ub||2Eα

< $2,
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which yields ||γb(t, s)− ub||Eα < $ for all (t, s) ∈ D. Therefore, (η2) implies Ib(η(1, γb(t, s))) ≤
cMb

∞ − ε, and hence (2.26) holds.
Now, we show that

η(1, γb(D)) ∩Mb 6= ∅. (2.27)
Let

ζb(t, s) = η(1, γb(t, s)),

φ0(t, s) =
(
〈I′b(γb(t, s)), u+

b 〉, 〈I
′
b(γb(t, s)), u−b 〉

)
=:

(
φ1

0(t, s), φ2
0(t, s)

)
and

φ1(t, s) =
(

1
t
〈I′b(ζb(t, s)), (ζb(t, s))+〉, 1

s
〈I′b(ζb(t, s)), (ζb(t, s))−〉

)
.

By direct computation

∂φ1
0

∂t
(1, 1) = ||u+

b ||
2
Eα

+ 3b[u+
b ]

4
α + 8bZ(u+

b , u−b )[u
+
b ]

2
α + b[u+

b ]
2
α[u
−
b ]

2
α + 4bZ(u+

b , u−b )
2

−
∫

RN
f ′(x, y, u+

b )(u
+
b )

2dxdy (2.28)

and

∂φ1
0

∂s
(1, 1) = 4bZ(u+

b , u−b )[u
+
b ]

2
α + 6bZ(u+

b , u−b )[u
−
b ]

2
α + 2b[u+

b ]
2
α[u
−
b ]

2
α + 8bZ(u+

b , u−b )
2

+2Z(u+
b , u−b ). (2.29)

From 〈I′b(u
+
b + u−b ), u+

b 〉 = 0, we entail∫
RN

f (x, y, u+
b )u

+
b dxdy = ||u+

b ||
2
Eα

+ b[u+
b ]

4
α + 4bZ(u+

b , u−b )[u
+
b ]

2
α + 2bZ(u+

b , u−b )[u
−
b ]

2
α

+b[u+
b ]

2
α[u
−
b ]

2
α + 4bZ(u+

b , u−b )
2 + 2Z(u+

b , u−b ). (2.30)

By ( f4), we see that

f ′(x, y, t)t2 > 3 f (x, y, t)t for all (x, y) ∈ RN and t 6= 0. (2.31)

Combining (2.28) and (2.30)-(2.31), we obtain

−
∂φ1

0
∂t

(1, 1) > 2||u+
b ||

2
Eα

+ 4bZ(u+
b , u−b )[u

+
b ]

2
α + 6bZ(u+

b , u−b )[u
−
b ]

2
α + 2b[u+

b ]
2
α[u
−
b ]

2
α

+8bZ(u+
b , u−b )

2 + 6Z(u+
b , u−b ). (2.32)

Similarly, we have

∂φ2
0

∂t
(1, 1) = 6bZ(u+

b , u−b )[u
+
b ]

2
α + 4bZ(u+

b , u−b )[u
−
b ]

2
α + 2b[u+

b ]
2
α[u
−
b ]

2
α + 8bZ(u+

b , u−b )
2

+2Z(u+
b , u−b ) (2.33)
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and

−
∂φ2

0
∂s

(1, 1) > 2||u−b ||
2
Eα

+ 6bZ(u+
b , u−b )[u

+
b ]

2
α + 4bZ(u+

b , u−b )[u
−
b ]

2
α + 2b[u+

b ]
2
α[u
−
b ]

2
α

+8bZ(u+
b , u−b )

2 + 6Z(u+
b , u−b ). (2.34)

From (2.29) and (2.32)-(2.34), we deduce

−
∂φ1

0
∂t

(1, 1) >
∂φ1

0
∂s

(1, 1) and −
∂φ2

0
∂s

(1, 1) >
∂φ2

0
∂t

(1, 1).

Therefore
Jac(φ0)(1, 1) > 0.

Note that (1, 1) is the unique pre-image of (0, 0) by φ0, thus (1, 1) is the unique regular point
of φ0. By the Brouwer degree theory,

deg(φ0, D, (0, 0)) = sign(Jac(φ0)(1, 1)) = 1. (2.35)

By (2.25), we know that for all (t, s) ∈ ∂D,

Ib(γb(t, s)) ≤ v < cMb
∞ − 2ε.

This together with (η1) gives η(1, γb(t, s))) = γb(t, s) for all (t, s) ∈ ∂D. Hence

deg(φ1, D, (0, 0)) = deg(φ0, D, (0, 0)) = 1, (2.36)

from which φ1(t0, s0) = (0, 0) for some (t0, s0) ∈ D. Consequently

η(1, γb(t0, s0)) = ζu(t0, s0) ∈ Mb,

but this contradicts (2.26). We conclude that ub is a critical point of Ib and so it is a sign-
changing solution of (1.1).
Proof of Theorem 1.2. We split the proof into three steps.

Step 1. For given sequence of positive reals bn ↘ 0, the sequence {ubn} is bounded in Eα. In
fact, choose ξ0 ∈ C∞

0 (RN) such that ξ±0 6= 0. Then, using ( f3)− ( f4), for any b ∈ (0, 1], we can
find t1, s1 > 0 independent of b such that

〈I′b(t1ξ+0 + s1ξ−0 ), t1ξ+0 〉 < 0 and 〈I′b(t1ξ+0 + s1ξ−0 ), s1ξ−0 〉 < 0. (2.37)

Moreover, in view of Lemma 2.4, there is a unique pair of positive reals (tb, sb) such that

ξb := tbt1ξ+0 + sbs1ξ−0 ∈ Mb. (2.38)

By (2.37) and similar arguments as those used in Claim 1, we can show that tb, sb ∈ (0, 1].
According to ( f1)− ( f2), for some C1, C2 > 0 we have

| f (x, y, t)t|, |F(x, y, t)| ≤ C1|t|2 + C2|t|p for all (x, y, t) ∈ RN ×R. (2.39)

Furthermore, using ( f4), we can infer that
1
4

f (x, y, t)t− F(x, y, t) ≥ 0 for all (x, y, t) ∈ RN ×R.

Therefore
1
4
||ubn ||

2
Eα
≤ Ibn(ubn)−

1
4
〈I′bn

(ubn), ubn〉 = Ibn(ubn)
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≤ Ibn(ξbn) = Ibn(ξbn)−
1
4
〈I′bn

(ξbn), ξbn〉

=
1
4
||ξbn ||

2
Eα

+
∫

RN

1
4

f (x, y, ξbn)ξbn − F(x, y, ξbn)dxdy

≤ ||t1ξ+0 ||
2
Eα

+ ||s1ξ0||2Eα
+ C1

∫
RN

(
|t1ξ+0 |

2 + |s1ξ−0 |
2
)

dxdy

+C2

∫
RN

(
|t1ξ+0 |

p + |s1ξ−0 |
p) dxdy

=: K0. (2.40)

Hence {ubn} is bounded in Eα.
Step 2. Equation (1.4) admits a sign-changing solution u0. Since {ubn} is bounded in Eα, up

to a subsequence, we may assume that

ubn ⇀ u0 in Eα

ubn → u0 in Lq(RN) for all q ∈ [2, p∗) (2.41)

ubn → u0 a.e. in RN.

Noticing that ubn is a solution of (1.1), for all v ∈ C∞
0 (RN) we have(

1 + bn[ubn ]
2
α

) ∫
RN

(
(−∆x)

α
2 ubn(−∆x)

α
2 v +∇yubn∇yv

)
dxdy +

∫
RN

V(x, y)ubn vdxdy

=
∫

RN
f (x, y, ubn)vdxdy.

Letting n→ ∞, from (2.41) we get∫
RN

(
(−∆x)

α
2 u0(−∆x)

α
2 v +∇yu0∇yv

)
dxdy +

∫
RN

V(x, y)u0vdxdy =
∫

RN
f (x, y, u0)vdxdy,

which means that u0 is a solution of (1.4). In addition, we have

||ubn − u0||2Eα
= 〈I′bn

(ubn)− I′0(u0), ubn − u0〉

−bn[ubn ]
2
α

∫
RN

(
(−∆x)

α
2 ubn(−∆x)

α
2 (ubn − u0) +∇yubn∇y(ubn − u0)

)
dxdy

−
∫

RN
( f (x, y, u0)− f (x, y, ubn)(ubn − u0)dxdy. (2.42)

Then with the aid of Lemma 2.2 and (2.39), we conclude that ||ubn − u0||α → 0. By Lemma 2.6,
we have u±0 6= 0. Hence u0 is a sign-changing solution of (1.4).

Step 3. u0 is a list energy solution of (1.1). Similar to the proof of Theorem 1.1, equation
(1.4) admits a list energy sign-changing solution v0. By Lemma 2.4, there exists a unique pair
of positive reals (tbn , sbn) ∈ (0, ∞)2 such that tbn v+0 + sbn v−0 ∈ Mbn . We claim that tbn → 1 and
sbn → 1. In fact, since tbn v+0 + sbn v−0 ∈ Mbn ,

bn

(
t2
bn
[v+0 ]

2
α + s2

bn
[v−0 ]

2
α + 2tbn sbn Z(v+0 , v−0 )

) (
t2
bn
[v+0 ]

2
α + 2tbn sbn Z(v+0 , v−0 )

)
(2.43)

+ t2
bn
[v+0 ]

2
α + 2tbn sbn Z(v+0 , v−0 ) +

∫
RN

V(x, y)(tbn v+0 )
2dxdy =

∫
RN

f (x, y, tbn v+0 )tbn v+0 dxdy
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and

bn

(
t2
bn
[v+0 ]

2
α + s2

bn
[v−0 ]

2
α + 2tbn sbn Z(v+0 , v−0 )

) (
s2

bn
[v−0 ]

2
α + 2tbn sbn Z(v+0 , v−0 )

)
(2.44)

+ s2
bn
[v−0 ]

2
α + 2tbn sbn Z(v+0 , v−0 ) +

∫
RN

V(x, y)(sbn v−0 )
2dxdy =

∫
RN

f (x, y, sbn v−0 )sbn v−0 dxdy.

Therefore, using ( f4) and the convergence of {bn}, we see that {tbn} and {sbn} are bounded.
Hence, up to a subsequences, we may assume that tbn → t0 and sbn → s0. It holds from
(2.43)-(2.44) that

t2
0[v

+
0 ]

2
α + 2t0s0Z(v+0 , v−0 ) +

∫
RN

V(x, y)(t0v+0 )
2dxdy =

∫
RN

f (x, y, t0v+0 )t0v+0 dxdy (2.45)

and

s2
0[v
−
0 ]

2
α + 2t0s0Z(v+0 , v−0 ) +

∫
RN

V(x, y)(s0v−0 )
2dxdy =

∫
RN

f (x, y, s0v−0 )s0v−0 dxdy. (2.46)

Recalling that v0 is a solution of (1.4), we write

[v+0 ]
2
α + 2Z(v+0 , v−0 ) +

∫
RN

V(x, y)(v+0 )
2dxdy =

∫
RN

f (x, y, v+0 )v
+
0 dxdy (2.47)

and
[v−0 ]

2
α + 2Z(v+0 , v−0 ) +

∫
RN

V(x, y)(v−0 )
2dxdy =

∫
RN

f (x, y, v−0 )v
−
0 dxdy. (2.48)

By virtue of ( f1) and (2.43)-(2.44), it can be shown that t0, s0 > 0. So, arguing as in the proof of
Claim 1, from (2.45)-(2.48), we obtain t0 = s0 = 1. Then

I0(v0) ≤ I0(u0) = lim
n→∞

Ibn(ubn) ≤ lim
n→∞

Ibn(tbn v+0 + sbn v−0 ) = I0(v+0 + v−0 ) = I0(v0).

Consequently I0(u0) = I0(v0). The proof of Theorem 1.2 is now finished.
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