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Existence of solutions for 4p-order PDES
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ABSTRACT. In this paper, we study the following nonlinear eigenvalue problem:

A?Pu = Am(x)u in Q,
{ u=~Au=..=AN""1u=0 on 9Q.
Where Q is a bounded domain in RN with smooth boundary 90}, N > 1, p € N*, m € L*(Q)),
u{x € Q:m(x) >0} #0, and A%u:= A(A..(Au)),2p times the operator A.
Using the Szulkin’s theorem, we establish the existence of at least one non decreasing sequence of nonneg-
ative eigenvalues.

Mathematics Subject Classification (2020). 65N25; 65N80; 35R20
Keywords and phrases. Fourth order PDEs, Eigenvalue problems.

Received August 28, 2021 - Accepted: January 15, 2022 .
(© The Author(s) 2022. This article is published with open access by Sidi Mohamed Ben Abdallah University.

! Mathematics and Computer Science Department,

University Abdelmalk Essaadi, National School of Applied Sciences, Al hoceima
Morocco.

e-mail: f.moradi@hotmail.com ,f.moradi@uae.ac.ma (Corresponding Author)

2Mathematics and Computer Science Department,

University Abdelmalk Essaadi, Sciences and Technologies Faculty, Al hoceima
Morocco.

e-mail: najat_moradi@yahoo.fr, n.moradi@uae.ac.ma

3 Mathematics and Computer Science Department ,

University Abdelmalk Essaadi, National School of Applied Sciences, Al hoceima
Morocco.

e-mail: addam.mohamed@gmail.com

4 Department of Mathematics,

University Mohamed I, Multidisciplinary Faculty, Nador
Morocco.

e-mail: selhabib@hotmail.com .

179


10.2478/mjpaa-2022-0013

180

1. Introduction

This work deals with a 4p-order problem under Dirichlet boundary conditions:

{ A?Pu = Am(x)u in Q,

u=~Au=..=A"14=0 on 9Q. (1.1)

where Q is a bounded domain in RN with smooth boundary 002, N > 1, p € N*, A € R,
me L®(Q), u{x € Q:m(x) >0} #0, and A?u := A(A...(Au)),2p times the operator A.
We establish the existence of at least one non decreasing sequence of nonnegative eigenvalues.

Partial Differential Equations (PDEs) introducing fourth order operators have a very impor-
tant role in all fields of engineering and physics. For example, the biharmonic A?u = A(Au) ap-
pears in various problems of physics such as those related to fluid dynamics like flow through
porous media, flow of stokes and nonlinear elasticity problems [1, 4, 5, 8, 10, 11].

Several works treated under different conditions this type of problems: G. Sweers [12] dis-
cuss boundary conditions for a slender beam and for the thin elastic plate. In [9], the authors
studied the existence and the LP estimates of solutions for some problems modelling static
equilibrium of an elastic body, and in [3] ( 1994), R. Dalmasso investigated the existence of
positive radial solutions of a semiilinear elliptic equations of order 2p in annular domain.

From the works described above, we do not see any existence result of solutions to problem
(1.1) in general case. The main results of this study are stated in the following theorems:

Theorem 1.1. The problem (1.1) has at least one non decreasing sequence of nonnegative eigenvalues
(Aw), defined as :

An = infker,supuekG(u),
and satisfying A, — 400 as n — +oo,

where
G(u) := 1/ |APu|* dx
=55 ,
I'y = {K C M: Kis compact symetric and y(K) > n}
and M = {u EW?P2(Q):iu=A0u=..=Atu=0 on 0Qand } [, mu’dx = 1}.

Theorem 1.2. The functional

0y (u) = X HAkuH
p(#) 0<k<p 12
is a norm equivalent to the usual norm on WP (Q)) :

u = Y ||D*ull,».
gz = 2, 10"l

The proof of the Theorem 1.1 is based on the Szulkin’s theorem [13] :
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Theorem 1.3. Suppose that M is a closed symmetric C' -submanifold of a real Banach space X and 0
does not belong to M. Suppose that f € C1(M,R) is even and bounded below. Define

Cn = ianernsqueAf(x>-

If Ty # @ for some k > 1 and if f satisfies the Palais Smale condition for all ¢ = cy,n =1,...,k,
then f has at least k distinct pairs of critical points.

For this end, we need some preliminary results that we state in section 2. In particular, we
define a solution of problem (1.1) and the reflexif subspace:

Xp = {(PEWZp'Z(Q)3(P=A(p:...:Ap_1(p:0 on BQ},

where the solutions are considered. We also define the energy functional associated to the
problem (1.1).

The third section contains some special norms in W and in X, that we prove equivalents
to the usual norm. The last section is devoted to the detailed proof of Theorem 1.1.

2. Position of problem
We say that u is a solution of the problem (1.1) if:
Yo € W22 (Q)) : (A%u,v) A/ x)uvdx. (2.1)

By using the Green formula, we find :
Vn € N*,V0 < k <n,V(u,0) € (W2 (Q))>:

k . .
(A”u,v) — <Anfku’ AkZ)> + Zg(A”*lu, Alil’U), (22)
i=1
when 5 5
u v
g(u,v) = /&)Q(Ev - gu)aa (2.3)
w1th . is the outer normal derivative.
Then, for n =2pand k = p in (2.2), we have :
P . .
(A%u,v) = (APu, APv) + Y g(A%~'u, A1), (2.4)
i=1
with Vi € {1,.., p}
(AP~ y) . (A1) L, .
2p—i i—1 i—-1., 2p—i
g(A2P Ty, A1) = /a (B A - S Mo, 2.5)
Put
p—1
X, = {peW2(Q):p=0p=..= A9 =0 on 30.} = E

k=0
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such that
Ec={peW??(Q): A =0 on 90}

Proposition 2.1. The set X, is a closed subspace of W*P% (Q) .
Proof. To prove the above proposition, we must show that ( V0O < k < p — 1) the operator

TF: W2P2(Q) — L[%2(30)
u — (8u)[a0
is continuous from (W?P2 (Q), ||| y2p2) to (LZ (0Q)), |.|Lz(aQ)) :
First, the operator
Ak - W2p.2 (Q) s W?2p—2kz2 (Q)
u — Aru

is linear and continuous from (W22 (Q)), ||.||yze2) to (W2P=262(Q0), ||.|lyy2p-2x2) -
Indeed, we have :

HAkunzp—zk,z = |t>é\§22p—2k HD“(Aku)HLz

IB pu—
< ‘ﬁé‘szD (“)HLz (|14l 22

On the other hand, according to J.F.Bonder and J.D.Rossi in [2], there exists a positive constant
F such that :

Vp > 1,Yu € W (Q) : [ulppon) < Fllullw-
Furthermore,
vre INY, flullwip < flullwre-
So,
Vi€ W (Q) = [ulppaa) < Fllullyn

this means that, the operator :
Tr: W2-2k2(Q) — L2(aQ))
u —  Ulpn
is continuous from (W2P=252 (Q)), ||. |l y2p-2x2) to <L2 (0Q)), |.]L2(aQ)> :
Finally, V0 < k < p — 1, the operator TX = Tr o A¥ is continuous, and the set
Ex = (T") {0},

is closed.
Consequently, X, is a closed subspace of W22 (Q)).

Remark 2.1. The subspace X, is reflexive, separable and uniformly convex.
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We say that u is a weak solution for the problem (1.1) if u € X, and
/Q APu APudx = /\/Qm (x)uvdx Vv € X,
since Vi € {1,...,p}, g(A*P~'u, A'=1v) = 0.
It is clear that the energy functional associated to the problem(1.1) is defined by :

Y (u) = %/Q|Apu|2dx—%/0m(x)u2dx.

3. A special norms in W?2 (Q) and in X,

In this section, we will prove that 6, and ¢, := [[AP.||;» are , successively , norms in

W22 (Q) and in X, equivalents to the usual norm.
Proof of theorem 1.2 :

(i) First, 0, is a positive functional for all p € IN*.
(i) We have

0p(u) =0 <= HAkuHLZ =0, Vk € {0,...,p}.
Then,
|ul[ =0 = u=0.
(iii) Let « € R, we have:

i = 3, s, = ey 0.

(iv) 0, satisfies the triangular inequality.
Indeed, VO < k < p, V(u,0v) € (W?P?(Q))? we have

[0, <[] .+ ot

L2
In the other hand, we establish the equivalence between the usual norm and 6, by recurrence
on p.

(1) For p = 1, the authors in [8] shows that the norm u —— ||u||;2 + ||Au||;2 is an equivalent

norm to the usual one in W22 (Q)) . So, there exists two positives constants A and B
such that :

Yo € W?2(Q), A1 (v) < [|v]| w22 < BO:1(v), (3.1)
where,
61(v) = [[oll2 + [ A0l 2 -
(2) Let p > 1, suppose that 6, is an equivalent norm to the usual’s one in W2P2 (Q)) and let

us show that 6,1 is an equivalent norm to the usual’s one in W2/22 (Q)).
For u € W?P*22(Q)), we have :
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”u”WZPJrZZ = 2 <2p +2||D ”“LZ

= ||lu 2+ p D*ull;» .
vzt E D]

By the recurrence’s hypothesis, there exists two positives constants C and D such that :
Yo € WH2(Q)), CO,(v) < |9l pyape < D6y (v).
It follows that

Furthermore,

> Dl = |
2p+1<|a|<2p+2 la|=2p 1<|ﬁ|<2

It’s clear that V|a| = 2p, D*u € W?2(Q) . So,

‘DﬁD"‘

s

‘DﬁD”‘

< || D*
1<|,3<2‘ )Lz — || u||w2,2 ,

and according to (3.1), we have :
ID%ullwzz < B{|D%ul[ 2 + [|AD*u)][12), ¥ |a| = 2p.
We deduct that:

P DED*u < (Drxu ) + A( ) 2)
la|=2p 1<|5|<2H I.2) ‘ |_ ID%ul|p2 + | 11

IN

(Hu||wzp,z + [ Auflyzp2)-
Applying (3.2)to u and Au we find:
)y D*
[t 22 +2p+1§\u¢|§2p+2” ul 2
< (B+1) [|ullypz + B [| Aullype
< D[(B+1)8y(u) + BOy(Au)).

1]l ygpe22

Using the following results,
k —
oplo) = = [8kulls = i) — [l
< 9p+1(u)/

and 6,(u) < 0,,1(u), we end up with |[uf|py2p22 < D(1+2B)0p41(u).
The inequality, ||u|[yy2p+22 > 0p41(u). is immediate.
This acheives the proof of theorem 1.2.

Proposition 3.1. On X, the functional
Cp (1) := [|A7u][ 12
is a norm equivalent to the norm ||.||y2p.2 -

Proof of proposition 3.1 :

(i) It is clear that ¢ is a positive functional.
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(ii) Let us show that: &, (u) =0 <= u = 0.
Letu € X, we have :

_ _ p—1 _
G (1) = 87 2y =0 = @), =0
Put v = AP"lu. Since u € X, then v € Wg'Z(Q).
It is well known that the functional
0 (w) == [|Aw| 12(qy)
is a norm on Wg’z(ﬂ).
So, [[Av|[j2(q) =0 = ©v=00n(, and, itis clear that :
v=0 = |[[ofj2q) =0=[|AP"
It results that :
p = p-1 —
IAPu]| 12y = 0 = HA 1 2y =0 (3.3)

By applying the implication (3.3) several times, we obtain :
[APul| 2y = 0= u=00n Q.
(iii) Leta € R,
Cplan) = [|AF(au)|[12(q) = |af &p(u).
(iv) ¢ satisfies the triangular inequality.
Indeed, V(u,v) € X%,

Cp(u+0) [A7 (1 +0) | 2y = |APu + APD[| 2
[APu|[ 12y + [|AP][ 12

Cp(u) +Ep(0).

VARVANI

Hence, {, is anorm in X’
Thanks to the Theorem 1.2, it suffices to show that ¢, is equivalent to 0, .
By recurrence’s demonstration on p, we have:

(*) For p = 1, the authors in [8] shows that the norm © —— ||u||;2 + ||Aul| ;2 is an equivalent
norm to the norm u — ||Aul|;2 in W*% (Q)N W&’z (Q)) . So, ¢1 is an equivalent norm
tof; on Xj.

(**) Let p > 1, suppose that ¢, is an equivalent norm to 6, in X, and let us show that ¢, 1
is an equivalent norm to 6,1 in X,y .
Letu € Xpp1 = {9 e WPT22(Q):p=Ap=..=AP"lp=A’9p=0 on 9Q.}. It's
clear that:

Cpr1(u) = [[APF ) || 2y < Bpa () i= O<k<p+1HAk”||L2

Now, we prove that there exists a constant C, 1 > 0 such that

Op+1 (1) < Cpralpia (u).
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We have
Op+1 (1) = Op () + [ AP | .
By the recurrence’s hypothesis, there exists a constant C, > 0 such that:

0p (1) < Cplp (u).
Then,
6 (1) + [| AP L]
Cpp (1) + || AP u]
Max (Cp, 1) ([[APul 12 + [ AP ] 2) -
Note that v := APu is in X7, so

01 (v) < Ci61 (v),

9p+1 (u)

VAVAN|

that means that:
18P ull 2 + [|APFul[ 2 < Cy [|APFul|
consequently we get:
6p11 (1) < Max (Cp, 1) Cy ([| AP ] 2) -
So,
Cp+1(u) < Opia (u) < Cp+1§p+1(”),
where
Cp_|_1 = Max (Cp,l) C1~
Finally, for all p > 1 there exists a constant C, > 0 such that for all u € X, we have

gp(”) <6 (u) < Cpgp(u)-
4. Existence result

We consider the functionals :

G(u) = %/Q APudx = %g,, (1)’

and

1 2
F(u) := 5 /Q mu“dx.
So, we have :
Y(u) =G(u) — AF(u).

In order to apply the A.Szulkin’s theorem, we should show the following proposition:
Proposition 4.1. The functionals G and F satisfies the following properties :

(i) G and F are C' functionals.

(ii) F' is completely continuous.

(iii) G is of (S) type and G is an even functional and bounded below.
(iv) G satisfies the (PS) condition on M = {u € X, : F(u) =1} # @.
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(v) Vn € N* : T, # @ with
I'y ={K C M: Kis compact symetric and y(K) > n}.

Proof. (i) G and F are C! functionals: It is clear that G and F are continuous and derivable
functionals on X, and V(u,v) € X3 :

<G/(u),v> = /QApu APodx

<F/(u),v> :/Qmuvdx.

Moreover, the application: u — G'(u) is linear from X, to L(X,, R) with V(u,0) € X% :

(S.0))

and

‘fQ APu N’de|
[AFu|[ 2y 1870 12y

lully, lollx, = & ()2 ().

IA A

So,

S”Pép(v)<1,v¢o<G@S+z),’)v> < Gp(u) = HG

< Gp(u).

L

This implies that G’ is continuous and finally G is a C! functional.
On the other hand, for F ' we have :

(F.0)
JF

So, F'is continuous and finally Fis a C! functional.

1] oo Sp ()& ()

[[12]] o Ep ()-

L(Xp,R)

(ii) Fis completely continuous :
Let (u,), be a sequence of X, such that u, —u in X, .
Let us show that :

/!

SUPveX,,i,(v)<1 ’<P (uy) — P’(u),v>’ — 0.
We have
‘<F’(un) _ P/(u),v>‘ = | [qm(u, —u)vdx]|. (4.1)
< AImlle llun —ull 2 [[o] 2 -

Thanks to the compact embedding of W2P2(Q)N W&’Z(Q) into L?(Q)) and X, C
W2rP2(Q) N W&’Z(Q) , we deduct the compact embedding of X, into L?(Q).
It results that u, — u in L?(Q), and there exists a positive constant C such that :
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Vo€ Xp: ol < Cllelx, = Cp(e).
Then, it follows by (4.1) that

(F () = F (), 0)| < Cllmllog l1un = w2 0], -
So,

/

SUPoex, o)<t | (F (a) = F (),0)] < Climll g lltn = ]2

Hence, it results that

limnﬁﬂo(supvexplép(v)gl )<F (un) —F (u),v>’) = 0.
(iii) G is an even and positive functional, so it's bounded below.
Let (v,), be a sequence of X, such that v, = v in X,
and limsup,— <G/(vn),vn — v> <0.

We must show that v, — v in X,
In view of definition of the norm in Xy, we have :

0 < llow—ol}, = AP0, — AP
= <G/(vn),vn — v> + ||APo|7, — Jq APy APodx
= <G/(vn) —G/(v),vn—v>.

Note that v, — v in X, implies that lim, e <G/(v),vn - v> = 0.
So,

/ /

(vn) — G (v),v, — v> = limsupn—+ <G

/

limsup,—s+o0 <G (0n),0n — v> <0.

It means that :
limsupy,— o0 |00 — UH%g, =0.
Therefore, the result follows.
Consequently, G satisfies the (S*) condition.
(iv) G satisfies the (PS) conditionon M = {u € X, : F(u) =1} # @
Let (vy,),, be a Palais Smale (P.S) sequence of M for the functional G: G(v,) is bounded
and G (v,) — 0.
Let us show that there exists a subsequence of (v,) which strongly converges in X’
Since (vy) C M, so % [ m(vy)?dx = 1. Furthermore, G(v,) is bounded assure that
([[on ”%(p)n is bounded. Which implies that the sequence (v,) is bounded in X}’

The space X, is a Banach reflexive, then there exists a subsequence noted also by (v,)
which weekly convergesin X, v, — v in X,.

Note that :
<G/(vn),vn - v> = <Gl(vn),vn> - <G (vn),v>.
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We have :
‘<Gl(v”)’v>‘ = HG/(U”) L(XpR) Iellx,
and
(G@on)| = 6@, o ol
< S @]y g Cpnlionllx,)

It follows by the condition : G (v,) — 0, that :
<G/(vn),v> — 0 and <G'(vn),vn> — 0.
Consequently,

lim <G’(vn),vn - v> —0<0.
Thus, thanks to the (S*) condition, we deduce that: v, — v in Xyp.

V) Vme N*: T, #Q
Note that Vn € N* : @ € I',. So, Vn € N* : '), # @.

Proof of theorem 1.1
The functional ¥ satisfies the assertions of theorem 1.3, then it has an infinite sequence of
critical points u, defined by :

Cn — iananS”PxGAT(x) = ‘P(un)'
It results that

Vn € IN¥, <‘Y'(un),un> =0. < G(uy)— AyF(u,) =0
= ¥ (u,) =0.

Moreover, since F(u) = 1,Yu € M, we have :

infacr,supuca¥ (1) = infacr,supuca(G(u) —A) =0.

Hence, we conclude the existence of an infinite sequence of nonnegative eigenvalues (A,), for
the problem(1.1) defined as :

. 1
Aw = infker, SUPueK (5 /Q |Ap”|2dx> .

Finally, by the same way as in [13], we deduct that A, — +0c0 as n — +oco0.
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