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Existence and multiplicity results for a Steklov problem
involving (p(x), q(x))-Laplacian operator

Belhadj KARIM1, A. LAKHDI1, M. R. SIDI AMMI2, A. ZEROUALI3

Abstract. In this work, we are concerned with a generalized Steklov problem with (p(x), q(x))-Laplacian
operator. Under some appropriate conditions on the data involved in the elliptic problem, we prove the
existence of at least three solutions using Ricceri’s three critical points theorem.
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1. Introduction and main results

The study of variational problems and elliptic equations with variable exponent has been
received considerable attention in recent years. This is due to the fact that they have many ap-
plications to a various range of phenomena including elastic mechanics[33], electro-rheological
and thermo-rheological viscous flows of non-Newtonian fluids[3], image restoration[11] and
mathematical biology[17]. In major nonhomogeneous materials, the classical approach based
on Lebesgue and Sobolev spaces seems to be not suitable. This implies the growing interest of
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researchers for the study of variable exponent Lebesgue and Sobolev spaces. The paper of Or-
licz [21] was the first spark that gave birth to works in relation to variable exponent Lebesgue
spaces. We point out that several physical models are describing by equations involving p(x)-
growth condition [1]. Owing to its non homogeneity, the p(x)-Laplacian operator where the
real-valued function p(.) is a continuous function presents more complicated properties than
the p-Laplacian operator. Reference [13] represents one of the most important collections of
results regarding the analysis of variable exponent Lebesgue and Sobolev spaces. For more
applications of variable exponent equations, we cite the references [4, 5, 6, 22, 25, 26]. Impor-
tant contributions of existence, nonexistence and properties of solutions for variable exponent
problems can be found in [12, 14, 27, 28, 29]. On the other hand, Ricceri’s three critical points
theorem is a powerful tool to study boundary problem of differential equation (see, [2, 7, 8, 9]).
Many authors studied the case where p(x) = q(x) with Dirichlet, Neumann or Steklov bound-
ary conditions on a bounded domain (see for example, [19, 20, 30, 32] ). In particularly, A.
Zerouali et al [32] used three critical points theorem of Ricceri to study the following elliptic
problem with nonlinear boundary conditions and variable exponent

−div[a(x,∇u)] + |u|p(x)−2u = λ f (x, u) in Ω,

a(x,∇u).ν = µg(x, u) on ∂Ω. (1.1)

They proved existence of three solutions for the problem (1.1) under appropriate hypothe-
ses. Our main, in this paper, is to extend the results of the p(x)-Laplacian given in [32] to
(p(x), q(x))-Laplacian.

Let Ω be a bounded domain in RN(N ≥ 2) with smooth boundary ∂Ω, and p, q ∈ C(Ω̄)
such that q(x) ≤ p(x) for all x ∈ Ω̄. We consider the problem{

4p(x)u +4q(x)u = |u|p(x)−2u + |u|q(x)−2u− λ f (x, u) in Ω,
(|∇u|p(x)−2 + |∇u|q(x)−2) ∂u

∂ν = µg(x, u) on ∂Ω,
(1.2)

where λ, µ ∈ [0, ∞) and ν is the outward unit normal vector on ∂Ω. f : Ω ×R 7→ R and
g : ∂Ω×R 7→ R are two Carathéodory functions.
We denote

h− = min
x∈Ω̄

h(x); h+ = max
x∈Ω̄

h(x); for all h ∈ C(Ω̄),

p∗(x) =

{
Np(x)

N−p(x) i f p(x) < N,
+∞ i f p(x) ≥ N,

p∂(x) =

{
(N−1)p(x)

N−p(x) i f p(x) < N,
+∞ i f p(x) ≥ N,

and
C+(Ω̄) = {h ∈ C(Ω̄) : 1 < h− < h+ < +∞}.

We assume that variable exponents p and q are in C+(Ω).
The energy functional corresponding to problem (1.2) is defined on W1,p(x)(Ω) as

H(u) = Φ(u) + λΨ(u) + µJ(u), (1.3)
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where

Φ(u) =
∫

Ω

(
|∇u|p(x)

p(x)
+
|∇u|q(x)

q(x)

)
dx +

∫
Ω

(
|u|p(x)

p(x)
+
|u|q(x)

q(x)

)
dx, (1.4)

Ψ(u) = −
∫

Ω
F(x, u)dx, (1.5)

J(u) = −
∫

∂Ω
G(x, u)dσ, (1.6)

with F(x, u) =
∫ u

0 f (x, s)ds, G(x, u) =
∫ u

0 g(x, s)ds and dσ is the N − 1 dimensional Hausdorff
measure. Let us recall that u ∈W1,p(x)(Ω) is a weak solution of (1.2) if∫

Ω

(
|∇u|p(x)−2 + |∇u|q(x)−2

)
∇u∇vdx +

∫
Ω

(
|u|p(x)−2 + |u|q(x)−2

)
uvdx

= λ
∫

Ω
f (x, u)vdx + µ

∫
∂Ω

g(x, u)vdσ, for all v ∈W1,p(x)(Ω).

We now describe the hypotheses of the functions f , F and g as follows
(H1) For t ∈ C(Ω̄) and t(x) < p∗(x) for all x ∈ Ω̄, we have

sup
(x,s)∈Ω×R

| f (x, s)|
1 + |s|t(x)−1

< +∞;

(H2) There exists positive constant c1 such that F(x, s) > 0 for a.e. x ∈ Ω and all s ∈]0, c1];
(H3) There exists p1(x) ∈ C(Ω̄) and p+ < p−1 ≤ p1(x) < p∗(x), such that

lim sup
s→0

sup
x∈Ω

F(x, s)
|s|p1(x)

< +∞;

(H4) There exist positive constant c2 and a function γ(x) ∈ C(Ω̄) with 1 < γ− ≤ γ+ < p−,
such that |F(x, s)| ≤ c2(1 + |s|γ(x)) for a.e. x ∈ Ω and all s ∈ R;

(H5) For p2(x) ∈ C(Ω̄) and p2(x) < p∂(x) for all x ∈ Ω̄, we have

sup
(x,s)∈∂Ω×R

|g(x, s)|
1 + |s|p2(x)−1

< +∞.

Example 1.1. Let r, s ∈ C+(Ω̄). If r+, s+ < p−, then the function f (x, u) = |u|r(x)−2u verifies
the hypotheses (H1)–(H4) and the function g(x, u) = |u|s(x)−2u satisfies (H5).

The main result of this paper is the following theorem.

Theorem 1.1. Assume (H1) − (H4). Then there exist an open interval Λ ⊆ (0,+∞) and a
positive real number ω such that, for each λ ∈ Λ and each function g : ∂Ω×R→ R satisfying
(H5), there exists δ > 0 which satisfies, for each µ ∈ [0, δ], the problem (1.2) has at least three
weak solutions whose norms in W1,p(x)(Ω) are less than ω.

The paper is organized into three sections. The first Section contains an introduction and the
main result. In the second Section, we recall some basic and elementary properties concerning
the generalized Lebesgue-Sobolev spaces. We further recall Biagio-Ricceri’s three critical points
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theorem (Theorem 2.1), which is the key tool of our proof. The third Section is devoted for the
proof of our main result.

2. Preliminaries

We first recall some background facts concerning the generalized Lebesgue-Sobolev spaces.
For p ∈ C+(Ω̄), we introduce the variable exponent Lebesgue space

Lp(x)(Ω) :=
{

u : Ω ⊂ RN → R is measurable and
∫

Ω
|u|p(x)dx < +∞

}
,

endowed with the Luxemburg norm

|u|Lp(x)(Ω) := inf

{
α > 0 ;

∫
Ω

∣∣∣∣u(x)
α

∣∣∣∣p(x)

dx ≤ 1

}
,

which is separable and reflexive Banach space (see, [16]). Let us define the space

W1,p(x)(Ω) :=
{

u ∈ Lp(x)(Ω) / |∇u| ∈ Lp(x)(Ω)
}

,

equipped with the norm

‖u‖ := inf

{
α > 0 ;

∫
Ω

∣∣∣∣u(x)
α

∣∣∣∣p(x)

dx +
∫

Ω

∣∣∣∣∇u(x)
α

∣∣∣∣p(x)

dx ≤ 1

}
; ∀u ∈W1,p(x)(Ω).

Proposition 2.1. [14, 18]

(1) W1,p(x)(Ω) is separable reflexive Banach space;
(2) If h ∈ C+(Ω̄) and h(x) < p∗(x) for any x ∈ Ω̄, then the embedding from W1,p(x)(Ω) to

Lh(x)(Ω) is compact and continuous.
(3) If h ∈ C+(Ω̄) and h(x) < p∂(x) for any x ∈ Ω̄, then the embedding from W1,p(x)(Ω) to

Lh(x)(∂Ω) is compact and continuous.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by
the mapping ρp defined by

ρp(u) :=
∫

Ω
|∇u|p(x)dx +

∫
Ω
|u|p(x)dx, ∀u ∈W1,p(x)(Ω).

Proposition 2.2. ([12]) For u, uk ∈W1,p(x)(Ω); k = 1, 2, . . . , we have

(1) ||u|| ≥ 1 implies ||u||p− ≤ ρp(u) ≤ ||u||p
+

;
(2) ||u|| ≤ 1 implies ||u||p+ ≤ ρp(u) ≤ ||u||p

−
;

(3) ||uk|| → 0 as k→ +∞ if and only if ρp(uk)→ 0 as k→ +∞;
(4) ||uk|| → +∞ as k→ +∞ if and only if ρp(uk)→ +∞ as k→ +∞.

In order that the paper be more complete, we recall the revised form of Ricceri’s three critical
points theorem [24, Theorem 1] and [23, Proposition 3.1].
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Theorem 2.1. [24, Theorem 1]Let X be a reflexive real Banach space. Φ : X → R is a continu-
ously Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose
Gâteaux derivative admits a continuous inverse on X′, where X′ is the dual of X, and Φ is
bounded on each bounded subset of X; Ψ : X → R is a continuously Gâteaux differentiable
functional whose Gâteaux derivative is compact; I ⊆ R is an interval. Assume that

lim
‖u‖→+∞

(Φ(x) + λΨ(x)) = +∞ (2.1)

for all λ ∈ I, and that there exists h ∈ R such that

sup
λ∈I

inf
x∈X

(Φ(x) + λ(Ψ(x) + h)) < inf
x∈X

sup
λ∈I

(Φ(x) + λ(Ψ(x) + h)). (2.2)

Then, there exists an open interval Λ ⊆ I and a positive real number ρ with the following
property: for each λ ∈ Λ and every C1 functional J : X 7→ R with compact derivative, there
exists δ > 0 such that, for each µ ∈ [0, δ] the equation

Φ′(x) + λΨ′(x) + µJ′(x) = 0

has at least three solutions in X whose norms are less than ρ.

Proposition 2.3. [23, Proposition 3.1]Let X be a non-empty set and Φ, Ψ two real functions on
X. Assume that there are r > 0 and x0, x1 ∈ X such that

Φ(x0) = −Ψ(x0) = 0, Φ(x1) > r, sup
x∈Φ−1(]−∞,r])

−Ψ(x) < r
−Ψ(x1)

Φ(x1)
.

Then, for each h satisfying

sup
x∈Φ−1(]−∞,r])

−Ψ(x) < h < r
−Ψ(x1)

Φ(x1)
,

one has
sup
λ≥0

inf
x∈X

(Φ(x) + λ(Ψ(x) + h)) < inf
x∈X

sup
λ≥0

(Φ(x) + λ(Ψ(x) + h)).

In what follows, X denotes the Sobolev space with variable exponent W1,p(x)(Ω).

3. Proof of main result

The operator Φ is well defined and of class C1 (see [10]). The Fréchet derivative of Φ is the
operator Φ′ : X 7→ X′ defined as

〈Φ′(u), v〉 =
∫

Ω

(
|∇u|p(x)−2 + |∇u|q(x)−2

)
∇u∇vdx +

∫
Ω

(
|u|p(x)−2 + |u|p(x)−2

)
uvdx,

for any u, v ∈ X. We start by proving some properties of the operator Φ′.

Theorem 3.1. The following statements holds.
(1) Φ′ is continuous and strictly monotone;
(2) Φ′ is of type (S+);
(3) Φ′ is an homeomorphism.
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Proof of Theorem 3.1. (1) Since Φ′ is the Fréchet derivative of Φ, it follows that Φ′ is contin-
uous. Using the elementary inequalities [31]

|x− y|γ ≤ 2γ
(
|x|γ−2x− |y|γ−2y

)
(x− y) , if γ ≥ 2,

|x− y|2 ≤ 1
(γ−1)(|x|+ |y|)

2−γ
(
|x|γ−2x− |y|γ−2y

)
(x− y) , if 1 < γ < 2,

for all (x, y) ∈ RN ×RN, we obtain for all u, v ∈ X such that u 6= v,

〈Φ′(u)−Φ′(v), u− v〉 =
∫

Ω
(|∇u|p(x)−2∇u− |∇v|p(x)−2∇v)(∇u−∇v)dx

+
∫

Ω
(|∇u|q(x)−2∇u− |∇v|q(x)−2∇v)(∇u−∇v)dx

+
∫

Ω
(|u|p(x)−2u− |v|p(x)−2v)(u− v)dx

+
∫

Ω
(|u|q(x)−2u− |v|q(x)−2v)(u− v)dx > 0,

which means that Φ′ is strictly monotone.
(2) Let (un)n be a sequence of X such that

un ⇀ u weakly in X as n → +∞ and lim sup
n→+∞

〈Φ′(un), un − u〉 ≤ 0. Since q(x) ≤

p(x) < p∂(x), then by Proposition 2.1 the embeddings from W1,p(x)(Ω) to Lp(x)(Ω) and
to Lq(x)(Ω) are compact. So we have∫

Ω
|un|p(x)−2un(un − u)dx → 0 and

∫
Ω
|un|q(x)−2un(un − u)dx → 0.

Thus∫
Ω
|∇uk|p(x)−2∇uk(∇uk −∇u)dx +

∫
Ω
|∇uk|q(x)−2∇uk(∇uk −∇u)dx → 0.

Since∫
Ω
|∇uk|p(x)−2∇uk(∇uk −∇u)dx and

∫
Ω
|∇uk|q(x)−2∇uk(∇uk −∇u)dx

have the same sign, then each term converges to 0. Consequently∫
Ω
|∇uk|p(x)−2∇uk(∇uk −∇u)dx → 0.

According to the fact that the mapping ∆p(x) is of type (S+) (see, [15]). We deduce
that uk → u strongly in X as n→ +∞.

(3) Note that the strict monotonicity of Φ′ implies its injectivity. To show that Φ′ is a
surjection, it suffices to show that it is coercive. Indeed , using Proposition 2.2 and since
p− − 1 > 0, we obtain then for each u ∈ X such that ‖u‖ ≥ 1

〈Φ′(u), u〉
‖u‖ =

∫
Ω

[
|∇u|p(x) + |u|p(x)

]
dx +

∫
Ω

[
|∇u|q(x) + |u|q(x)

]
dx

‖u‖

=
ρp(u) + ρq(u)

‖u‖ ≥
ρp(u)
‖u‖ ≥

‖u‖p−

‖u‖ ≥ ‖u‖
p−−1 → ∞ as ‖u‖ → ∞.



50 BELHADJ KARIM, A. LAKHDI, M. R. SIDI AMMI AND A. ZEROUALI

Consequently, the operator Φ′ is a surjection, thus Φ′ admits an inverse mapping. It
remains then to show that Φ′−1 is continuous. For that, let ( fn)n be a sequence of X′

such that fn → f in X′ as n → +∞. Let un and u in X such that Φ′−1( fn) = un and
Φ′−1( f ) = u. By the coercivity of Φ′, one deduce that the sequence (un) is bounded
in X. As X is reflexive (Proposition 2.1), for a subsequence still denoted (un), we have
un ⇀ û weakly in X as n→ +∞, which implies

lim
n→+∞

〈Φ′(un)−Φ′(u), un − û〉 = lim
n→+∞

〈 fn − f , un − û〉 = 0.

It follows by the property (S+) and by the continuity of Φ′ that un 7→ û strongly in X
and Φ′(un) 7→ Φ′(û) = Φ′(u) in X′ as n 7→ +∞. Moreover, since Φ′ is an injection, we
conclude that û = u. This completes the proof.

We are now in a position to give the proof of our main result.

Proof of Theorem 1.1. Set Φ(u), Ψ(u) and J(u) as in (1.4), (1.5) and (1.6). For each u, v ∈ X, one
has

〈Φ′(u), v〉 =
∫

Ω

(
|∇u|p(x)−2 + |∇u|q(x)−2

)
∇u∇vdx +

∫
Ω

(
|u|p(x)−2 + |u|q(x)−2

)
uvdx,

〈Ψ′(u), v〉 = −
∫

Ω
f (x, u)vdx,

〈J′(u), v〉 = −
∫

∂Ω
g(x, u)vdx.

From Theorem 3.1 and [10, Proposition 4], the functional Φ is a continuous Gâteaux differ-
entiable and sequentially weakly lower semicontinuous functional whose Gâteaux derivative
admits a continuous inverse on X′. By (H1) and (H5), Ψ and J are continuously Gâteaux differ-
entiable functionals. Moreover, using the compacity of the embedding W1,p(x)(Ω) ↪→ Lp(x)(Ω)

and the trace embedding W1,p(x)(Ω) ↪→ Lp(x)(∂Ω) (Proposition 2.1), we deduce that Ψ′ and J′
are compacts. Obviously, Φ is bounded on each bounded subset of X under our assumptions.
If ‖u‖ ≥ 1, then

Φ(u) =
∫

Ω

(
|∇u|p(x)

p(x)
+
|∇u|q(x)

q(x)

)
dx +

∫
Ω

(
|u|p(x)

p(x)
+
|u|q(x)

q(x)

)
dx

≥ 1
p+

ρp(u) +
1

q+
ρq(u)

≥ 1
p+

ρp(u)

≥ 1
p+
‖u‖p− .
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Meanwhile, using (H4), we obtain, for each λ ∈ Λ ⊆ [0,+∞) and any u ∈ X, that

λΨ(u) = −λ
∫

Ω
F(x, u)dx

≥ −λ
∫

Ω
c2(1 + |u|γ(x))dx

≥ −λc2(|Ω|+ ‖u‖γ+

γ(x))

≥ −c
′
2(1 + ‖u‖

γ+

γ(x))

≥ −c
′′
2(1 + ‖u‖γ+

),

where c
′
2 and c

′′
2 are positive constants and ‖.‖γ(x) is the usual norm of W1,γ(x)(Ω).

Combining the above two inequalities, we obtain

Φ(u) + λΨ(u) ≥ 1
p+
‖u‖p− − c”2(1 + ‖u‖γ+

),

since γ+ < p−, it follows that

lim
‖u‖→+∞

Φ(u) + λΨ(u) = +∞ ∀u ∈ X, λ ∈ [0,+∞).

Then assumption (2.1) of Theorem 2.1 is satisfied.
Next, we will prove that assumption (2.2) is also satisfied. To do that, it suffices to verify the

conditions of Proposition 2.3. Let u0 = 0. By the definition of F, we can easily have

Φ(u0) = −Ψ(u0) = 0.

Now we claim that (2.2) is satisfied.
From (H3), there exists η ∈ [0, 1], c3 > 0, such that

F(x, s) < c3|s|p1(x) < c3|s|p
−
1 ∀s ∈ [−η, η], a.e x ∈ Ω.

Then, from (H4), we can find a constant M > 0 such that F(x, s) < M|s|p−1 , for all s ∈ R

and a.e x ∈ Ω. Consequently, by the Sobolev embedding theorem, W1,p(x)(Ω) ↪→ Lp−1 (Ω) is
continuous. For suitable positive constants c4, c5, we have

−Ψ(u) =
∫

Ω
F(x, u)dx < M

∫
Ω
|u|p

−
1 dx ≤ c4‖u‖p−1 ≤ c5rp−1 /p+ ,

when ||u||p+/p+ =
‖u‖p+

p+
≤ r. Hence, being p−1 > p+, it follows that

lim
r→0+

sup‖u‖p+/p+≤r(−Ψ(u))

r
= 0. (3.1)

Let u1 ∈ C1(Ω) be a positive function in Ω, with maxΩ̄ u1 ≤ c1. Then, u1 ∈ X and Φ(u1) > 0.
In view of (H2), we also have −Ψ(u1) =

∫
Ω F(x, u1)dx > 0. Therefore, from (3.1), we can find
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r ∈ (0, min{Φ(u1), 1
p+ }) such that

sup
‖u‖p+/p+≤r

(−Ψ(u)) < r
−Ψ(u1)

Φ(u1)
.

Now, let u ∈ Φ−1((−∞, r]). Since q(x) ≤ p(x) and p(x) < p+, it follows that ρp(u) + ρq(u) ≤
p+r. Then ρp(u) ≤ p+r < 1 which, by Proposition 2.2, implies ‖u‖ < 1. Consequently we have

1
p+
‖u‖p+ ≤ 1

p+
ρp(u) ≤

1
p+

∫
Ω

(
|∇u|p(x) + |u|p(x)

)
dx < r.

Therefore, we infer that Φ−1((−∞, r]) ⊂
{

u ∈ X : 1
p+ ‖u‖

p+ < r
}

, and so

sup
u∈Φ−1((−∞,r])

(−Ψ(u)) < r
−Ψ(u1)

Φ(u1)
.

At this point, conclusion follows from Proposition 2.3 and Theorem 2.1.

4. Conclusion

In this paper, we have established the existence of solutions for Steklov problem with
(p(x), q(x))-Laplacian operator via Ricceri’s three critical points theorem. Our contribution is
not only new in the given setting, but also generalizes special cases of previous works involving
p and p(x)-Laplacian operators.
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