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Abstract. In this paper, we valorize the relationship between positive p−summing operators and positive
strongly q−summing operators using (Contemp. Math. 328, 145− 149 (2003)).
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1. Introduction and preliminaries

Let E be a Banach lattice. We denote by E+ the positive cone {x ∈ E, x ≥ 0}. For x ∈ E, let
x+ := sup {x, 0}, x− := sup {−x, 0}, be the positive part, the negative part of x, respectively.
For any x ∈ E, we have x = x+ − x− and |x| = x+ + x−.

Let F be a Banach lattice, and let X and Y be Banach spaces. X∗ denote the topological dual
of X and BX denote its closed unit ball.

A linear operator u : E −→ F is called positive if u (E+) ⊂ F+.
Let 1 ≤ p ≤ ∞, p∗ is the conjugate of p, i.e., 1

p +
1
p∗ = 1, we denote by `n

p (X) the space of all
sequences (xi)

n
i=1 in X with the norm
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∥∥(xi)

n
i=1

∥∥
p =

(
n
∑

i=1
‖xi‖p

) 1
p

; 1 ≤ p < ∞.∥∥(xi)
n
i=1

∥∥
∞ = sup

1≤i≤n
‖xi‖ ; p = ∞

and by `n
p,weak (X) the space of all sequences (xi)

n
i=1 in X with the norm

wp
(
(xi)

n
i=1
)
=
∥∥(xi)

n
i=1

∥∥
`n

p,weak(X)
= sup

ϕ∈BX∗

(
n
∑

i=1
|〈xi, ϕ〉|p

) 1
p

; 1 ≤ p < ∞.∥∥(xi)
n
i=1

∥∥
`n

∞,weak(X)
=
∥∥(xi)

n
i=1

∥∥
∞ = sup

1≤i≤n
‖xi‖ ; p = ∞.

Consider the case where X is replaced by a Banach lattice E, and define

`n
p,|weak| (E) :=

{
(xi)

n
i=1 : (|xi|)n

i=1 ∈ `n
p,weak (E)

}
.

The compact set B+
E∗ = {ξ ∈ BE∗ : ξ ≥ 0} = BE∗ ∩ E∗+.

If x1, ..., xn ≥ 0, we have that∥∥(xi)
n
i=1

∥∥
`n

p,|weak|(E) = sup
ξ∈B+

E∗

(
n
∑

i=1
〈xi, ξ〉p

) 1
p
= wp

(
(xi)

n
i=1
)
.

Definition 1.1 ([2]). Let 1 ≤ p < ∞. An operator u : E −→ X is said to be positive
p−summing if there exists a constant C > 0 such that for all n ∈ N, x1, ..., xn ∈ E, the in-
equality ∥∥u (xi)

n
i=1

∥∥
p ≤ C

∥∥(xi)
n
i=1

∥∥
`n

p,|weak|(E) . (1.1)

For p = ∞
sup

1≤i≤n
‖u (xi)‖ ≤ C

∥∥(xi)
n
i=1

∥∥
`n

∞,|weak|(E) .

We denote by Π+
p (E, X), the space of positive p−summing operators from E into X. Π+

p (E, X)

becomes a Banach space with the norm π+
p (.), such that π+

p (u) given by the infimum of the
constant C > 0 that verify the inequality (1.1). We have Π+

∞(E, X) = L(E, X).

Definition 1.2 ([1]). Let 1 ≤ p < ∞. An operator u : X −→ F is positive strongly p−summing
if there exists a constant C > 0 such that for all n ∈N, (xi)

n
i=1 ⊂ X,

(
y∗i
)n

i=1 ⊂ F∗, we have
n

∑
i=1
|〈u(xi), y∗i 〉| ≤ C

∥∥(xi)
n
i=1

∥∥
p

∥∥(y∗i )n
i=1

∥∥
`n

p∗ ,|weak|(F∗) . (1.2)

The class of all positive strongly p−summing operators between X and F is denoted by
D+

p (X, F) , the infimum of all the constant C in the inequality (1.2) defines a norm d+p (.)
on D+

p (X, F) .

Formally, the Rademacher functions
rn(t) : [0, 1] −→ R, n ∈N

are defined by setting rn(t) = sign (sin 2nπt) .

Khinchin’s Inequality [6, p 10].
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For any 0 < p < +∞, there are positive constants Ap, Bp, such that for any scalars a1, a2, ..., an
we have

Ap.
(

n
∑

k=1
|ak|2

) 1
2

≤
(

1∫
0

∣∣∣∣ n
∑

k=1
akrk (t)

∣∣∣∣p dt

) 1
p

≤ Bp.
(

n
∑

k=1
|ak|2

) 1
2

.

Kahane’s Inequality [6, p 211].
If 0 < p, q < +∞, then there is a constant Kp,q > 0 for which(

1∫
0

∥∥∥∥ n
∑

k=1
rk (t) xk

∥∥∥∥q
dt

) 1
q

≤ Kp,q

(
1∫

0

∥∥∥∥ n
∑

k=1
rk (t) xk

∥∥∥∥p
dt

)1/p

.

2. The main result

In [3], Q. Bu generalized Theorem 4.2.2 of [5] for all p and q (1 < p, q < +∞), i.e. Πp (H, Y) ⊂
Dq (H, Y) , where H is a Hilbert space. In this section, we compare the space of positive
p−summing operators and that of positive strongly q−summing operators by generalizing the
last result to the positive situation. We prove that:

Theorem 2.1 Let 1 < p, q < +∞; and let H be a Hilbert space. Then
Π+

p (H, F) ⊂ D+
q (H, F) .

Proof. First consider H = `n
2 (n ∈N). Let u ∈ Π+

p (H, F) . By Pietsch’s domination theorem [1,
Proposition 3.4] there exists a probability measure µ on the set B+

`n
2

provided with the weak∗
topology, and a constant C > 0, such that for any x ∈ `n

2

‖u (x)‖ ≤ π+
p (u)

∫
B+
`n
2

〈|x| , x∗〉p dµ (x∗)

 1
p

. (2.1)

Now for x1, ..., xm ∈ `n
2 and y∗1 , ..., y∗m ∈ F∗, we have

xk =
n
∑

i=1
xk,iei, k = 1, 2, ..., m

Then
m
∑

k=1

∣∣〈u(xk), y∗k
〉∣∣ = m

∑
k=1

∣∣〈u(xk), y∗+k − y∗−k
〉∣∣

=
m
∑

k=1

∣∣∣∣〈 n
∑

i=1
xk,iu (ei) , y∗+k − y∗−k

〉∣∣∣∣
≤

m
∑

k=1

(∣∣∣∣〈 n
∑

i=1
xk,iu (ei) , y∗+k

〉∣∣∣∣+ ∣∣∣∣〈 n
∑

i=1
xk,iu (ei) , y∗−k

〉∣∣∣∣)
≤

m
∑

k=1

(
n
∑

i=1
(xk,i)

2
) 1

2
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×
[(

n
∑

i=1

∣∣〈u (ei) , y∗+k

〉∣∣2) 1
2

+

(
n
∑

i=1

∣∣〈u (ei) , y∗−k
〉∣∣2) 1

2
]

,

by Khinchin’s inequality,

≤
m
∑

k=1
‖xk‖ .

1
Aq∗

(
1∫

0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗+k

〉∣∣∣∣q∗ dt

) 1
q∗

+
m
∑

k=1
‖xk‖

1
A′q∗

(
1∫

0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗−k

〉∣∣∣∣q∗ dt

) 1
q∗

≤ 1
Aq∗

(
m
∑

k=1
‖xk‖q

) 1
q

.

(
m
∑

k=1

1∫
0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗+k

〉∣∣∣∣q∗ dt

) 1
q∗

+
1

A′q∗

(
m
∑

k=1
‖xk‖q

) 1
q

.

(
m
∑

k=1

1∫
0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗−k

〉∣∣∣∣q∗ dt

) 1
q∗

=
∥∥(xk)

m
1

∥∥
q

1
Aq∗

(
1∫

0

m
∑

k=1

∣∣∣∣〈 n
∑

i=1
ri (t) u (ei) , y∗+k

〉∣∣∣∣q∗ dt

) 1
q∗

+

(
m
∑

k=1
‖xk‖q

) 1
q 1

A′q∗

(
m
∑

k=1

1∫
0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗−k

〉∣∣∣∣q∗ dt

) 1
q∗

=

(
m
∑

k=1
‖xk‖q

) 1
q 1

Aq∗

(
m
∑

k=1

1∫
0

∣∣∣∣ n
∑

i=1
ri (t)

〈
u (ei) , y∗+k

〉∣∣∣∣q∗ dt

) 1
q∗

+
∥∥(xk)

m
1

∥∥
q

1
A′q∗

(
1∫

0

m
∑

k=1

∣∣∣∣〈 n
∑

i=1
ri (t) u (ei) , y∗−k

〉∣∣∣∣q∗ dt

) 1
q∗

≤
∥∥(xk)

m
1

∥∥
q

1
Aq∗

(
1∫

0

(∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥ .
∥∥y∗+k

∥∥
`q∗ ,|weak|(F∗)

)q∗

dt

) 1
q∗

+
∥∥(xk)

m
1

∥∥
q

1
A′q∗

(
1∫

0

(∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥ .
∥∥y∗−k

∥∥
`q∗ ,|weak|(F∗)

)q∗

dt

) 1
q∗

=
∥∥(xk)

m
1

∥∥
q

(
1∫

0

∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥q∗

dt

) 1
q∗

×
(

1
Aq∗

∥∥y∗+k

∥∥
`q∗ ,|weak|(F∗) +

1
A′q∗

∥∥y∗−k
∥∥
`q∗ ,|weak|(F∗)

)
.

Consider
1

A′′q∗
= max

{
1

Aq∗
,

1
A′q∗

}
, then
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m

∑
k=1
|〈u(xk), y∗k〉| ≤

2
A′′q∗

∥∥(xk)
m
1

∥∥
q

 1∫
0

∥∥∥∥∥ n

∑
i=1

ri (t) u (ei)

∥∥∥∥∥
q∗

dt


1

q∗

‖y∗k‖`q∗ ,|weak|(F∗) . (2.2)

Now by Kahane’s inequality and (2.1), we have(
1∫

0

∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥q∗

dt

) 1
q∗

≤ Kp,q∗ .

(
1∫

0

∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥p
dt

) 1
p

≤ Kp,q∗ .π+
p (u) .

(
1∫

0

(∫
B+
`n
2

〈∣∣∣∣ n
∑

i=1
ri (t) (ei)

∣∣∣∣ , x∗
〉p

dµ (x∗)
)

dt

) 1
p

≤ Kp,q∗ .π+
p (u) .

(
1∫

0

(∫
B+
`n
2

〈
n
∑

i=1
|ri (t) (ei)| , x∗

〉p
dµ (x∗)

)
dt

) 1
p

≤ Kp,q∗ .π+
p (u) .

(∫
B+
`n
2

(∫ 1
0

〈
n
∑

i=1
|ri (t) (ei)| , x∗

〉p
dt
)

dµ (x∗)
) 1

p

,

by Khinchin’s inequality(
1∫

0

∥∥∥∥ n
∑

i=1
ri (t) u (ei)

∥∥∥∥q∗

dt

) 1
q∗

≤ Kp,q∗ .π+
p (u) .

(∫
B+
`n
2

(
Bp

(
n
∑

i=1
〈ei, x∗〉2

) 1
2
)

dµ (x∗)

) 1
p

≤ Kp,q∗ .π+
p (u) .Bp

(∫
B+
`n
2

‖x∗‖p dµ (x∗)
) 1

p
,

then  1∫
0

∥∥∥∥∥ n

∑
i=1

ri (t) u (ei)

∥∥∥∥∥
q∗

dt


1

q∗

≤ Kp,q∗π
+
p (u) Bp. (2.3)

Combining (2.2) and (2.3)

m

∑
k=1
|〈u(xk), y∗k〉| ≤

2
A′′q∗

Kp,q∗ .π+
p (u) .Bp

∥∥(xk)
m
1

∥∥
q ‖y

∗
k‖`q∗ ,|weak|(F∗) . (2.4)

So by [1, Definition 4.1], we obtain u ∈ D+
q (`n

2 , F) with

d+q (u) ≤ 2
A′′q∗

Kp,q∗ .Bp.π+
p (u) .

Now, consider a general Hilbert space H. Let x1, ..., xm ∈ H and y∗1 , ..., y∗m ∈ F∗. Then there
is an n ∈ N such that span {xk}m

k=1 is isometrically isomorphic to `n
2 . Let P be the orthogonal

projection from H onto span {xk}m
k=1 .
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Then by (2.4)
m
∑

k=1

∣∣〈u(xk), y∗k
〉∣∣ =

m
∑

k=1

∣∣〈u (P(xk)) , y∗k
〉∣∣

≤ 2
A′′q∗

Kp,q∗ .π+
p (u) .Bp

∥∥P (xk)
m
1

∥∥
q

∥∥y∗k
∥∥
`q∗ ,|weak|(F∗) .

=
2

A′′q∗
Kp,q∗ .π+

p (u) .Bp
∥∥(xk)

m
1

∥∥
q

∥∥y∗k
∥∥
`q∗ ,|weak|(F∗) .

This shows us that u ∈ D+
q (H, F) with

d+q (u) ≤ 2
A′′q∗

Kp,q∗ .Bp.π+
p (u) .
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