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ABSTRACT. The aim of this paper is to work out the solvability of a class of Caputo time fractional problems
with boundary integral conditions. A generalized formula of integration is demonstrated and applied to
establish the a priori estimate of the solution, then we prove the existence which is based on the range
density of the operator associated with the problem.
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1. Introduction
Let Q be a rectangle defined by Q = (0,1) x (0, T) and considering the fractional equation

o o
oru + (—1)" e (a (x,1) ax—,ff) = f(x,t) (1.1)

where m > 1 and dg, denotes the Caputo time fractional derivative of order 0 < a < 1 with
lower bound 0, subject to the initial condition

u(x,0)=¢(x), x e (0,1) (1.2)
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and the boundary integral conditions

1
/xku (x,t)dx =0, k=0,2m—1. (1.3)
0
Many instances of problems described by equation (1.1) have been investigated. For example
the case m = 1 in [1] and [8]. Other authors studied the integer order case ([2], [4] and [5]).
We started by studying the time fractional problem in the Caputo sense applying the energy
inequality method which is a powerful functional analysis method for showing problems well-
posedness, it is mainly based on an a priori estimate to prove uniqueness of the strong solution,
meanwhile the range density of the operator generated by the problem ensures its existence.
This method has been approached by several authors for many integer order problems with
classical, non-local and mixed conditions, but only few fractional problems have been studied.
In this paper we start section 2 with some preliminaries by giving some definitions, func-
tion spaces and other key tools, then we establish a generalized formula of integration by parts
applicable to the class of problems with integral conditions (1.3). In section 3, we choose conve-
nient spaces and multiplier to ascertain the a priori estimate that will be extended to conclude
the uniqueness of the strong solution and its dependence on the data given in problem (1.1)-
(1.3). Finally, we prove the existence in section 4 relying on the fact that the operator generated
by our problem is dense, then we present an example in which we illustrate the usefulness of
the results obtained in the previous sections.

2. Preliminaries

These definitions and tools are necessary:
e The Caputo fractional derivative d, is defined for a differentiable function v by

o (1) = 1" (1) = — ( 11_ ” 0/ (f_(:))adr, £>0,

where I' is the gamma function and [* is the Riemann-Liouville integral operator defined
for 0 <a <1by

) 1 [ o)
" (t) = T (@) 0/ (t—T)lf“dT

Another formula of the Caputo fractional derivative can be obtained in our case (1 —a > 0)
is

2 oy (t) (2.1)

1—a. ./ _
I v(t)—dt
t
1 d
— . 2.2
1—ocd0/ t—T aT 2.2)
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for more about fractional calculus see [7].
o Ck (Q)) denotes the space of k-fold differentiable functions on Q).
e [2(0,T) is the space of measurable square-integrable functions on (0, T).
e Cy(0,1) is the space of continuous functions with compact support in (0,1). We define
on Cp (0,1) the bilinear form given by

/ Sk uSkodx, (2.3)

o0

where $Yu = u and

N I O ()
\slfcu(x,t)—(k_l)lo/(x_g) i, k>1.

This bilinear form is considered as a scalar product on Cy (0,1) but is not complete.
Therefore we define :

e The Bouziani space B (0,1) as a completion of the space Cy (0, 1) for the scalar product
(2.3), the associated norm is

||”||B’2‘(0,1) =/ ((u,u))
= H%ku .
12(0,1)
Corollary 2.1. For k € IN we have
1
H”HBk 0,1) _k Hu”LZ (01) - (2-4)

Proof. See corollary of lemma 1 in [2] for b = 1.
Lemma 2.1. for any absolutely continuous function v (t) on the interval (0, T'), we have the inequality
20(t) %o (t) > ok (v (t)*, O<a<l
Proof. See lemma 1 in [1].
Lemma 2.2. Let a non-negative absolutely continuous function y (t) satisfy the inequality
Iy (1) <cry (t) +co(t), 0<a<l,
for almost all t in [0, T|, where ¢c; > 0 and c; (t) is an integrable non-negative function on [0, T|. Then
y(t) <y(0)Ey (c1t*) + I (&) Equ (c1t") I"ca (t) .
where

k=0
are the Mittag-leffler functions.
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Proof. See Lemma 2 in [1].
e Cauchy inequality with ¢
2AB < eA% + %BZ (2.5)

where A and B are real numbers.
e Vandermonde identity

l.é) (2km—_1 1— i> <I;) - (mzj; Ii; 1> (2.6)

where m and k are positive integers.
e We need the coefficient KX defined for all (k,n) € IN? by

(Kk =0, k>n
K) =2,
K =0, k>1 (2.7)
Kk = (-1)F, k>1
k _ k—1 k—1
K= — (K +K), 1<k<n

Proposition 2.1. For all (k,n) € IN? we have

Ky =2,

K) =0, k>1

K= (1305 knz1
Proof. We show that the last equation of (2.7) is satisfied, by reducing to the common denomi-
nator.

e We also introduce a similar coefficient A¥, defined for all (m,k) € IN?

Al =2, m >0
cm(m+k—1 (2.8)
Ak = (-1) ?( k1 > k>0
Proposition 2.2. For all (m, k) € IN?
5 min{m,2k} m\
AS = n;( (n>K” (2.9)

Proof. It is sufficient to prove that

2k m—1 k m+k—1
Z(n—l)(n—k>:( 2k — 1 ) (210)

n=k

Dol V) [P B of Gty | ) o1

We have
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£

where Vandermonde identity (2.6) ends the proof.

These numbers (K% and A¥,) and their relation given in proposition 2.2 are crucial for the next
proposition.

Proposition 2.3. (Generalized formula of integration)
Let a function u satisfies integral conditions (1.3) and

k

9
uEB'Z‘(O,l),a—;;

c12(0,1), k=0,m, (2.13)
then for all a (-,t) € C*" ([0,1]) we have

1
am
am

0 0

Proof. Let u verifies (2.13) and a(-,t) € C?"(]0,1]), we first show by induction on k that the
integration by parts k times (0 < k < m) using integral conditions (1.3) gives

2%
SMudx = Z AR a_a (%’,‘Cu)zdx.

2(-1)" 332

n=0 n

1
o"u k- (k 0"a 0" ky B
/ﬂax—m%Tudx = (—1) 2 ( ) Waxm_k %;ﬂ+n kudx, (214)
0 0
indeed a simple integration by parts of the right-hand side using condition (1.3) leads to

Lo k 1 n+1, ym—(k+1)
/aax—’:%?fudx = (-1 Y (k) or a9 u%?*”*kudx

9 = \n / oxn+1 axmf(kJrl)
k 1 — (k41
k\ [ 9"aom(k+l)y _(k
(- Y <n> g gy gy, (2.15)
n=0 0

if we replace n by n — 1 in the first term of the right-hand side of the above equality we get

1
aam—uc‘mudx = (—1)k+1 kil ( ' ) o am_(kﬂ)uomﬂi(kﬂ) d

oxm x = \n-1 / dx™ gxm—(k+1) nax
k L m—(k+1)
k+1 k d"ad U m+n—(k+1)
+(-1) nzo (n> S =) S udx. (2.16)
= 0

Hence,
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k n, ym—(k+1)
ok k / ad Ju g (k1)
() ()} S o s

Togm—(k1)y, k41, ym—(k+1)
+(1)k+1( aa—\s D +/a a9 u%xmudx , (2.17)

oxm—(k+1) oxk+1 gym—(k+1)
k+1 k+1
k+1
1
k k k
)G = ()
n n—1 n

1 1
oMy k41 k+1 /g +1 g om—(k+1),, = (k1)
SVudx = (=1)"7 ) y S =) S udx, (2.18)
0

knowing that

and

equation (2.17) becomes

n=0

and the identity (2.14) is proved. The particular case of identity (2.14)

1 1
m m n

o[ aS Eymygy = my [ 90 2.19
/aaxm\sx udx ano (n) J axnu\sxudx (2.19)

" -

is needed. Secondly we prove by induction on n (n < m) that
1 n Lok
o~a 2
STudx = Z K’,ﬁ FYe: <%§u> dx. (2.20)
0 =[3] 0

Assume equality (2.20) holds for n and n — 1, by noticing that 0 < k < [5] = Kk =0, we can
write

1
o"a aZk 2
2/ == nu\sxudx = ZK" Py (E‘sku) dx (2.21)
0 0
and
1 n—1 1 aZka

/ u%“ tudx =Y Kk | ——r (%ku> dax. (2.22)
/ P / 0x

2
Replacing u by Syu and a by % in equations (2.21) and (2.22) yields

1

"2, n 92(k+1) 4 2

2/ Py ? S uS" ludy = ZE)K’,; PYIasy (%ﬁ“u) dx (2.23)
0 =00
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and
1 1
oty n—1 L 92(k+1) 4 i1\ 2
Z/W%xuggudx = kZOKn_l axz(k+1) (%x—i— Ll) dx. (224)
0 = 0

A simple integration by parts using condition (1.3) gives

1
an—i—la

axn+1
0

and the substitution of equations (2.23) and (2.24) in (2.25) leads to

an—i—za

1
oan+1 _
uSSE  udx = Z/Bx”+2
0

! o"tt1,
SuS udx — 2/W3xu<\‘s§udx (2.25)
X
0

1 1

I"a (S PE a1 \2

2 W”%Z udx = — kZE) <K" +K”—1) 9x2(k+1) (%x u) ax
0 =

1
82(n+1)a 2
Z W (%ZJFIL[) dx, (226)
0

notice that — K} = KZI% and from the recurrence formula in (2.7) we have — (K’fl + K’r‘lfl) =

Kﬁ_ﬂ, then replacing k by k — 1 in the above equation gives
1 1
ontl, n+1 9%k, 2
2 axnﬂu%zﬂudx =) Kflﬂ / pyor: <S]§Cu) dx, (2.27)
0 k=0 0

since Kg 41 = 0.This proves identity (2.20). Finally, we substitute equation (2.20) in (2.19) to get
- Py Loim\ & P 9%a )2
m _
2 (—1) /ﬂax—m%x udx = HZO (n> Z Kn / W <%x1/l> dX,

0 - 0
then by rearranging the sums we obtain

1 ; 1
m _ k k
2(—1) O/an—m%Tde = kg%) Tg{ (n>Kn (/ W (%xu> dx

where proposition 2.2 finishes the proof.

3. A priori estimate and consequences

To establish the existence and uniqueness of the solution of problem (1.1)-(1.3) we write it in
an equivalent operator form so that it can be viewed as the solution of this operator equation

Lu=F
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with £= (L, ¢) acts from B to H where

Bz{ueLﬂ?ﬁQUAQTD (HMEEEL%Q)k:Qm,

O € L* (B (0,1),(0,7)) }

is the Banach space of functions u endowed by the finite norm

H””B = Ssup I [X”””Bm 0,1) + Z HuHLZ(Bk(o1) (0,1))’
0<t<T k=0

H is the Hilbert space consisting of vector-valued functions F = (f, ¢) with finite norm

17k = 1 1E20) + N @lz 1)
and
{Eu = o%u+ (—1)" 25 (a (x,t) g%f)
lu=u(x,0)

The domain of definition of the operator ¥ is
1
D, (Z) = {u € B/ /xku (x,t)dx =0,k =0,2m —1;4u = (p} .

Theorem 3.1. Assume the function a(-,t) € C>" ([0,1]) satisfies the conditions

2k

0" a
k
0<Ck§AmW/

k=0,m (3.1)

where {cy, k = 0,m} are real constants (A, is defined by (2.8)). Then there exists a positive constant c
not depending on u such that

[ullp < cl|Zully (32)
forall uin Dy (Z).

Proof. We take the scalar product in space B}’ (0,1) of equation (1.1) by multiplier 2u, that is

1
2/80t u) SMudx +2 (- 1)m/a27\s udx = 2/%mf Tudx. (3.3)

Using lemma 2.1 on the first term of left-hand side of equation (3.3) we obtain

2/8 \%umo>/a "2 dx, (3.4)
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the second term in the left-hand side is estimated from proposition 2.3 and assumptions (3.1)
as follows

1
o"u 0%*q 2
2(—1)"’/11?\9,( udx = ZAk /a o <%ku> dx
0 =09

m 1
> k;ock 0/ (%ku> dx, (3.5)

for the right-hand side term of equation (3.3), Cauchy inequality (2.5) with ¢ = ¢, + 1 gives

1 1 1
Cx < C\m .
2/J Mydx cm—l—l/ ) dx + cm+1 / m 2 (3.6)
0 0 0
In light of inequalities (3.4),(3.5), and (3.6), one can get from (3.3)
1 1 1
2

/agt ) dx + Z ck/ Sk u dx < /(i‘s?ju) dx + Cm+1 / (ST f)? (3.7)

0 0 0

dropping the positive terms

1
m—1
Z Ck / (%ku) dx
k=0 7§
in inequality (3.7), replacing t by T and integrating with respect to T from 0 to ¢ leads to

/t/la & (STu)? dxdt < // dxdT—i—/t/l(%xmf)zdxdT, (3.8)
00 00

and by setting

to1
// dxr:lT
00

inequality (3.8) through lemma 2.2 induces

1
y(t) < T (a)Egy (#%) 147] (3.9)
[

Also we have

1
o m T[X
[ le/(%xf)2 dx < IHCES)] HinZ(Bgl(oJ),(o,T)) / (3.10)
0
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and
tlfﬂc

1
[ e (35)? dxdr = 1 ullBy0) ~ =y 19lzion)- (311)

0
(3.9), (3.10) and (3.11), inequality (3.7) using corollary 2.1 becomes

—

»n O

From inequalitie

m—1
I ||“||ZBgl(o,1) +) Ck/ ||“||§§(0,1) dt
k=0 0
< (Il + ol

1 Epo (T*)T*  T1®
y—z—mmax{l—i— . Te—a)

Since the right hand side of the above inequality does not depend ont t, we can take the
upper bound with respect to t over [0, T| to get the a priori estimate (3.2) with

where

2

v

1,
TR

Proposition 3.1. The operator . from B to H has a closure Z.
Proof. See proposition 10 in [6].

Consequently, the a priori estimate (3.2) can be extended to cover strong solutions by passing
to the limit.

Corollary 3.1. Under assumptions (3.1) there exists a positive constant c such that
ullg < c||-Lu||, (3.12)
forall win Dy (£).
The uniqueness and continuous dependence of the solution on the problem data is now
guaranteed in case of existence.

4. Existence of the solution

We aim to show the range density of operator . in Hilbert space H, that is R (¢¥) = H.
We start by the case u belongs to Dy (.£) (i.e. fu = 0), after which follows the density in the
general case u € D, (.£) taking into consideration the fact that operator / is everywhere dense.

Theorem 4.1. Assume for all u in Dy (.£)
(Lu, 9)129) =0, (4.1)

then under assumptions (3.1) ¥ vanishes a.e in L? (Q).
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Proof. Let us assume that a function 6 (x,t) satisfies integral conditions (1.3) such that 6 €

"6 —
B%(0,1) and 9k € L%(0,1),k = 0,m. Then we can set

u(x,t) = /G(x,r) at
0

so that assumption (4.1) becomes

t
90y 0 (x,T)dt | ¢ (x,t)dxdt
fe(Jreme)

m[ 9"

+ (1) e (a (x,t) a—m/Q(x,T) dT) P (x,t)dxdt = 0.
0

xm
Q

We now express 1 in terms of 0:

¥ (x,1) :2(—1)’”/%3;”9 (x,7) dT
0

to get from equation (4.2)

Q
t t
m am osm
+2(-1) /a(x,t) /ax_”’e (x,7)dT /JXO(X,T) dt | dxdt =0
Q 0 0
From lemma 2.1 we have
t t t 2
2 ( / 376 (x, 7) dr) . ( / 370 (x, 7) dr) > ot ( / 370 (x, 1) dr) ,
0 0 0

(4.2)

(4.3)
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Hence by using assumptions (3.1) and substituting the last two relations in equation (4.3) we

deduce
t 2 . " 2
/862 (/ 30 (x,7) dT) dxdt + ch/ /%’;9 (x,T)dt | dxdt <0,
0 k=0 Q \o

Q
by taking the upper bound ovet [0, T] for both sides of the above inequality yields

L2(0,1)
Consequently, § = 0 and ¥ = 0 a.e in L2 (Q).
Now consider the general case. Let .2 denotes the operator (Lo, 0), If we use the fact that

L — L = (L — Lo, £) maps continuously B into H, we conclude that R (.¢) is dense in H by
means of the method of continuation along the parameter (see [3]).

Example 4.1. Let B = 7(189In2 —131), v = (1416 —2043In2), § = 175 (114In2—-79), u =

% (535 — 774In2) and
1
w (x) = 7x* — 14x% 4+ 92 — 2x + 10
In the problem (1.1)-(1.3) we take for m = 2
2
a(x,t) _t_7+1’
— B3 2
¢ (x) = Bx° +yx +(5x+,u+20(x+1),

and

3 (12t — x* 4+ 4x +11)
10(x +1)° '

Obviously, f € L? (Q) and the function a satisfies assumptions of theorem (3.1). We conclude that prob-
lem (1.1)-(1.3) admits a unique solution for the given data. In addition we can show by an elementary
calculation that

w(x) 14 2 2
= 2w 504402 418 (14f — 2 (842 4+ 75¢ —
f ) = 752 504t2 + 18 (14t — B) x + (8t+ 5 ')/>—|-

u(x,t) =tw(x)+¢(x)
fulfills equation (1.1), initial condition (1.2) and integral conditions (1.3), therefore it is the desired
unique solution.

Remark 4.1. Solvability of the problem obtained by replacing operator L with

" 0"u
Lu = u+ (—1)" e (a (x,1) ax_m) +b(x, t)u

can be established in the same way assuming the boundness of function b.
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5. Conclusion

In this paper, the existence and uniqueness of a Caputo time fractional problem with bound-
ary integral conditions are established. we applied the “energy inequality” method, which is a
traditional functional analysis method. Among the tools used to work out the solvability of the
problem, a generalized formula of integration was demonstrated and applied, thus the out-
coming results will contribute in the development of the functional analysis methods whether
in time fractional case or integer-order case. In addition of the problem in the remark above,
we are currently investigating several time fractional problems with both Caputo and Riemann
derivatives including a numerical study.
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