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ABSTRACT. In this paper, we prove that if ,b > 0 and 0 < v < 1. Then for all positive integer m
(1) -Forv e [0, 2%}, we have

<aub1—u)m n i zk—lvm(\/bTH_ 2k/<ab2k7171)m)2 < (va +(1- V)b)m'
k=1

(2) -Forv e [22—;1, 1], we have

(aVbH)m + ]:212“(1 — vy (Van - 3/ (bazk’lfl)m)z < (va+(1- v)b)m,

we also prove two similar inequalities for the cases v & [2%271,_1, %] and v € [%, zn;,ﬂ]. These inequalities
provides a generalization of an important refinements of the Young inequality obtained in 2017 by S. Fu-
ruichi. As applications we shall give some refined Young type inequalities for the traces, determinants, and

p-norms of positive T-measurable operators.
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1. Introduction

The famous Young inequality for scalars says thatif 4,b > 0and 0 < v <1, then

a'b' 7V <va+ (1 —v)b. (1.1)
The first refinements of Young inequality is the squared version proved in [7] as follows
(a"b' )2 4+ r3(a — b)* < (va+ (1 —v)b)?, (1.2)

where ryp = min{v,1 — v}.
Kittaneh and Manasrah [9] refined Young’s inequality so that

a'b" ™V + ro(va— Vb)? <va+ (1—v)b, (1.3)

where ryp = min{v,1 — v}.
Recently, Furuichi in [3], gave the following generalized refinement of Young’s inequality as
follows:

Theorem 1.1. Let a and b be two positive numbers and 0 < v < 1. Then
(1) For v € [0, 5], we have

n k
a’b' v+ ) 21y (Vb — vV ab? ' =12 < va+ (1 —v)b.
k=1
(2) Forv € [ S ,1], we have
n k
bV + Y 21— ) (Va— Vba 12 <va+ (1-v)b.
k=1

Manasrah and Kittaneh [2] gave a generalization refinements of (1.2) and (1.3), as follows
Theorem 1.2. Let a and b be two positive numbers and 0 < v < 1. Then for m =1,2,3, ..., we have
(2D 4+ 1§ (a? —b3)? < (va+ (1 —v)b)", (1.4)
where ry = min{v,1 — v}.

For another generalized refinement of inequalities (1.2) and (1.3) one can see [8].
One of the aims of this paper is to extend the Theorem 1.1, to the following one :

(1) For v € [0, 5:], we have
<”b1 V) +22k 1 m(\/_ \/ (ab?'-1) ) < (va—i— 1—1/)b>m.
(2) For v € [25:1 Z-1,1], we have

(a”b““) +Z2k 1 (\/a_m 2/ (ba? 1) ) < (va+ 1—v)b)m.

As applications we shall give some refined Young type inequalities for the traces, determi-
nants, and p-norms of positive T-measurable operators.
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2. Further generalized refinements of Young’s inequality
In this section, we show the main results of this paper. To do this, we need the following
theorem concerning the arithmetic-geometric mean inequality

Theorem 2.1. Let n be a positive integer. For k = 1,2,...,n, let x, > 0, and let vy > 0 satisfy
Y71 Vx = 1. Then, we have

n n
H ka < Z VX (2.1)
k=1 k=1

We need also the following lemma

Lemma 2.1. Let m be a positive integer and let v a positive number, such that 0 < v < 1. Then we
have

i() (1—v)"* =mv 2.2)

and

m—1 m
5 () o=k — o)t 1) 23

k=0
where () is the binomial coefficient.

For a proof of Lemma 2.1, one can see [1].
The first main result to be proved in this paper is:

Theorem 2.2. Let a and b be two positive numbers and 0 < v < 1. Then for all positive integer m
(1) For v € [0, 5], we have

(a0'- V) +sz b (Vo — A (ab? 1) ) < (va+( 1—v)b)m. (2.4)

(2) Forv € [ o ,1] we have

(a"blf"> +22k 1 (\/a_m \/ (ba?'-1) ) < (Va—{— 1—1/)b>m. (2.5)

Proof. Suppose that 0 < v < z—n. We claim that

(va+ (1—v)b 22k1m<\/b_m 1/abzk11 ) > (a'bl V)"

We have, the following identities

(ot (- — Y2 (Ve = A2 ym)’
k=1
= i < ) — )" Eakp Tk izkflvm (bm+ /(a2 =1y —2%"/(ab2k—1)m>
k=0 k=1
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-7 (7:) (1 —v) Ry E o (- Z 21y 2 A (a2 -y

k=1

(MY “k kpm—k 2 [ o]
= k_zl <k>v (1—v)" " a"p"™ " + ((1 —v)" = (2" - 1)1/'”)17’" + 2My™ 2/ (ab?'—1)m

m

= Z ViXks
k=0

where x; is given by:
xo:=0b", with vy:= ((1 —v)"— (2" - 1)1/m>,

and for1 <k <m—1,

k

X i= A/ (@b V)" with vy, := 2™,
We have

(1) x4 >0forallk € {0,1,...,m}
(2) vy > 0forallk € {0,1,...,m}, with }]" vy = 1.

Hence by the arithmetic-geometric mean inequality,

(va+ (1 —v)b) 22"1"’(\/19_’” \/ (ab2'-1) )
Z H xzk — a“(m)bﬁ(m),
k=0

X = ab" K, with vy = (m) VK1 —v)mk

and

where
(M k m—k | on,m M
a(m) = £k<k>v(1—1/) + 2"y 0
= mv, (by Lemma 2.1)
and
B(m) = 1:211(711 —k) (?) K1 —v)mF 4 m((l —v)" = (2" - 1)1/m> + 2" my™ 2 2_ !

= m(1—v) (by Lemma 2.1).

If v € [252,1], then 1 — v € [0, ). So by changing two elements a,b and two weights v,1 — v
in mequahty (2.4), the desired inequality is obtained.

To prove the second main result of this section we need the following lemma.
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Lemma 2.2. Let n be a positive integer such that n > 3, let v be a positive number such that v €

n—1_
(251, 3]. Then we have

(A=) —v"—(1-20)") > 0
" (21/’” o1 - 2u)m> > 0.
Proof. we have
(A=v)m—v"—@-20)") = (A=20)((1 )" 4. +v") = (1—20)"
1-20) (1= 0" o (1 20y

(

(
= (1- 21/)(( —1/)’”_1—(1—2v)m_1+...+vm_1>
> 0.

Putting f(v) = 2v" — (2"~1 —1)(1 —2v)™, then we have f (v) = 2mv" 1 +2m(2"1 —1)(1 —
2v)"™=1 > 0. So f(v) is increasing, then

11 (2"721_1)1” -
fW) 2 f(—%—) = Y > 0.

The second main result to be proved in this paper is the following theorem.

Theorem 2.3. Let n be a positive integer such that n > 3, let a and b be two positive numbers and
0 < v < 1. Then for all positive integer m

(1) Forv € [2"721[1, 31, we have

(a0 )" v (@ — %)+ (1 - 20)"/(ab)m sz 2<2</b> 1)2

< (va +(1— v)b)m. (2.6)

(2) Forv € [}, $], we have

A — )\ (g% — % v—1)m amn —2( A" ?
(6" ) " + (1= v)"(a% %)+ (2v = 1)" (ab) k;z“(\/; 1)

< <va +(1- v)b)m. 2.7)

-1

Proof. Suppose that v € [£5=1, 1]. We claim that

(a"bl—">m+vm(a%_b%)2 +(1—2v)"/(a 22’<2<2</ZT 1)2
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< (va + (1 — v)b)m.

We have, the following identities

(va+(1—v)b>m — v"™(a? —b7)2 — (1 —2v)"\/(ab)™ 22" 2<2l\</b>—1)2

f( ) —v)"kgkpm =k _ (g™ 4 p™ — 2(ab)?)

m [ apym 5/ k-1 b_m_ 2kb_m
—(1—2v)"/(ab) Zzzk 2( \/:m 2\/;“)
= Z ( ) — yymkgkpm—k | <(1—1/)m—1/’”—(1—21/)m)bm

+<2V -2 -1~ 21/)’”) (ab)? +2"1(1 —2v)"a2 "2 p2tor

m—+1

= Z VieXks
k=0
where x; is given by:
xg:=Db", with vy:= <(1 —v)" =" —(1— 21/)'”),

and for 1 <k <m—1,

X = ab" K, with v = (7:) k(1 —v)mk,

X = (ab)T  with vy = <21/m — (1 -1)(1- 21/)’")
and
X1 = a2 LIV with vy = 2"1(1 = 2v)".
We have

(1) xx >0 forallk € {0,1,...,m+1}
(2) v > 0forall k € {0,1,...,m+ 1}, with "' v = 1.

Hence by the arithmetic-geometric mean inequality,

(va+ (1—v)b)" — v"™(a? —b2)%—(1—2v)"\/(ab)" 22]‘ 2<2</b7 1)2

m+1
2 H xzk — a“(m)bﬁ(m),
k=0
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where
a(m) = Z() (1—v)mk
k=1
n—1 . m ﬂ_ﬂ n—1rq m
+ ( "1 —1)(1—2v) >+(2 52" (1-2v)
= mv, (by Lemma 2.1)
and

pon) = Lm0 () ka0

k=1

m<(1 e R A O 21/)’”)

“+
ﬂ m __ (pn—1 __ _ m E E n—1/1 _ m
+ 2(21/ (2" 1)(1 - 2v) >+(2 + 202" (1 —2v)
= m(1—v) (by Lemma 2.1).

Ifv e [an# 3], then1—v € [3, Zm;#] So by changing two elements a,b and two weights

v,1 — v in inequality (2.6), the desired inequality is obtained.
Remark 2.1. If we set m = 1 in Theorem 2.3, then we recapture the Proposition 2.2 in [3].

3. Applications

In this section we provide some improvements to some inequalities due to J. Shao [10], for
the traces, determinants, and p-norms of positive T-measurable operators.

Let M C B(H) be a finite von Neumann algebra on the separable Hilbert space #, namely,
M is a x-subalgebra of B(H) containing the identity 1, which is closed for the weak operator
topology. A trace T on the von Neumann algebra M is a map 7 : M™ — [0,+00) which
is additive, positively homogeneous and unitarily invariant, that is, t(x) = t(u*xu) for all
x € MT and unitary u € M, where M™ = {x € M, x > 0}. A trace 7 is called

(1) faithful is for all x € M™, T(x) = 0 implies that x = 0,
(2) semi-finite is for every x € M™, with 7(x) > 0, there exists 0 < y < x, such that
0<1(y) < oo,
(3) normal if x; 1; x € M™, implies that T(x;) 1; T(x).
A trace is called finite if T(1) < oo.

For 0 < p < +oo, Ly(M, ) is defined as the set of all T-mesurable operators x affiliated
with M such that

1
[|x[[p = T([x|P)7 < +oo.

L,(M, T) is a Banach space under ||.||, for 1 < p < +o9, see [11] for more information.

Definition 3.1 ([6]). Let M be a finite von Neumann algebra acting on a separable Hilbert space

H, with a normal faithful finite trace T. For x € M, we define the determinant of x by Ar(x) =

exp T(log |x|) if |x| is invertible, and otherwise we define Ar(x) = inf A(|x| + €1), the infimum takes
over all scalars € > 0.
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Next we state for easy reference the following properties of T-mesurable operators (see

[4],[5]) which we shall need later

(1) Ar(Ax) = |A|Az(x), VAER,

(2) Ac(1) =1, Ac(xy) = Ac(x)Ac(y),

(3) Br(x) = Ar(x) = Ac(|x]),  Ar(|x]") = Ac(|x])", & € RT,

4) A-(x71) = (Ac(x))7L, if x is invertible in M,

(5) Ar(x) < Ac(y),if 0 < x <y,

(6) lim,__,o+ Ar(x+¢€l) = Ar(x),if 0 < x.

The version Young’s inequalities for the trace, determinants and p-norm, states as follows: for
any x,y,z € MT and positive integer m, we have

m

(r@y™)" < (ztx+ 1 -v)", @)

(Ar(x”yl_‘/))m < <AT(vx +(1- v)y))m, (3.2)

m
[x"zy" 1 < [vllxzlly + (= v)llzylly] (3:3)

By using inequality (1.4), J. Shao [10] proved the next inequalities:

2

(Acley=) "+ (e = (0e))®)) < (Aclvx+(1=v)y))",

v - )" m n m\ 2 "

(@) +r () E = w)¥) < (twx+1-vy))

Vo, 1—v|im m 2 m)?2 "
22y =11+ 7 ((laezllp) E = (lzyll) ¥ ) < [vllxzlly + @ =)Lzl

By using Theorems 2.2 and 2.3 we obtain a new refinements of the inequalities (3.1), (3.2)
and (3.3).
3.1. Refinement of Young’s type inequality for determinants. Before giving our result, we
need the following lemma.
Lemma 3.1 ([6]). Let x,y € M™. Then we have

Ar(x) + A (y) < Ac(x+y).

The first result of this subsection concerns the determinants of T-mesurable operators which
can be reads as follows:

Theorem 3.1. Let x,y € M™,and 0 < v < 1. Then for all positive integer m
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(1) Forv € [0, 5], we have
( (xvyl v))m + kn;lzk—lvm (\/Ar(y)’” o ZV(AT(X)AT(y)Zkl_l)m)Z

< A; (vx +(1-— v)y)m. (3.4)

(2) Forv € [ S ,1], we have

( (xvyl 1/)>m + I:zlzk—l(l . V)m( ’Ar(x)m _ 2{/(Ar(y)AT(x)2k_11)m)2

< A; (vx +(1— V)y>m. (3.5)

Proof. Applying Theorem 2.2 and Lemma 3.1, we have

Ar (vx +(1- v)y)m > [VAT(JC) +(1- v)AT(y)]m (by Lemma 3.1)

> [(a) (aew) )"
£ (yady - ey )’

k=1
(by Theorem 2.2)

— ( (xvyl V))m

+ k_Z12"‘1vm(\/ Ae(y)" — 3 (A @) Ay Y.

By the same process we can show the inequality (3.5).

The second result of this subsection concerns the determinants of T-mesurable operators
which can be reads as follows:

Theorem 3.2. Let n be a positive integer such that n > 3, let x,y € M™,and 0 < v < 1. Then for all
positive integer m

(1) Forv € [2n;_1, 31, we have

(Acry )"+ v(8@)f - A n)¥)

[ A (y)"
k2
+(1—2v)" /(A (xy)) };2 Az(x

m

< A; (vx +(1-— v)y (3.6)

2
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(2) Forv € [}, #], we have

(acxy )"+ =) (8e()¥ ~ ael)?)’

+(2v—1)mm22k 2(%/%83711 —1>2

< A; <1/x +(1- v)y)m. (3.7)

3.2. Refinement of Young’s type inequality for p-norms. Before giving our result, we need
the following lemma.

Lemma 3.2 ([12]). Let x,y € L,(M, 1) be a positive operators, where 1 < p < +o0,z € M, and
0 < v < 1. Then we have

[z |1 < lxzl[y] |2y,
In particular,
T(x"y' ) < T(0)'t(y)'

The first result of this subsection concerns the p-norms of T-mesurable operators which can
be reads as follows:

Theorem 3.3. Let x,y € L,(M,T) be a positive operators, where 1 < p < +o0, z € M, and
0 < wv < 1. Then for all positive integer m

(1) For v € [0, ], we have

"2yl + sz o (sl — 3 el I 0m)

< [vuxz||p+ (1= v)l[zylly] " (3.8)

(2) Forv € [251,1], we have

n
eyl + L2 vy (Tl = 3 el ezl B )’
k=1

< [vllszllp + @ = w)llzylly] 39

Proof. Applying Theorem 2.2 and Lemma 3.2, we have

— i _ k k—1_ 2
ez =+ 3 2o (Sl — 3 ]yl 37 m)
k=1

v 1—vm
< [llzllyllzyl; ]
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n k — 2
w3 2 (il — 3/ lezllpllzyI B )7 (by Lemma 3.2
k=1

m
< [u| Ixz]|, + (1 —v)||zy] |p] (by Theorem 2.2).

By the same process we can show the inequality (3.9).

The second result of this subsection concerns the p-norms of T-mesurable operators which
can be reads as follows:

Theorem 3.4. Let n be a positive integer such that n > 3, let x,y € L,(M, T) be a positive operators,
where1 < p < 400,z € M, and 0 < v < 1. Then for all positive integer m

(1) Forv € [2 7,1_1,%] we have

Vo, 1—v|im m %_ 3 2
[x"zy Ol + vzl = llzyllp

NEIR

1_2 m 2k2 2 p 1

(1= 20)" (|2 2] ,)" k_zz (\/sz,ly )
< (vllzlly+ = v)llzyll,) - (3.10)

(2) Forv € [}, #], we have

m my 2
x'zy' I+ (@ =v)"(Ilzllf = [lzy117 )

+(2v—1)"y/(|[x2], | zy]1p) sz 2(2{‘/’12}/”;"; 1)

< (1/Hx2||p+ (1= v)llzylly) (3.11)

3.3. Refinement of Young's type inequality for traces. We end this paper by giving an in-
equality for traces of positive T-mesurable operators. The first result of this subsection con-
cerns the trace of T-mesurable operators which can be reads as follows:

Theorem 3.5. Let x,y € M™,and 0 < v < 1. Then for all positive integer m
(1) For v € [0, 5], we have

(rtey )"+ L2 (el = i )

< [rwx+ (1-vp)]" (3.12)

(2) Forv € [251,1], we have

< (x'y )m n kizlqu(l ( [( \/ x)2 =1ym >2
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m
< [T(vx +(1— v)y)} . (3.13)
Proof. Applying Theorem 2.2 and Lemma 3.2, we have

<T(xvy1_v)>m i izk_l”m<\/f(y7 -/ (’f(X)T(y)Z’”—l)’”)2

k=1

< [yaw)—]"

+ kZ: 2ty ( \/ T(y)™ — 2{/("L'(x)ﬂc(y)zk_l1)7”)2 (by Lemma 3.2)
-1

< [T(vx +(1— v)y)} ! (by Theorem 2.2).

By the same process we can show the inequality (3.13).

The second result of this subsection concerns the trace of T-mesurable operators which can
be reads as follows:

Theorem 3.6. Let n be a positive integer such that n > 3, let x,y € M, and 0 < v < 1. Then for all
positive integer m

(1) Forv € [2"_2#,%], we have
m m\ 2
(ry' ™)+ vt —T)¥)

m m - —2( ok T(y)m 2
1= 20" ) K2 (3 5 )

< T<1/x +(1— v)y)m. (3.14)

m
2

(2) Forv € [}, 2”—2#]’ we have
m am\ 2
(ry' ™)+ a=v" (v —Tw)?)

v — 1)m\/W,:222k2< 2k | zgiz _ 1>2

< T<1/x +(1— v)y)m. (3.15)

m
2
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