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On some properties of the conformable fractional derivative
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ABSTRACT. In this paper, we prove that the intermediate value theorem remains true for the conformable
fractional derivative and we prove some useful results using the definition of conformable fractional deriv-
ative given in R. Khalil, M. Al Horani, A. Yousef, M. Sababhehb [4].
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1. Introduction

Fractional calculus is one of the most powerful mathematical tools in the recent decades to
model real world problems in many fields of science, technology, and engineering. History of

fractional calculus (FC) goes back to the seventeenth century. In 1695, the derivative of order
1

a = 5 was described by Leibnitz. Since then, the new theory turned out to be very attractive to
mathematicians as well as biologists, chemists, economists, engineers, and physicists. Several
books were written on the theories and developments of fractional calculus [6, 8, 9, 12].
Fractional calculus was introduced in one of Niels Henrik Abel’s early papers (see for instance[1])
where all the elements can be found: the idea of fractional-order integration and differentia-
tion, the mutually inverse relationship between them, the understanding that fractional-order
differentiation and integration can be considered as the same generalized operation, and even
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the unified notation for differentiation and integration of arbitrary real order [10]. Indepen-
dently, the foundations of the subject were laid by Liouville in a paper from 1832. The au-
todidact Oliver Heaviside introduced the practical use of fractional differential operators in
electrical transmission line analysis circa 1890 (see [11]). The theory and applications of frac-
tional calculus expanded greatly over the 19th and 20th centuries, and numerous contributors
have given definitions for fractional derivatives and integrals. The fractional derivatives are
defined by a fractional integral (see for instance [6, 8, 9, 12]). There are several known forms of
the fractional integrals of which two have been studied extensively for their applications (see
for example [2, 3, 5, 6, 8,9, 12]). For « € [n —1,n[, and a function f, The first a-derivative is
the Riemann-Liouville definition given as follows:

DE(f) () = ﬁ%/t %dx. (L1)

The second one is the Caputo definition given by:

N 1 t (n) (x
DN = Fr=m / i f x)ﬁl+ldx. (1.2)

2. Notations and preliminaries

In this section, we recall some basic results which will be used later For more details, we
refer the reader to [4, 7] and the references therein.

Given a function f : [0, +co[—> R, Then the conformable fractional a-derivative of f is

defined by:
1—a) _

e—0 &

forall t >0, and « €]0,1].

If f is a-differentiable on some (0,4),a > 0, and lim,_,o+ f(¥)(t) exists, then define
@) = lim F@W(4).
f19(0) = lim (1)

In [?], The Riemann-Liouville’s (RL) fractional integral operator of order a € [n —1,n| for a
function f € L!([a, b)) is given as follows:

L ] /ax w(t)(x —7)" " ldt. 2.1)

Ifw(x) = F(n——oc

Definition 2.1. A function f : [a,b] — R is said to satify the intermediate value property on [a,b), if
for every A between f(a) and f(b), there exists ¢ € (a,b) such that f(c) = A.

If f is continuous then it satisfies the intermediate value proprty.
The statement of the Darboux’s theorem follows here.

Theorem 2.1. (Darboux’s Theorem). If f is differentiable on [a,b] and if A is a real number between
f'(a) and f' (D), then there is at least one point c € (a,b) such that f'(c) = A.
In other words, the image f'(I) of an interval I C R by f’ is an interval R.
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Theorem 2.2. ([4, Theorem 2.3]). Let a > 0 and f : [a,b] — R be a given function that satisfies :
(1) f is continuous on [a, b],
(2) f is a-differentiable for some a €]0,1],
(3) f(a) = f(b).

Then, there exists ¢ €)a, b[ such that f(*)(c) = 0,

Theorem 2.3. ([4, Theorem 2.4]). Let a > 0 and f : [a,b] — R be a given function satisfies the
following assertions:

(1) f is continuous on [a, b],
(2) f is a-differentiable for some a €]0,1].

Then, there exists ¢ €|a, b[, such that f(*)(c) = ffé’z*f (a)

_ 1l
Déa

The objective of this paper is to prove that the intermediate value theorem remains true if

replacing the integer derivative f’ by the conformable fractional one f(*). We establish also
some useful results. Moreover, we give some examples which illustrate the obtained results.

3. Main results

In the present section, we will state and prove main results. We start by The following
results which generalize the Darboux’s theorem, and the previous results in Theorem 2.1 is a
particular case of which a = 1.

Theorem 3.1. Let a > 0 and f : [a,b] — R is a function a-differentiable for some a €]0,1] on [a, b]
and if A is a number between f ) (a) and @ (b), then there is at least one point ¢ €|a, b[ such that

F@(c) = A.
Remark 3.1. (%) is not necessarily continuous on [a, b].

Proof. First, let t € [a, b], as f is a-differentiable in t and we pose h = et!~* we have :

T () = tim L) = FO - fEE D) — F()

e—0 e h—0 hta—1

- ).

So, we have

FE+m—f() o fEm = f) e

h—0 (Rt e 50 hta—1 (t+h)* @
14 14 14 o
= fO()x1
= f(“)(t)
Since
htlel .
ho (HHh)* - }lllil'(l) (b))% g
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= 1.
and T, (lt“) = 1. Now, we suppose f®)(a) < f@(b), let A €]f®(a), fW(b)[. We set e =

4
min (A — f@W(a), F®)(b) — )\) . By definition of the limit and the a-differentiability on the right
in a, there is 1 > 0 such that for all / in ]0, B4] :

fla+h)—f(a) < f@(a) £e< A

(a+h)* g

o o

Likewise, there is B, > 0 such that for all & in |0, ;]

f(w :{;(b) >f(“)(b) —e> A

For B = min (B1, B2), we have

fla+h) = fla) _ _ flo+h)—f(b)

(a+h)* g (b+h)x  p

We fix 1 in 0, B[ and we pose
<I>(x) _ f(x—i_h)_f(x).

 (xh)r xe

4 o

® is continuous and A €]®(a), P(b)[, so by the intermediate value theorem, there is y € [a, D]
such that ®(y) = A.
Now, by applying the Theorem 2.3 in the interval [y, y + K], there is ¢ € [y, y + h] such that :

f(zx)(c) _ f(]/+h)—f(}/)

(y+h)*  y*

o o

= P(y)
- A

Finally, A € f(®)([a,b)).

Example 3.1.
on the interval [1,2], we consider the mapping f defined by:

) (x=1)%sin ﬁ for x # 1,
f(X)_{O <( 1)> forx = 1.

For some a €)0, 1] and for all x # 1, we have by [4, Theorem 2.2]

fO(x) = 170 (2<x ~1)sin ((x_l 1)2) e - 1) <<x—1 1)2))
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%, we would have :

6 = va (20 sin () - s ()

notice that f is a-differentiable on |1,2] and for x = 1 we get

F(1+h)
10(1

For example, for « =

—f(1) ‘gh%m(h%ﬁ‘gh.

Hence, f is a-differentiable on 1 and f\*)(1) = 0, which implies that f is a-differentiable on [1,2].
It is easy to see that f (2) s not continuous in 1, just take the the sequence (U, ),>o defined by U, =
\/2;771 + 1 which converges to 1 but f (2) (Uy) does not converge to 1.

So, f(2)(1) = 0 and f(2)(2) ~ 0.85.
If A is between f(%)(l) and f(%)( 2). Then the equation f' (2) )(x) = A has at least one solution c in [1,2].

Corollary 3.1. Let a > O and f : [a,b] — R is a function a-differentiable for some a €]0,1] on [a, D]

and if A is a number between f®)(a) and £\ (b), then The equation f¥)(x) = A has at least one
solution c €|a, b|.

Corollary 3.2. Let a > 0 and f : [a,b] — R is a function a-differentiable for some a €]0,1[ on [a, b]
and if A is a number between £ (a) and £ (b). If moreover f* is strictly monotonic on [a,b]. Then,
the equation ) (x) = A has only one solution ¢ €]a, b|.

Example 3.2. on the interval |7, 5], we consider the mapping f defined by:

f(x) = sin(x).
For some a €)0,1], by the [4, Theorem 2.2], we have

F®)(x) = x 7% cos(x).

So, wehaveforoc——f N(F)~0 599andf%(—)~0515
Since f(= ()<O54<f%)

7) and f is decreasing on [, 5.
By approximation, the equation f(

7) )(x) = 0.54 has one and only one solution ¢ ~ 1.001 in [%, Z].

Definition 3.1. Let f be an mapping defined on an interval 1. We say that f is a strictly a-contractive
for some « €]0, 1] if:

3K € [0,1],¥x,y € LIf(x) — f(y)] < Klx* .

Theorem 3.2. Let a > 0and T : [a,b] — R be a given function that satisfies :

(1) T is continuous on [a, b).
(2) T is a-differentiable for some o €)0, 1].

(3) maxye[q,p) ‘T(tx)(x)‘ =K<u

Then, T is a strictly a-contractive.
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Proof. Let x and y be two reals of the interval [g, b], by [4, Theorem 2.4], there exists ¢ €]x,y|,
such that T(®)(c) = TW)-T)

%yﬂé_%xlx
Therefore,
1 1
— — 7@ Oy R
T -1l = [T (3~ 1))
T o
= = |y =¥
K
< - [ P ¢
< L=
S K/|y0(_x0(|.

Then, T is a strictly a-contractive withe K’ = % <1

Example 3.3.

(1) On the interval [11—0, 1], we consider the mapping T defined by:
T(x) = cos(x)
For some a €)0,1[, by [4, Theorem 2.2], we have
T (x) = —x*sin(x) and max ‘T("‘)(x)‘ =K<u,
xe[41]
Thus, for « = =, we have
max ‘T(%)(x)’ = 0.841 < <.
x€[51] 7T
Then, T is a strictly %—contmctive.
(2) On the interval [1,2], we consider the mapping T defined by:
20
T2 42x+10°
For some a €)0,1[, by [4, Theorem 2.2], we obtain

. 11—«
T(IX) (x) _ 40(x -+ 1)3(

T(x)

d TW(x)| =K < a,
(x2 4 2x +10)? " xlg[?,)é] ’ (x)‘ <«

So, for « = 19 we have
11

max ‘T(“)(x)) = 0.473 < a.
x€[1,2]

Then, T is a strictly 1-contractive.
The following theorem is a generalization of Theorem 2.3.

Theorem 3.3. Let a > 0 and f, g : [a,b] — R be two given functions such that :
(1) f and g are continuous on [a, b],
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(2) f and g are a-differentiable for some « €]0,1].
Then, there exists ¢ €|a, b, such that :

g ®) = f(@) = F(e)(3(b) — g(a)).
Proof. Consider the function h defined by
h(x) = f(x)(8(b) —g(a)) — g(x)(f(b) — f(a))

then, the function h satisfies the conditions of Theorem 2.2. Hence, there exists ¢ €|a, b[ such
that

1—a) _
h@ () = 0 where h®)(¢) = lim h(ctec™) h(c).

e—0 €

Therefore, there exists ¢ €]a, b[ such that

g (f(b) — f(a)) = f () (g(b) - g(a)).

The following results generalize the L'Hopital’s Rule will be a particular case of which & = 1.

Theorem 3.4. Let a > 0 and f, g : [a,b] — R be two given functions such that

(1) f and g are continuous on [a, b],
(2) f and g are a-differentiable for some a €]0,1],

(3) ¢ (x) is never zero on |a, b[, and that lim,_, ,+ L~

Then

o)) O
x—at g(X) — g([l) x—at g(“)(x)

Proof. By th hypotheses (1) and (2), we can apply Theorem 3.3, for all x € [a,b], there exists
Cx €]a, x[ such that

§"(ex) (f(x) = f(a)) = F1¥) (ex)(8(x) — g(a)).
Consequently,
f(x) = fa) _ f9(cy)
g(x) —gla)  g@(cx)

Finally, we have that :
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Example 3.4. Let’s calculate lim,_, 1_(:;%

We set that : f(x) =1 — cos(x) and g(x) = x2.
We are exactly within conditions for applying the previous result.
(@)
lim ——< = lim f2(x)
x—0 g(x) x—0 g(‘x)(x)
(1 —cosx)®

= T W
1—a o
. x%*sin(x)
= lim — >\
xlir(l) 2x2—«
_ g 1sin(x)
x—=02 X
1
= 5
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