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ABSTRACT. In this paper, we prove thatif a,b > 0and 0 < a <1, thenform =1,2,3,...,

i (a¥ —08) < (U — 1) (an)?)

< (txa +(1— a)b)m — (a“blf'x)m,

where rg = min{a,1 — a}. This is a considerable new generalization of two refinements of the Young in-
equality due to Kittaneh and Manasrah, and Hirzallah and Kittaneh, which correspond to the cases m =1
and m = 2, respectively. As applications we give some refined Young type inequalities for generalized eu-
clidean operator radius and the numerical radius of some well-know f-connection of operators and refined
some Young type inequalities for the traces, determinants, and norms of positive definite matrices.
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1. Introduction

The arithmetic-geometric mean inequality expressed as follows: For a set of nonnegative
real numbers x1, x, ..., x;, then
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n n xk
T < ), = (1.1)
k=1 = "

The weighted form of the arithmetic-geometric mean inequality (AM-GM) states as follows:

Theorem 1.1. Let n be a positive integer. For k = 1,2,...,n, let x; > 0, and let ap > 0 satisfy
Y i1 &, = 1. Then, we have

n n
[TxF <Y e (1.2)
k=1 k=1

The special case of the weighted AM-GM inequality (n = 2) is the well-known Young’s
inequality, for positive real numbers 4,b and 0 < o < 1, we have

a*b' ™% < wa + (1 —a)b. (1.3)
The first refinements of Young inequality is the squared version proved in [3] as follows
(2" ™) +-13(a —b)* < (aa + (1 —a)b)?, (1.4)

where rgp = min{a,1 — a}.

Later, Kittaneh and Manasrah [8], obtained the other interesting refinement of Young in-
equality as follows

a“b' " + ro(va— Vb)* < aa + (1 —a)b. (1.5)

S. Furuichi [4] was refined (1.2) as follows:

ﬁx}j"%—r (i xk—n{“/ﬁxk) < iakxk, (1.6)
k=1 k=1 k=1 k=1

where r = min{ay : k = 1,...,n}. This inequality generalizes the inequality (1.5).

Recently, Manasrah and Kittaneh [7] gave a generalization of the two refind Young inequal-
ities (1.4) and (1.5) as follows

Theorem 1.2. Let m be a positive integer and let  a positive number such that 0 < a < 1. Then we
have

(a“bl_“>m + g <a% — bgl>2 < <o¢a +(1- uc)b)m, (1.7)
where rp = min{a, 1 — a}.

This paper is organised as follows: In section 2, by using inequality (1.6) we give a new
generalization of the two refined Young inequalities (1.4) and (1.5). In section 3, we apply our
main result to establish some inequalities for generalized euclidean operator radius. In section
4, we show some numerical radius of some well-know f-connection of operators. In section 5,
we refined some Young type inequalities for the traces, determinants, and norms of positive
definite matrices.
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2. A New generalizations of two refined Young’s inequalities

Before giving the main result, we need the following simple lemma

Lemma 2.1. Let m be a positive integer, and let « a positive number such that 0 < a < 1. Then we
have

f <’Z> kak(1 — )" = ma

k=1
and

mZ‘,l (7;) (m —K)ak (1 —a)" " = m(1-w),

k=0
where (') is the binomial coefficient.

For a proof of Lemma 2.1, one can see [1].

The first main result of this setion is the following theorem.

Theorem 2.1. Let a and b be two positive numbers and 0 < o < 1. Then for m =1,2,3,..., we have

(a“bl_“)m + 1y (W — (m+ 1)(ab)%) < (zxa +(1- oc)b) m, (2.1)

where rp = min{a, 1 — a}.

Proof. We have,

(oaz +(1- oc)b)m = Y (’Z) ak(1 — a)m—kgkpm—k

where x; is given by: For 0 < k <m,
X = ad vk, with = (7;) ok (1 — o)™k,

We have

(1) xx > 0forall k € {0,1, ..., m},
(2) ux > 0forallk € {0,1,...,m}, with YJ* ,py = 1.

Hence by (1.6),

m m m m _1
P = [l r(En men((10)7)
k=0 k=0

k=0 k=0

m 1
akpm—k _ (m + 1) ( H akbm_k> m+1)
0 k=0

NgE

— a“(m)bﬁ(m) + r (
k
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bm+1 _ am+1

—  ga(m)pp(m) B m
a M 4p (T (m+1)(ab)¥),
where
r = mln{yk,k = O’. X _’m} — 1/81,
=) < > (1—a)" % =ma (by Lemma 2.1),
k=1
and
m—1
p(m) = Z (7:) (m — k)"‘k(l - “)m_k =m(l —a) (by Lemma 2.1).
k=0
Therefore,

m bm—i-l _ om+1
(a"‘bl_”‘) + (# — (m+1)(ab)

m
2

> < (zxa +(1-— zx)b)m.

Remark 2.1. The Theorem 2.1 is a commun generalization of the inequalities (1.4) and (1.5).
The second main result of this setion is the following theorem.

Theorem 2.2. Let a and b be two positive numbers and 0 < « < 1. Then form =1,2,3,..., we have
bm+1 . am—i—l

ro’ (a% - Iﬂ)z <ry (—b — — (m+ 1)(ab)%) < <zxa +(1- zx)b)m - <a"‘b1*"‘>m,
where ry = min{a, 1 — a}.

Proof. The second inequality in Theorem 2.2, are special cases of Theorem 2.1. So, it is enough
to prove the first inequality. We have,

(-] — (ot -st)

m
2

=Y do" K — (m +1)(ab)
k=0

Z a "% — (m —1)(ab)?

— (am + " — Z(ab)%>

~1) ( ;H akbm-k)m — (m—1)(ab)?
=1
(by inequality (1.1))
(m —1)(ab)¥ — (m — 1)(ab)¥ =



A NEW GENERALIZATION OF TWO REFINED YOUNG INEQUALITIES 159
It is known from [9] that for 1 < a < landr >1,
wa+ (1—a)b < (ad” 4 (1 —a)b")V/". (2.2)
It follows from (2.2) and Theorem 2.1 that

(a”‘bl_”‘>m 4 (% — (m+ 1)(ab)%) < <ocar +(1- a)bf) " (2.3)

where g = min{a,1 — a}. In particular, for a =

(a1/2b1/2> < 2im(a +br>r

we get

1
27

m+1 _ am 1
(b ’ ’ (m+1)(ab)%>. (2.4)

3. Applications to refined some inequalities for generalized euclidean operator radius

In this section we provide some improvements to some inequalities due to A. Sheikhhos-
seini, M Sal Moslehian and K. Shebrawi [13].

Let B(H), denote the C*—Algebra of all bounded linear operators acting on a Hilbert space
H.If T € B(H), the numerical radius of T is defined by
w(A) = sup |(Ax, x)|.
[lx[|=1
The generalized euclidean operator radius w), of operators Ty, ..., T, € B(H) is defined for
p > 1 as follows (see, [12]):

n

wp(T1, e T) = sup (Y2 [(Tix, )7

llx[|=1 "i=1

\w—‘

Before giving our results, we need the following lemmas. The first lemma is known as the
mixed Schwarz inequality, this lemma has been proven by Kato [10].

Lemma 3.1. Let T € B(H) and a € (0,1). Then
[(Tx, ) < (ITP* %, 2) (| TPy, ), (3.1)
forall x,y € H.

The second lemma is a generalization of the mixed Schwarz inequality, this lemma has been
proven by F. Kittaneh [6].

Lemma 3.2. Let T € B(H) and let f and g be non-negative continuous functions on [0, +oco) such
that f(t)g(t) =t forall t € [0,400). Then

[(Tx,y) > < [IFATDINETNI, (3.2)
forall x,y € H.

The third Lemma follows from spectral theorem for positive operators and Jensen’s inequal-
ity, this lemma has been proven in [11].
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Lemma 3.3. (McCarthy inequality) Let T € B(H) T > 0 and let x € H be any unit vector. Then
(a) (Tx,x)" < (T"x,x) for r>1,

(b) (T'x,x) < (Tx,x)" for 0 <r<1.
The following Theorem is well-known.
Theorem 3.1. [12] Let A;, B;, T; € B(H) fori =1,2,3.., and let f and g be non-negative continuous
functions on [0, +00) such that f(t)g(t) =t, forall t € [0, +c0). Then for r,p > 1, we have

n

Y ((B:2(TBY” + [Arg (T AT™)) ||

i=1

r—1
|

W (AiTyBy, .., ALT,By) < =

The first main result in this section is the following Theorem.

Theorem 3.2. Let A;,B;, T; € B(H) for i = 1,2,3.., and let f and g be non-negative continuous
functions on [0, +oc0) such that f(t)g(t) =t, forall t € [0, +c0). Then form =1,2,3,..and r,p > m,
we have

p 1 m/r n ) ) pr m
WhATTBy -, ATTB) < S| |35 (BT B + (4T ) AT
i=1
inf &(x),
|[x]|=1

where

([B; (1T DB, )™ — ([A7g2(Ti) AdJ e, 3+
SN (BT DB ) — (A7 T A, x)
—(m+ )[([A;g(Ti) A iwx,x><[Bz-f2<|Ti*|>BiJ%x,x>J%).

Proof. We have,

M-

i
05

n
Y A TBix,x)|P =
i=1

|(T;Bjx, Ajx)|P

£(IT) Bl IPllg(| 7 ) Asx]l? (by Lemma 3.2)

IN

i
5

14
2

NI

IN
=

I
—_

(f(ITil)Bix, f(ITil)Bix) 2 (g (IT) Aix, g (ITi ) Aix)

(4B7 (1T Bix, x) 5 (A 2(|T7 [ A, )3 )

IN
™=

I
[y

(418 POT B, 0 2 (47 2 Ty D AR, )8)

IN

i
A
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(by Lemma 3.3)
< 32 [ B AT B 0" + (AT 2T DA

i=1

m
T

%) | -8

:‘wg

(by inequality (2.4))

nl—m/r n

< S L (B PAT DB + (AT (T DAL )x,x) " —E(x),

i=1

12

by lemma 3.3 and the concavity of the function t — 7. Taking the supremum over x € H,
||x|| = 1, we deduce the result. This completes the proof.

Choosing f(t) = g(t) = Vtand T, = I fori = 1,2,...,n, in Theorem 3.2 we obtain the
following simpler form.

Corollary 3.1. Let A;, B;, € B(H) for (i =1,2,3..). Then for m = 1,2,3,..and r,p > m, we have

~[3

1 m/r m

Wh(ABy, ., A%B,) — inf &(x),

[|x[|=1

Y (084 + 140 |

2m/r

where
1 f( (|Bi| 7 x, )+ — (| Ay x, x)m+1
~ om 2p 2p
VAN (Bl x) — (A x, x)

—(m+ DA 2 (B ¥x,x)]F).

The second result in this section is the following Theorem.
Theorem 3.3. Let T; € B(H) fori = 1,2,3.., and p > 2m for some m = 1,2,3,... Then for
0 <a <1, wehave

Wh(Ty, ., Ty) < HZ(a|T|m 1—0c|T*|m) H—|mf &(x
i=1 1

where

P w2
o i <<!Ti\mxIX>’"“ — (| T} [wx, x)m 1
i=1 (|T;|mx, x) — (|Tf|mx, x)
Proof. We have,

n
Z (Tix, x)|F =
i=1

= (m+ DT, 2T o, )] %),

1=
NI

N
Il
N

(1(Tix, 1))

14
2

((]Ti|2"‘x,x> <|]}*]2(1*"‘)x,x>> (by Lemma 3.1)

IN

N
Il
—_
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p(l—a)

(4T, 1) (1775 2, 0)) " (by Lemma 3.3)

IA
1=

~
I
[y

((]Tiﬁx,x)"‘(]Ti*\%x,xﬂl*"‘))m (by Lemma 3.2)

IN
™=

N
I
—_

IN

N
Il
_

(Tl 2 + (1 - (7172, 0) " = ()

(by Theorem 2.1)
i p w P m .
< L (T + (=T ),)) " = inf £()
1 p P\ ™
< YA(aIT + A=) T 7)) xx) - inf g(x)
i=1 [Ix][=1
(by Lemma 3.3)
& p p\™
< (L (Tl + (1 - a)|T7F) xx) — inf Z(x).
i=1 [Ix[]=1
Taking the supremum over x € H, ||x|| = 1, we deduce the result. This completes the proof.

4. Some results for f-connections of operators

For positive definite operators A, B € B(H), the operator geometric mean is defined by
AfB = AV2(ATV2BATI/2)12A12

Lef f be a continuous function defined on the real interval | containing the spectrum of the
operator A~1/2BA~1/2, where B is a self-adjoint operators and A is a positive intertible opera-
tor. By using the continuous functional calculus, Tafazoli et al. [14] defined f-connection ¢y as
follows:

AcsB = AY2f(ATV2ZBATY2) A2,

The aim of this section is to give some refinements of numerical radius inequalities for the
f-connection of operators [14].

The first main result of this section which can be reads as follows.

Theorem 4.1. Let A, B, X € B(#H) be such that A, B are positive definite. Then for all integer m, and
r > 1, we have

w"((AosB)X) <27 w'r <(X*A1/2f2(A_l/zBA_l/Z)Al/z)()r + Ar) — Hiﬂil ¢(x),

where

1 <<x*Al/2f2(A1/2BA1/2)A1/2Xx’x>m+1 _ <Ax’x>m+1

¢(x) = om (X*A1/2f2(A-1/2BA-1/2) A1/2Xx, x) — (Ax, x)
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_(m + 1)(<X*A1/2f2(A—1/2BA—1/2)A1/2Xx, x> <Ax, x>)%) .
Proof. We have,

|(AoyB)Xx, x)|™ [(AY2F(AT1V2BA=Y2) AL 2Xx, x) ™

|’f(A—1/ZBA—1/2)A1/2Xx| |m‘ |A1/2x||m
(F(A71/2BATY2) A12Xx, f(ATV2BAT1/2) AV2X0) (A1 20, 4120 )"

IN

IN

IA

m
< (<X*A1/2f2(A—l/ZBA—l/Z)Al/ZXx’x>%<Ax’x>%>

N

IN

< o ((X*A1/2f2(Afl/zBAfl/Z)Al/ZXx,x>r + <Ax,x>’> - ¢(x)
(by inequality (2.4))

|2

IN

2;;” (<((X*Al/ZfZ(A—l/ZBA—l/Z)Al/Zx)r _|_Ar)x,x>> - ﬁ(X)
(by Lemma 3.3).

Taking the supremum over x € H, ||x|| = 1, we deduce the result.

Taking X = I, in Theorem 4.1, then we have the following corollary

Corollary 4.1. Let A,B € B(*H) be such that A, B are positive definite. Then for all integers m, and
r > 1, we have

w(AoyB) <27 wh (AV2L(ATPBAT) AV £ AT) - inf g()

where

1 <A1/2f2(A_l/ZBA_l/Z)Al/Zx,x>m+1 _ <Ax,x>m+1
$(x) = 2_m< <A1/2f2(A*l/ZBAfl/Z)Al/zx,x> — (Ax, x)

—(m+1)((AV22(AV2BAV/2) AV 2y x) (Ax, x>)%).

Taking r =1, X = I, and f(t) = V1, in Theorem 4.1, we have the following simplified form.

Corollary 4.2. Let A,B € B(H) be such that A, B are positive definite. Then for all integers m, we
have

w"(A$B) <27 "w"(A + B) — ||yicﬂ£1€(x)'

where

1 ((Bx,x>m+1 — (Ax, x)"+1

80 = 50 (B~ (Ana) 7 D(An DB ).

The second main result of this section which can be reads as follows.
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Theorem 4.2. Let A, B, X € B(*H) be such that A, B are positive definite. Then for all integers m, and
r > 1, we have

|(AosB)X||™ < 2;rm<||(X*Al/ZfZ(A_l/zBA_1/2)A1/2X||r+ ||A||r)7 T A CA )
x||=L|ly||=

where
(X*AV2F2(A-12BA-VZ) AV 2 Xy, x) T — (Ay, y)™ T

1
S(xy) = 2_m( (X*AV2f2( A-172BA-1/2) AT/2Xx, x) — (Ay, )
_(m+1)(<X*A1/2f2(A_l/zBA_l/Z)Al/ZXx,x><Ay,y>)%>,

Proof. We have,

[(AcsB)Xx,y)|" = [(A2f(ATV2BATV2) AV 2 X )|
< ’<f( 1/2BA71/2)A1/2Xx A1/2 >‘m
< (< AV2B A2 AV2Xy £(A 1/ZBA_1/2)A1/2Xx>%<A1/2y,A1/2y>§>m
< ( X*A1/2f2 1/2BA_1/2)A1/2Xx,x>%(Ay,y>%>m
< 2%’” <<X*A1/2f2(A—l/ZBA—l/Z)Al/ZXx/x>1’ + <Ay,y>r)7 . g(x,y)
(by inequality (2.4)).
Taking the supremum over x,y € H, ||x|| = ||y|| = 1, we deduce the result.

Taking f(t) = v/t, in Theorem 4.2, we have the following simplified form.

Corollary 4.3. Let A, B, X € B(H) be such that A, B are positive definite. Then for all integers m, and
r > 1, we have

I(ABB)XI[" <27 (IXBX| +[|AI)F — it 2(x)

where
1 (XFBXx,x)"H — (Ay,y)nt)
¢(x,y) = 2_m< (X*BXx,x) — (Ay,y)

NI

— (m+1)({Ay, y) (X*BXx, x))

)

5. Applications to refined Young type inequalities for traces, determinants, and norms of
positive definite matrices

In this section, we give some refined Young type inequalities for traces, determinants, and
norms of positive definite matrices.

Let M, (C) be the space of n x n complex matrices. A matrix A € M, (C) is called positive
semidefinite, denoted as A > 0 if x*Ax > 0 for all x € C", and it is called positive definite
denoted as A > 0 if x*Ax > 0 for all nonzero x € C". The singular values of a matrix
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A € M,(C) are the eigenvalues of the positive semidefinite matrix |A| = (A*A)'/2, denoted
by s;(A) fori =1,2,3..,n. A norm |||.|||, on M, (C) is called unitarily invariant if |||UAV||| =
|||A]|| for all A € M,,(C) and all unitary matrices U, V € M, (C).

The trace norme ||.|| is given by ||Al||1 = tr|A| = Y }_; sk(A), where tr is the usual trace. This
norm is unitarily invariant.

A matrix Young’s inequality due to Ando [2] asserts that

s]-(A"‘Bl_“) <sj(aA+(1—a)B),
the above singular value inequality entails the following unitarily invarant norm inequality
11A*B' ] < |[laA+ (1 —a)BJ||.

A determinant version of Young’s inequalities is also known [11; p. 467]: For positive
semidefinite matrices A, Band 0 < a <1,

det(A*B!™*) < det(aA + (1 —a)B). (5.1)

To prove the result of this section, we need the following two lemmas, the first lemma (see,
e.g., [11; p. 482,]) is the Minkowski inequality for determinants. the second lemma [5] is a
Heinz-Kato type inequality for unitarily invariant norms.

Lemma 5.1. Let A, B € M,,(C) be positive definite matrices. Then we have

det (A + B)# > det(A)7 + det(B). (5.2)
Lemma 5.2. Let A, B € M,(C) be positive semidefinite matrices. Then we have
[I[A*XB™=*||] < [||AX]||*]||XBI[|*~*". (53)
In particuler
tr|A*XBY%| < (trA)*(trB)1 %, (5.4)

The first result of this section concerns the determinat of positive definite matrices which
can be reads as follows:

Theorem 5.1. Let A,B € M, (C) be positive definite matrices and 0 < « < 1. Then for m =
1,2,3,..., we have

1
n

det(B)" " — det(A)"*
det(B)7 — det(A)
m
< det <acA +(1— oc)B) ,

(det(asB=))" + g ( ~ (m +1)(det(4B)) )

where rp = min{a, 1 — a}.
Proof. We have

l71711

det <0¢A +(1—- oc)B)m = [det (ocA +(1-— oc)B) "}

NI

> [det(zxA)% +det((1 —a)B) }nm (by Lemma 5.1)
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1

= [adet(a)r + (1~ a)det(B)] "

> [(det(a)h)"(qermyt) ™"

nm det(B)m+% —det(A)m+% "
! ( det(B)% T — (m+1)(det(AB))z)

— det(A)n
(by Theorem 2.1)
m
- (det(A”‘Bl_“))

o <det(3)m+i — det(A)" T

+ 7 1 1
det(B)n — det(A)n

- (m+1)(det(AB))%).

The second result of this section concerns the traces of positive definite matrices which can
be reads as follows:

Theorem 5.2. Let A,B € M, (C) be positive definite matrices and 0 < a < 1. Then for m =
1,2,3,..., we have

apl-ap\” m (trB)m+1_(trA)m+1 n
(r(asB=) " + r( BB — (4] — (m+1)((trA) (trB)) )
< [tr(aA+(1—a)B)]m,
where rp = min{a, 1 — a}.
Proof. We have
m rB)™ 1_ rA)m 1 m
(rr(arBr=))" 4 (U Bgﬁ;_g;ﬁg e+ D((trA) ()Y

(trB)"*1 — (trA)mH1
(trB) — (trA)

< [(trA)“(trB)l_“}m%—rgi( _(m+1)((trA)(trB))%)

(by inequality (5.4))
< [tr(zxA +(1— oc)B)] ! (by Theorem 2.1).

The third result of this section concerns the norms of positive semi-definite matrices which
can be reads as follows:

Theorem 5.3. Let A,X,B € M, (C) be positive semidefinite matrices and 0 < a < 1. Then for
m=1,2,3,...

m+1 _ m+1 m
x4 (LRSS = UAXIEE — e iy ciaxi s )
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m
< |alllax]||+ @ -a)l|xBll|| ",
where rg = min{a, 1 — a}.
Proof. We have
: (I1XBI)"™* = (I AX][])"*
1| A“XBY || + — (m+1)((IAXIIDNIXBI)) )
s C e — Az
o 1—a "
< [Il1ax|11*]1xB|*=]

W QIXBIID ™ = (l[lax)))m+
8 (B = A
( by inequality (5.2))

m
< [a|||AX||| +(1- zx)|||XB|||] ( by Theorem 2.1).

— (m+ 1) ((1AXI[)([1XB]I[))?)
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