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Abstract. In this paper, we discuss the hypercyclic properties of composition operators on Orlicz function
spaces. We give some different conditions under which a composition operator on Orlicz spaces is hyper-
cyclic or not. Similarly, multiplication operators are considered. It is shown that there is no hypercyclic
multiplication operator on Orlicz spaces.
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1. Introduction and preliminaries

Let (Ω, S, µ) be a complete σ−finite Borel measure space. Let denote be L0 = L0(Ω, µ)
the set of all equivalence classes of complex valued measurable functions defined on Ω. For
1 ≤ p < ∞, Lp(Ω, µ) = Lp(Ω, S, µ) is the set of all f ∈ L0 such that

‖ f ‖p =

(∫
Ω
| f |p dµ

) 1
P
< ∞.
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For p = ∞, L∞(Ω, µ) is the set of all equivalence classes of essentially bounded measurable
functions f : Ω→ C with the norm

‖ f ‖∞ = ess sup
Ω
| f | := inf{α ∈ C : µ({x ∈ Ω : | f (x)| > α}) = 0}.

Let Φ : [0, ∞) → [0, ∞) be an Orlicz function, i.e. continuous, convex , increasing function,
Φ(0) = 0, limx→∞ Φ(x) = ∞ and limx→∞

Φ(x)
x = ∞ (resp. limx→0

Φ(x)
x = 0).

Then, we define the Orlicz spaces as follows

LΦ(Ω, µ) =

{
f ∈ L0 :

∫
Ω

Φ(λ| f |)dµ < ∞ f or some λ > 0
}

.

This space endowed with the Luxemburg norm, which is defined by

‖ f ‖Φ = inf
{

λ > 0 :
∫

Ω
Φ
(
| f |
λ

)
dµ ≤ 1

}
.

is a Banach space.
Now, we give some notations and we briefly review certain properties which will be used later.
• If Φ(t) = tp, then LΦ(Ω, µ) = Lp(Ω, µ).
• If A ∈ S and 0 < µ(A) < ∞, then

‖χA‖Φ =
1

Φ−1
(

1
µ(A)

) ,

where Φ−1(t) = inf{r > 0 : Φ(r) > t} is the right-inverse of Φ.
• The Orlicz function Φ is called to satisfy the ∆2-condition, written Φ ∈ ∆2, if there are
constants k > 0 and t0 ≥ 0 such that Φ(2t) ≤ kΦ(t), for all t ≥ t0.
• The measurable transformation T : Ω→ Ω is said to be measure preserving if µ(T−1(A)) =
µ(A) for every A ∈ S.
• A subset A ∈ S is said to be an atom with µ(A) > 0, if for every E ∈ S such that E ⊂ A, then
µ(E) = 0 or µ(E) = µ(A).
• A measurable transformation T : Ω→ Ω is called non-singular if

µT−1(A) = µ(T−1(A)) = 0,

whenever µ(A) = 0 for all A ∈ S. This condition means that the measure µT−1 is absolutely
continuous with respect to µ (It is usually denoted by µT−1 � µ). Then the Radon-Nikodym
theorem assures the existence of a unique non-negative Borel measurable function h ∈ L1(Ω, µ)
on Ω such that

µT−1(A) =
∫

A
h(t)dµ(t) for all A ∈ S.

In this case h is said to be the Radon-Nikodym derivative and denoted by dµT−1

dµ .
• A non-singular measurable transformation T induces a well-defined composition operator
CT from LΦ(µ) into itself defined by CT f (x) = f (T(x)) for x ∈ Ω and f ∈ LΦ(Ω, µ). Note that
if T is not non-singular transformation, then CT is not well-defined (see for instance [20, page
18]).
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• Let u : Ω → C be a function such that u. f ∈ LΦ(Ω, µ) for every f ∈ LΦ(Ω, µ). If u is a
function in L∞(Ω, µ), then the multiplication operator Mu from LΦ(Ω, µ) into itself defined by
Mu f = u. f for any f ∈ LΦ(Ω, µ) is a bounded operator (see [13]).

In the literature corresponding to the Orlicz spaces, the basic properties of these spaces were
considered by Rao and Ren in [17]. Cui, Hudzic, Kumar and Maligranda [7] and Komar [15]
proved some properties of compositon operators on Orlicz spaces. In [13] Komal and Gupta
established certain properties of multiplication operators on Orlicz spaces. Finally, Chen and
Du [5] presented new characterizations of disjoint topological transitivity on Orlicz spaces.
Next, a bounded linear operator T on Banach space X is (weakly) hypercyclic if there exists a
vector x ∈ X such that the orbit of x under T defined by

Orb(T, x) := {Tnx : n ∈N∪ {0}}

is (weakly)dense in X. Every such vector x is called (weakly) hypercyclic vector for T.

In recent years, great attention has been focused on the study of hypercyclic operators. The
first example of a hypercyclic operator is λB for |λ| > 1, λ ∈ C on the space l2(N), where
B is the backward shifts. For more details, we refer the interested reader to [2, 18], and the
references therein.

2. Hypercyclic Composition Operators on LΦ(Ω, µ)

In this section, we discuss about hypercyclic properties of composition operators on Orlicz
function spaces.

Lemma 2.1. If T is a non-singular transformation and dµT−1

dµ = h, then for all n ∈ N, Tn is also

non-singular transformation and dµT−n

dµ = ∏n−1
j=0 hoT−j. Moreover, if T is invertible and its inverse is

also non-singular transformation, then for all n ∈N, dµTn

dµ =
(

∏n
j=1 h ◦ T j)−1.

Proof. We use induction on n. This is true for n = 1. Suppose it is true for n, we prove for n + 1
is true. Let E ∈ S and µ(E) < ∞, so

µT−(n+1)(E) = µT−n(T−1(E)) =
∫

T−1(E)

n−1

∏
j=0

hoT−jdµ

Using a change of variable, we get

µT−(n+1)(E) =
∫

E

n

∏
j=1

hoT−jdµT−1 =
∫

E
h

n

∏
j=1

hoT−jdµ =
∫

E

n

∏
j=0

hoT−jdµ

By uniquness of Radon-Nikodym derivative theorem, we have

dµT−n

dµ
=

n−1

∏
j=0

hoT−j.
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For E ∈ S, we obtain∫
E

h(T(x))dµT(x) =
∫

T(E)
h(r)dµ(r) = µ(T−1(T(E)) = µ(E).

So
dµ

dµT
= hoT or

dµT
dµ

=
1

hoT
.

For the rest of proof we follow the same steps as before.

In [12] the authors presented the hypercyclicity criterion. This criterion was independently
improved by Gethner and Shapiro [8]. Eventually, the most general example of this criterion
was expressed by Bés [3].
Hyperciclicity Criterion (see [2]). Suppose that T is a continuous linear operator on a separable
Banach space X, for which the sequence of non-negative powers (Tn) tends pointwise to zero
on a dense subset of X. Suppose further that there is a (possibly different) dense subset Y of
X, and a (possibly discontinuous) map S : Y → Y such that TS = identity on Y, and (Sn) tends
pointwise to zero on Y, then T is hypercyclic.

Remark 1. In [16] Kufner, John and Fucik proved that LΦ(Ω, µ) is a separable Banach space, if Φ
satisfies the ∆2-condition. Since hypercyclicity has sense only if the underlying space is separable, then
we consider only the case where Φ satisfies the ∆2- condition.

Theorem 2.1. Let T : Ω → Ω be a non-singular measurable transformation, its inverse is measurable
and non-singular transformation. Assume that Φ : [0, ∞)→ [0, ∞) be an Orlicz function such that Φ
satisfies the ∆2-condition and CT ∈ B(LΦ(Ω, µ)). If

n−1

∏
j=0

hoT−j → 0 a.e as n→ ∞ and
( n

∏
j=1

hoT j)−1 → 0, a.e., as n→ ∞

Then CT is hypercyclic on LΦ(Ω, µ).

Proof. For A ∈ S and 0 < µ(A) < ∞, we have

‖Cn
TχA‖Φ = ‖χT−n(A)‖Φ =

1

Φ−1
(

1
µ(T−n(A))

) .

Therefore, by Lemma 2.1, we get

‖Cn
TχA‖Φ =

1

Φ−1
(

1∫
A ∏n−1

j=0 hoT−j(t)dµ(t)

) .

Since Φ is an increasing function, so by [9, Lemma 2.3.9], Φ−1 is continuous and Φ ∈ ∆2 implies
that limt→∞ Φ−1(t) = ∞. Consider the fact that ∏n−1

j=0 hoT−j is Rodon-Nykodym derivative and
µ is σ−finite measure, hence as in [19], we obtain∫

A

n−1

∏
j=0

hoT−j(t)dµ(t) < ∞.
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Then by Lebesgue Convergence theorem, we have

‖Cn
TχA‖Φ → 0 as n→ ∞.

So, for all simple functions s, it follows

‖Cn
Ts‖Φ → 0 as n→ ∞.

Similarly, we find that
‖C−n

T s‖Φ → 0 as n→ ∞.

Since simple functions are dense in LΦ(Ω, µ), thus by Hypercyclic Criterion, CT is hypercyclic
on LΦ(Ω, µ).

Example 2.1. Let Ω = [0, 1] and µ be a Lebesgue measure on [0, 1]. Consider T(x) = 1−
√

1− x. So
T be a non-singular transformation and h = 2(1− x) by [10], we have:

n−1

∏
j=0

hoT−j(x) =
n−1

∏
j=0

2(1− x)2j
= 2n.(1− x)2n−1,

and
n

∏
j=1

hoT j(x) =
n

∏
j=1

2 2n√
1− x = 2n.(1− x)1−( 1

2 )
n+1

.

Since

lim
n→∞

2n.(1− x)2n−1 = 0 and lim
n→∞

(
2n.(1− x)1−( 1

2 )
n+1
)−1

= 0.

Thus, by Theorem 2.1, CT is hypercyclic.

Next, For an Orlicz function Φ define

bΦ = sup{u > 0 : Φ(u) < ∞} and aΦ = inf{u > 0 : Φ(u) > 0}.
Clearly, 0 ≤ aΦ ≤ bΦ ≤ ∞.

Theorem 2.2. If 0 < aΦ ≤ bΦ < ∞, then there is no weakly hypercyclic composition operator on
LΦ(Ω, µ).

Proof. If 0 < aΦ = bΦ < ∞, then

Φ(t) =

 0 if 0 ≤ t ≤ aΦ,

∞ if aΦ < t < ∞.

Let f ∈ LΦ(Ω, µ), So there exists λ > 0 such that
∫

Ω Φ(λ| f |)dµ < ∞. By the definition of Φ, we

must have 0 < λ| f | ≤ aΦ, that is, | f | ≤ aΦ
λ . This means f ∈ L∞(Ω, µ), and ‖ f ‖Φ ≥ ‖ f ‖∞

aΦ
. Now,

suppose f ∈ L∞(Ω, µ), so there is λ > 0 such that λ| f | ∈ [0, aΦ], it follows that
∫

Ω Φ(λ| f |)dµ =

0, and f ∈ LΦ(Ω, µ). Thus ‖ f ‖Φ ≤ ‖ f ‖∞
aΦ

. Hence, in this case, LΦ(Ω, µ) = L∞(Ω, µ) with
‖ f ‖∞ = aΦ‖ f ‖Φ.
Next, suppose that 0 < aΦ < bΦ < ∞. Choose ε > 0 such that 0 < ε < aΦ and Φ(ε) = 0. Since
(Ω, S, µ) be a σ−finite measure space, there exists disjoint subsets Ωn of Ω with µ(Ωn) < ∞
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such that Ω = ∪∞
n=1Ωn. Suppose that f ∈ L∞(Ω, µ), so there is λ > 0 such that ‖ f ‖∞

λ ≤ ε. Since
Φ be an increasing function, we have∫

Ωn
Φ
(
| f |
λ

)
dµ ≤ Φ(ε)µ(Ωn) = 0.

So, for all n ∈ N we obtain
∫

Ωn
Φ
(
| f |
λ

)
dµ = 0. As

∫
Ω Φ

(
| f |
λ

)
dµ = ∑∞

n=1
∫

Ωn
Φ
(
| f |
λ

)
dµ. Then∫

Ω Φ
(
| f |
λ

)
dµ = 0, thus f ∈ LΦ(Ω, µ), LΦ(Ω, µ) ⊆ L∞(Ω, µ) and ‖ f ‖Φ ≤ ‖ f ‖∞

ε .

Conversely, suppose that f ∈ LΦ(Ω, µ). So there exists λ > 0 such that
∫

Ω Φ(λ| f |)dµ ≤ ∞. For
all n ∈N, we define

An = {x ∈ Ω : | f (x)| > n} , Bn = {x ∈ Ω : Φ(λ| f (x)|) > Φ(λn)} .

Since Φ be an increasing function, we have An ⊆ Bn. By assumption we have bΦ < ∞, so there
exists x0 6= 0, n0 ∈N such that Φ(x0) = ∞ and λn0 > x0. Consequently, Φ(λn0) = ∞ and

∞ >
∫

Ω
Φ(λ| f |)dµ ≥

∫
Bn0

Φ(λ| f |)dµ ≥
∫

Bn0

Φ(λn0)dµ.

Since µ(An0) ≤ µ(Bn0), µ(An0) = 0, f ∈ L∞(Ω, µ)and ‖ f ‖∞ ≤ n0. Hence, µ(Bn0) = 0. Thus
in this case LΦ(Ω, µ) = L∞(Ω, µ) and ‖ f ‖∞

n0
≤ ‖ f ‖φ ≤ ‖ f ‖∞

ε . On the other hand for all f ∈
L∞(Ω, µ), we have ‖ f oT‖∞ ≤ ‖ f ‖∞, so ‖CT‖∞ ≤ 1, and CT cannot be weakly hypercyclic on
L∞(Ω, µ) and also on LΦ(Ω, µ).

Proposition 2.1. If CT is (weakly) hypercyclic on LΦ(Ω, µ), then:

a) T−1(S) = S i.e. S = {T−1(A) : A ∈ S}.
b) T is not a non-singular measure-preserving transformation.
c) LΦ(Xε, µT−1) is infinite dimensional for each ε > 0, where Xε =

{
x ∈ Ω : dµT−1

dµ (x) ≥ ε
}

.

d) N(h, ε) = {x ∈ Ω : h = dµT−1

dµ (x) > ε} consists of infinitely many atoms for each ε.
d) h ≥ 1.

Proof. a) Suppose T−1(S) 6= S. By [14, Corollary 4.5], since CT has not dense range, so is not
(weakly) hypercyclic.
b) Let T be a non-singular measure-preserving transformation, then by [14, Corollary 4.8] CT
is an isometry. Thus, by [1, Corollary 3.2] CT can not be (weakly) hypercyclic on LΦ(Ω, µ).
c) Suppose that LΦ(Xε, µT−1) is finite dimensional for each ε > 0, then by [14, Theorem 3.1]CT
is compact. Thus CT is not (weakly)hypercyclic.
d) Suppose that N(h, ε) consists of finitely many atoms, so by [10, Proposition 2.1] CT is compat,
therefore CT is not (weakly) hypercyclic on LΦ(Ω, µ).
e) Let h < 1, so by [7, Remark 3], ‖CT‖Φ ≤ 1. Hence CT can not be (weakly) hypercyclic on
LΦ(Ω, µ).
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3. Hypercyclic Muitiplication Operators on LΦ(Ω, µ)

In this section, we show that there is no hypercyclic multiplication operators on Orlicz func-
tion spaces. For this we use the same method as the one used by that authors in [6].

Theorem 3.1. Let (Ω, S, µ) be a regular σ−finite measure space. If Mu ∈ B(LΦ(Ω, µ)) , then Mu is
not hypercyclic on LΦ(Ω, µ).

Proof. Since ‖Mu‖Φ = ‖u‖∞, we have two cases, ‖u‖∞ ≤ 1 and ‖u‖∞ > 1. We prove that
Mu is not hypercyclic in this both cases. If ‖u‖∞ ≤ 1, then ‖Mu‖Φ ≤ 1. So Mu is not hy-
percyclic. Now, we suppose that ‖u‖∞ > 1. Since µ is regular, therefore µ(Ω) = sup{µ(K) :
K is compact, K ⊆ Ω}, so there is a compact set K ⊂ Ω such that µ(K) > 0. On the other hand,
limx→∞ Φ(x) = ∞, there exists ε > 0 such that Φ(1

ε ) > 2
µ(K) or µ(K) > 2

Φ( 1
ε )

. Moreover, u is

continuous, so we may assume u(x) > 1 for all x ∈ K. Since the hypercyclic vectors for Mu
are dense in LΦ(Ω, µ), then there exists a hypercyclic vector f for Mu such that for sufficiently
large n ∈N, we have:

‖ f − 2χK‖Φ < ε and ‖Mn
u f ‖Φ < ε.

Let W = {x ∈ K : | f (x)| < 1} and suppose µ(W) 6= 0. Then

ε > ‖ f − 2χK‖Φ ≥ ‖χW .( f − 2χK)‖Φ ≥ ‖χW‖Φ =
1

Φ−1
(

1
µ(W)

) .

Therefore in the both cases µ(W) < 1
Φ( 1

ε )
. On the other hand, suppose Q = K −W, and

µ(Q) 6= 0.

ε > ‖Mn
u f ‖Φ ≥ ‖χQ.(un f )‖Φ ≥ ‖χQ‖Φ =

1

Φ−1
(

1
µ(Q)

) .

Hence µ(Q) = µ(K −W) = 1
Φ( 1

ε )
. So in all cases µ(K) = µ(W) + µ(Q) < 2

Φ( 1
ε )

, which is a

contradiction.
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