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ABSTRACT. In this paper, we discuss the hypercyclic properties of composition operators on Orlicz function
spaces. We give some different conditions under which a composition operator on Orlicz spaces is hyper-
cyclic or not. Similarly, multiplication operators are considered. It is shown that there is no hypercyclic
multiplication operator on Orlicz spaces.
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1. Introduction and preliminaries

Let (Q),S, ) be a complete o—finite Borel measure space. Let denote be L = L%(Q, u)
the set of all equivalence classes of complex valued measurable functions defined on ). For
1<p<oo, LP(Q,u) = LP(Q,S, u) is the set of all f € LY such that

o= ([ ) <o
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For p = oo, L®(Q), u) is the set of all equivalence classes of essentially bounded measurable
functions f : (2 — C with the norm

Il = esssup fl = inf{a € € pu({x € O [f(x)| > }) = 0.

Let ® : [0,00) — [0,00) be an Orlicz function, i.e. continuous, convex , increasing function,

q)(O) = 0/ hmx%oo CD(X) = oo and limx_m @ = o0 (7’65]9. limx_>0 <D§Cx) — 0)
Then, we define the Orlicz spaces as follows

LP(Q,u) = {fe LO: /QCID(/\|f|)dy < oo for some A > O}.

This space endowed with the Luxemburg norm, which is defined by

. L/l
frnd : Rl < .
1 fllo mf{/\>0 /Qcp(A du <1
is a Banach space.

Now, we give some notations and we briefly review certain properties which will be used later.
o If ®(t) = t#, then LP(Q, u) = LP(Q, ).
elf Ac Sand 0 < u(A) < oo, then
Il 1
All® — — 7 -\~
-1 (_1_
¢ (u(A))
where ®~1(t) = inf{r > 0: ®(r) > t} is the right-inverse of ®.
e The Orlicz function @ is called to satisfy the Aj-condition, written ® € A,, if there are
constants k > 0 and #yp > 0 such that ®(2t) < k®(t), for all t > .
e The measurable transformation T : Q — Q) is said to be measure preserving if u(T~1(A)) =
#(A) for every A € S.
o A subset A € S is said to be an atom with p(A) > 0, if for every E € S such that E C A, then
(E) = 0or u(E) = u(A).
e A measurable transformation T : () — () is called non-singular if
HT~H(A) = u(T~H(A)) =0,

whenever u(A) = 0 for all A € S. This condition means that the measure uT~! is absolutely
continuous with respect to p (It is usually denoted by uT~! < u). Then the Radon-Nikodym
theorem assures the existence of a unique non-negative Borel measurable function i € L'(Q, j1)
on () such that

UT-1(A) = /Ah(t)dy(t) forall A € S,

In this case / is said to be the Radon-Nikodym derivative and denoted by di ;;1.

e A non-singular measurable transformation T induces a well-defined composition operator
Cr from L®(u) into itself defined by Crf(x) = f(T(x)) for x € Q and f € L®(Q, u). Note that
if T is not non-singular transformation, then Cr is not well-defined (see for instance [20, page
18]).
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e Let u : O — C be a function such that u.f € L®(Q,u) for every f € L®(Q,u). If u is a
function in L®(Q), 1), then the multiplication operator M,, from L®(Q, 1) into itself defined by
M, f = u.f for any f € L®(Q, u) is a bounded operator (see [13]).

In the literature corresponding to the Orlicz spaces, the basic properties of these spaces were
considered by Rao and Ren in [17]. Cui, Hudzic, Kumar and Maligranda [7] and Komar [15]
proved some properties of compositon operators on Orlicz spaces. In [13] Komal and Gupta
established certain properties of multiplication operators on Orlicz spaces. Finally, Chen and
Du [5] presented new characterizations of disjoint topological transitivity on Orlicz spaces.
Next, a bounded linear operator T on Banach space X is (weakly) hypercyclic if there exists a
vector x € X such that the orbit of x under T defined by

Orb(T,x) :={T"'x:n € NU{0}}

is (weakly)dense in X. Every such vector x is called (weakly) hypercyclic vector for T.

In recent years, great attention has been focused on the study of hypercyclic operators. The
first example of a hypercyclic operator is AB for [A| > 1, A € C on the space I2(N), where
B is the backward shifts. For more details, we refer the interested reader to [2, 18], and the
references therein.

2. Hypercyclic Composition Operators on L®(Q, i)

In this section, we discuss about hypercyclic properties of composition operators on Orlicz
function spaces.

-1
Lemma 2.1. If T is a non-singular transformation and an 7;[ = h, then for all n € IN, T" is also

non-singular transformation and d” T H ! hoT=I. Moreover, if T is invertible and its inverse is
-1

duT"
also non-singular transformation, then foralln € N, Zy = ( j:1 hoTl)™

Proof. We use induction on n. This is true for n = 1. Suppose it is true for n, we prove for n 41
is true. Let E € S and pu(E) < o0, so

n—1 )
pT - D(E) = pT (TN E) = [ [T hoT Tdp
T-Y(E) iy

Using a change of variable, we get

uT~ 1 ( /HhoT JduT=1 /hHhoT Jdy = /HhoT idu

By uniquness of Radon-Nikodym derivative theorem, we have

dyT no n-l

—HhoT J,
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For E € S, we obtain

[ HTE)AT() = [ n(r)dp(r) = (TN (T(E)) = w(E).

T(E)
5 d duT 1
ro_ Lo
auT hoT or ar T

For the rest of proof we follow the same steps as before.

In [12] the authors presented the hypercyclicity criterion. This criterion was independently

improved by Gethner and Shapiro [8]. Eventually, the most general example of this criterion
was expressed by Bés [3].
Hyperciclicity Criterion (see [2]). Suppose that T is a continuous linear operator on a separable
Banach space X, for which the sequence of non-negative powers (T") tends pointwise to zero
on a dense subset of X. Suppose further that there is a (possibly different) dense subset Y of
X, and a (possibly discontinuous) map S : Y — Y such that TS = identity on Y, and (S") tends
pointwise to zero on Y, then T is hypercyclic.

Remark 1. In [16] Kufner, John and Fucik proved that L®(Q), u) is a separable Banach space, if ®
satisfies the Ay-condition. Since hypercyclicity has sense only if the underlying space is separable, then
we consider only the case where @ satisfies the Ay- condition.

Theorem 2.1. Let T : QO — Q) be a non-singular measurable transformation, its inverse is measurable
and non-singular transformation. Assume that ® : [0,00) — [0, 00) be an Orlicz function such that ®
satisfies the Ap-condition and Ct € B(L®(Q, u)). If

n—1 ) n .
[[hoT/ =0 ae as n— oo and (] [hoT’) Y50, ae, as n— oo
=0 =1

Then Cr is hypercyclic on L®(Q, ).
Proof. For A € S and 0 < pu(A) < oo, we have

ICrxalle = [[XT-na)lle = .
(A) q;—l( 1 )
u(T

Therefore, by Lemma 2.1, we get

ICrxalle = .
-1 L
JaTTZg hoT=I (t)du(t)

Since @ is an increasing function, so by [9, Lemma 2.3.9], &1 is continuous and ® € A, implies

that lim; ., @ !(t) = co. Consider the fact that H}lz_ol hoT 7 is Rodon-Nykodym derivative and

u is o—finite measure, hence as in [19], we obtain

/ ﬁhoTj(t)dy(t) < oo,
Ao
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Then by Lebesgue Convergence theorem, we have
ICtxalle — 0 as n — oo.
So, for all simple functions s, it follows
ICs|le — 0 as n — oo.

Similarly, we find that

|C;"slle — 0 as n — co.
Since simple functions are dense in L*(Q), 1), thus by Hypercyclic Criterion, Cr is hypercyclic
on L®(Q, u).

Example 2.1. Let Q) = [0, 1] and p be a Lebesgue measure on [0,1]. Consider T(x) =1 —+/1 — x. So
T be a non-singular tmnsformation and h = 2(1 — x) by [10], we have:

HhoT J(x HZ(l—x =2"(1-x)*",

and
n . n . ;
[ThoTi(x) = [[2¥1T—x =2".(1—x)' )",
j=1 j=1

Since :
lim 2".(1—x)* ' =0 and lim (2".(1-x)=@"") " ~o.

n—oo n—o00

Thus, by Theorem 2.1, Cr is hypercyclic.

Next, For an Orlicz function ® define
be = sup{u >0:P(u) < oo} and agp = inf{u >0: d(u) > 0}.
Clearly, 0 < agp < by < co.
Theorem 2.2. If 0 < agp < by < oo, then there is no weakly hypercyclic composition operator on
LP(Q, ).
Proof. If 0 < agp = by < oo, then

0 if 0<t<agy,
D(t) =

oo if ap <t < oo.

Let f € L®(Q, i), So there exists A > 0 such that [, ®(A|f|)du < co. By the definition of ®, we
must have 0 < A|f| < ag, that is, [f| < 5. This means f € L®(Q, i), and || f|o > %. Now,
suppose f € L*(Q, ), so there is A > 0 such that A[f| € [0, aq], it follows that [ ®(A|f])du =
0, and f € L®(Q,u). Thus |flle < %. Hence, in this case, L®(Q, 1) = L®(Q, ) with
1flleo = o] fllo-

Next, suppose that 0 < agp < by < o0. Choose € > 0 such that 0 < € < ap and P(€) = 0. Since
(Q), S, 1) be a c—finite measure space, there exists disjoint subsets (), of Q) with p(Q,) < oo
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such that O = U Q. Suppose that f € L®((), u), so there is A > 0 such that % < e. Since
® be an increasing function, we have

[, @ () dn < eteman o

So, for all n € N we obtain [ P (%) dp=0.As [P ( L ) du =Y Jo, ® (%) dy. Then
Jo® (4) du =0, thus £ € L2(O, ), L2(Q,p) € L(O, ) and | fllo < L=,

Conversely, suppose that f € L®(Q), ). So there exists A > 0 such that [ ®(A|f])du < co. For
all n € N, we define

={xeQ:|f(x)| >n}, Bp={xeQ:PA|f(x)]) > DP(An)}.

Since ® be an increasing function, we have A, C B,. By assumption we have bg < oo, so there
exists xg # 0, np € IN such that ®(xp) = co and Angy > xg. Consequently, P (Ang) = oo and

o> [ QIfDdn> [ ®Alfdu> [ S(Ano)dp.
0 By, By,
Since pt(An,) < W(Bny), (Apn,) =0, f € L®(Q, u)and ||f|lc < no. Hence, u(By,) = 0. Thus
in this case L®(Q, u) = L®(Q, 1) and Mlﬁ < flle < [l On the other hand for all f €
0 €

L*(Q, ), we have || foT||e < || flleo, 50 ||CT]le < 1, and Ct cannot be weakly hypercyclic on
L®(Q, 1) and also on L®(Q, ).

Proposition 2.1. If Ct is (weakly) hypercyclic on L®(Q), i), then:

a) T"Y(S)=Sie.S={T1(A): AeS}
b) T is not a non-singular measure-preserving transformation.

¢) L®(Xe, uT~Y) is infinite dimensional for each e > 0, where X, = {x eO: d”da_l (x) > s} .

d) N(he)={xecQ:h= d”di_l (x) > €} consists of infinitely many atoms for each .
d) h>1.

Proof. a) Suppose T~1(S) # S. By [14, Corollary 4.5], since Ct has not dense range, so is not
(weakly) hypercyclic.
b) Let T be a non-singular measure-preserving transformation, then by [14, Corollary 4.8] Cr
is an isometry. Thus, by [1, Corollary 3.2] Cr can not be (weakly) hypercyclic on L®(Q, ).
c) Suppose that L®(X,, uT~!) is finite dimensional for each ¢ > 0, then by [14, Theorem 3.1]Cr
is compact. Thus Cr is not (weakly)hypercyclic.
d) Suppose that N(h, €) consists of finitely many atoms, so by [10, Proposition 2.1] Cr is compat,
therefore Cr is not (weakly) hypercyclic on L®(Q, u).

e) Let h < 1, so by [7, Remark 3], ||Cr|l¢ < 1. Hence Cr can not be (weakly) hypercyclic on
L*(Q, ).
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3. Hypercyclic Muitiplication Operators on L*(Q), )

In this section, we show that there is no hypercyclic multiplication operators on Orlicz func-
tion spaces. For this we use the same method as the one used by that authors in [6].

Theorem 3.1. Let (Q), S, i) be a regular o—finite measure space. If M, € B(L®(Q, u)) , then M, is
not hypercyclic on L*(Q), ).

Proof. Since |Myl||le = ||u|lc, we have two cases, ||u|| < 1 and |||l > 1. We prove that
M, is not hypercyclic in this both cases. If ||u]lo < 1, then |[Mylle¢ < 1. So M, is not hy-
percyclic. Now, we suppose that ||u#||« > 1. Since y is regular, therefore u(Q) = sup{u(K) :
K is compact, K C O}, so there is a compact set K C () such that y#(K) > 0. On the other hand,
limy 0 ®(x) = oo, there exists ¢ > 0 such that ®(1) > ﬁ or u(K) > %1)' Moreover, u is
continuous, so we may assume u(x) > 1 for all x € K. Since the hypercyclic vectors for M,
are dense in L®(Q), 1), then there exists a hypercyclic vector f for M,, such that for sufficiently
large n € IN, we have:

If —2xkllo <e and |Mjf|le <e.
Let W= {x € K: |f(x)| <1} and suppose u(W) # 0. Then

1
e> |If = 2xxlle = lxw-(f = 2xx)lle = [lxwlle = 1 (k)
u(

rW)
Therefore in the both cases u(W) < q>(11 7 On the other hand, suppose Q = K — W, and
n(Q) #0.

1
e> [Mifllo > Ixe (5" fllo 2 lxalle = ————
* (5
Hence u(Q) = u(K —W) = @(11)- So in all cases u(K) = u(W) + u(Q) < q)(zl), which is a
contradiction.
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