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Identifying the Direction of Behavioral Dependence in
Two-Sample Capture-Recapture Study

Kiranmoy Chatterjee' and Diganta Mukherjee®

With the possibility of dependence between the sources in a capture-recapture type
experiment, identification of the direction of such dependence in dual system of data
collection is vital. This has a wide range of applications, including in the domains of public
health, official statistics and social sciences. Owing to the insufficiency of data for analyzing a
behavioral dependence model in dual system, our contribution lies in the construction of
several strategies that can identify the direction of underlying dependence between the two
lists in the dual system, that is, whether the two lists are positively or negatively dependent.
Our proposed classification strategies would be quite appealing for improving the inference as
evident from recent literature. Simulation studies are carried out to explore the comparative
performance of the proposed strategies. Finally, applications on three real data sets from
various fields are illustrated.

Key words: Classification; direction of behavioral dependence; human population;
randomized rule; recapture probability.

1. Introduction and Motivation

Estimation of the size of a given population is an important statistical concern that has vast
application in the field of public health, population studies and animal abundance. In
practice, it is mostly impossible to count all the individuals in a population accurately by
any attempt, especially when the population is large enough or very hard to reach. As a
remedy, more than one attempt is carried out independently and the population size (N) is
estimated by matching the available (two or more) lists of information. This kind of data
structure is known as a multiple-record system, which is equivalent to the capture-
recapture system popularly relevant to abundance of animal population. However, in the
context of a closed human population, use of more than two sources of information is
uncommon in the official registration systems of most countries. When two attempts have
been made to estimate the N in capture-recapture format, then the resulting data structure
is known as a dual-record system (DRS), which is presented in Table 1. Estimation of
census coverage error (Gerritse et al. 2017; Chatterjee and Mukherjee 2016a),
epidemiological events (Ifiigo et al. 2003; Granerod et al. 2013), size of hard-to-count
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Table 1. Data structure in Dual-Record System (DRS).

List 2
List 1 In Out Total
In X11 X10 X1
Out Xo1 X00 Xo-
Total X X.0 x.=N

population (Ruiz et al. 2016) are the primary applications of DRS for human population.
ChandraSekar and Deming (1949) proposed homogeneous post-stratification of the data
obtained in DRS structure in order to reduce heterogeneity with respect to the capture
probabilities among individuals. This proposal has been commonly applied in most of the
official statistics, as well as in epidemiological data sets (Eckberg 2000; Iiigo et al. 2003).
Bohning et al. (2017) discussed some recent developments of the applications of various
capture-recapture models in the arena of epidemiology, medical and social science.

After the construction of such mutually exclusive post-strata, which are within
homogeneous but between heterogeneous, relevant statistical models for DRS can be
analyzed for each of those post-strata. Model M, (Otis et al. 1978), equivalent to the
Petersen Model (Wolter 1986), has received much attention among practitioners because
of its simplicity and identifiability in the vicinity of DRS for a human population. In
Table 1, x;., x.; and x;; refer to the number of individuals present in the first list (List 1),
second list (List 2) and their common list, respectively. Following the underlying
assumption of list-independence between the two lists, the estimator of N based on the
model M, is found to be % (Wolter 1986; Chatterjee and Mukherjee 2016b). This
estimator is popularly known as the Petersen estimator in epidemiology, or the
ChadraSekar-Deming estimator in the domain of demography or population studies. More
details on this model, including various likelihood based estimating approaches, can be
found in Chatterjee and Mukherjee (2016b).

However, the assumption of list-independence may seriously mislead in many
situations for human populations. Several methodologists and practitioners (ChandraSekar
and Deming 1949; Greenfield 1975; El-Khorazaty 2000; Jarvis et al. 2000; Chao et al.
2001) argued that the list-independence assumption may not be justifiable in reality. An
efficient brief review was done by Brittain and Bohning (2009) on the various methods
available by relaxing the independence assumption and associated comparative study was
undertaken in DRS context. The assumption of list-independence is often violated due to
the presence of behavioral response variation at the time of a second capture attempt in
DRS. An individual who is enlisted in List 1 may be more likely to also be included in List
2 than the individual who has not been enlisted in List 1. Hence, the corresponding
population is treated as recapture prone. This kind of behavioral connection at the second
time attempt is commonly encountered in epidemiological (Chao et al. 2001; Granerod
et al. 2013) and demographic (Bell 1993; Griffin 2014) studies. Otherwise, in reverse
cases, populations become recapture averse, for example hard-to-count population, drug
addicted population. An interesting attempt to judge the effect of violation of the list-
independence in this context was done by Gerritse et al. (2017). These kinds of changes in
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the behavior of an individual, while he/she attempts to be included in List 2, is grossly
known as behavioral response variation (Wolter 1986; Chatterjee and Mukherjee 2018).
O’Connell and Pollock (1992) introduced a strategy using demographic co-variates for
partitioning a population in terms of direction of behavioral dependence. When both the
time variation and behavioral response variation act together, model M,;,, to be defined
later, can be treated as the most general and suitable statistical model for analyzing
capture-recapture data under homogeneity. Gosky and Ghosh (2011) showed the
appropriateness of this model among all the capture-recapture models proposed in Otis
et al. (1978).

Now we state some basic notation before proceeding further. Let p;; be the probability
attached to each individual to be included in the count x;; in (i, j )th cell of Table 1, where
i,j € {0, 1, -}. In addition we denote

Pr (an individual is captured in List 2 | s/he is listed in List 1) = [1% =c,
Pr (an individual is captured in List 2 | s/he is not listed in List 1) = 22— = p, following

1-p;.
Wolter (1986). In this article, we consider ¢ # p which refers a violation of independence

between the two lists. Thus, there always exists some constant ¢(>0) such that ¢ = ¢p.
This ¢ is termed as behavioral response effect. Note that ¢ > 1 (equivalently, ¢ > p)
refers to positive association between the two sources and the associated population is said
to be recapture prone and ¢ < 1 (equivalently, ¢ < p) refers to negative association and
the associated population is said to be recapture averse. A capture-recapture model with
time variation and behavioral response variation, denoted as M, incorporates behavioral
dependence between lists. However, model M,;, suffers from a problem in DRS, as ¢ or p is
not estimable separately, but their product ¢p = c is. This unidentifiability of the realistic
model M,, in DRS is discussed in Chao et al. (2000) and Chatterjee and Mukherjee
(2016c¢).

One important aspect of the model M, is that if some proper knowledge on the direction of
¢is available, then it might help to draw a reasonably good inference on the N, as evident from
literature (Nour 1982; Chatterjee and Mukherjee 2016¢, 2018). Particularly, if underlying ¢
for a population is correctly known to be greater than 1 (or less than 1), then uncertainty on ¢
will be reduced, since the domain of ¢ shrinks to (1, 00) (or (c, 1)), where c is the recapture
probability of an individual, defined earlier. Hence, one can expect that inference would
likely be better if that available knowledge is used. This issue has been proved empirically
in Chatterjee and Mukherjee (2016c, 2018). For example, in a demographic study or
homicide death study, two sources (or, lists) are commonly positively depended on, which
leads to a high estimate of c¢. On the one hand, in economic surveys, people often want to
avoid to be enlisted repeatedly in both the lists, and that leads to low estimate of the
recapture probability c. Therefore, one may intuitively suggest that a given population is
recapture prone if the maximum likelihood estimate of ¢, denoted by ¢, is very close to its
upper bound 1. On the other hand, if ¢ is very close to its lower bound 0, then the associated
population would be recapture averse with high probability. Giving an idea about the
possible direction of ¢ is always a challenging job if ¢ is neither close to 1, nor close to 0. As
per our knowledge, no strategy has been developed yet to infer the direction of ¢ from
capture-recapture data only. Therefore, in this article, our aim is to develop some
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classification strategies with which a given population can be identified as recapture prone,
recapture averse, or list-independent with high probability in connection with DRS.

In this article, based on various considerations, we propose a large number of
classification strategies in Section 2 to identify the direction of list-dependency in DRS.
Performance of the proposed strategies are thoroughly investigated with simulated data in
Section 3. Based on their performances, a subset of the proposals are applied to three real
data sets from various fields of application including demography, crime statistics and
economics in Section 4. We illustrate our classification strategies through inference about
the direction of inherent dependence in DRS corresponding to each of the three data sets.
Finally, in concluding Section 5, we discuss the implications, advantages and possible
extensions of the proposed classification strategies.

2. Proposed Classification Strategies

In this section, we propose strategies to identify whether individuals belonging to a given
population are recapture prone or recapture averse or their inclusion statuses in DRS are
list-independent. To formulate such strategies, we need to impose an assumption on a
parameter of the model M,,. For the present context, we consider that the conditional
probability p = , where a value of 7 can be chosen. Note that this assumption allows a
larger interval of possible values of p,[, 1), as one chooses a smaller 7. We will discuss
this choice later. For a justification of this, we refer to a parallel assumption adopted in
Nour (1982) for estimating total number of vital events (e.g., birth, death) where the
capture probability in each of the two lists (i.e., p;. and p.;) is assumed to be greater than
0.5. Now, from the definition of p, stated in Section 1, one can write that

_ _pot __ Xoi
1—[71. N_)C].’

p

since DRS satisfy Np; = x;; for all i, j € {0, 1, -}. The assumption of p = 7 can be
rewritten as (c—¢m) = 0, since ¢ = ¢p. By virtue of the mle, ¢ = (x1,/x,.) being
consistent, as well as an efficient estimator of ¢, we replace ¢ by ¢ and use the approximate
relation ¢ = ¢ép ! or sufficiently large N. Therefore, as N = x, where x( denotes the total
number of distinct individuals counted in DRS,
b= Ap_l =)£N—x1. - att
X1. X01 X1. (1)
or, (x;.¢p — x11) = 0.

Thus, using the inequalities in Equation (1) and (¢ — ¢7r) = 0, obtained earlier with the
consideration of approximation of ¢ by ¢, we consider the (composite) inequality

€ —¢m (. —xiy) _ X
xX.1¢ B

for x.; > 0, where k is some non-negative real number. The choice of k will be explained
later. Hence, the above inequality may be expressed as
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kx.(m+ Dxyy pe
mX7 .

o+ ¢ =0 @)

or, (¢ — ¢o)(p — ¢1) =0, 3)

where ¢ and ¢, are two real roots of the quadratic equation corresponding to (2), which
are functions of the unknown k and satisfy ¢y + ¢ = W and ¢pop; = ¢27 !
with ¢y = ¢ = ¢, from Equation (3). In fact, the two roots are positive real valued under
some condition on k. All the mathematical proofs and justifications on the nature of the
two said roots of ¢ are rigorously discussed in the Appendix (Section 6). Since the
arithmetic mean of any two positive real numbers is always greater than or equal to their

geometric mean, therefore one will have
X11

k< — -,
X.q
equality holds only when ¢y = ¢ = ¢ = ¢ "% From the Appendix we know that the
above upper bound of k is the necessary and sufficient condition for both the roots ¢, and
¢ to be positive real-valued. In addition, as k = 0 holds under the assumption that p = r,
the values of ¢, and ¢, corresponding to the lower bound of k are ¢ and é7r ~ ! respectively.
Furthermore, the root ¢, is a monotonically increasing function of k, while ¢, is
decreasing in k. This implies

o= =om 2
and

e P < ¢y =em .

Proposals. By combining the two above inequalities for the two roots ¢, and ¢, we
have
c=p=cem .
Now, arithmetic (A.M.), geometric (G.M.) and harmonic (H.M.) means of the two limits

of the above interval are, M, e Y2 and 12+C7r’ respectively. We want to consider a

reasonably moderate value 0% 7{ to allow the possibility of a small value of 7. As discussed
earlier, ¢y and ¢; are respectively increasing and decreasing functions of k, we consider
¢o = H.M. to accommodate such reasonable value of k and it automatically implies ¢; =
AM. as ¢op; = ¢ ' Since ¢y = ¢ = ¢y, one would therefore readily have HM. = ¢

= A.M.,, that is,

20 (14 me

1—|—7TS¢)S 2 “)

We call this proposed interval for ¢ as Proposal 1. One may further propose tighter
bounds for the classification strategies as per the following reasoning.

Proposal 2: As ¢~ > = ¢, we may propose the bound for ¢ as HM. = ¢ = G.M.,
since G.M. is the smallest upper bound for ¢. So,

2c A_—1/2
= =cm . 5
I d=c (5)

One can alternatively propose,
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Proposal 3: As ¢y = 7 % we may propose the bound for ¢ as GM. = ¢ = AM,,

since G.M. is the greatest lower bound for ¢. So,

1+ me
27

e = ¢ < (6)

Now, we present classification rules to identify the direction of behavioral dependence
among individuals in a population. Three alternative rules for each of the above three
proposals are designed to indicate whether underlying ¢ is greater than 1 (i.e., proneness), less
than 1 (i.e., aversion) or very close to 1 (i.e. list-independence). Let us consider that ¢, and ¢,
respectively are the lower and upper tolerance limits of ¢, equidistant from 1, beyond which
one may say that underlying DRS is list-dependent. For example, if we consider 5% tolerance,
then (¢, ¢,) = (0.95, 1.05). We outline the classification strategies in detail for Proposal 1
based on the bounds in Equation (4), corresponding to Proposal 1. The variations for other
proposals are analogously defined, based on the bounds in Equations (5) and (6).

Rule 1L. We set the lower bound of the interval, %T =¢= %, that is, lffv as a
2

threshold to infer about the direction of dependence. So, if 125 > ¢, we say the population is

1%57 < ¢, we say the population is recapture averse. Further, the

population will be termed as list-independent if ¢; < l%fﬂ = ¢,. This lower bound technique
may be conservative as it has a tendency towards indicating recapture aversion (see Section 3).

Analogously, if we replace the threshold in Rule /L by the upper bound of the interval,
we can define Rule /U. Note that Rule /U may be conservative towards recapture
proneness (see Section 3).

Admitting results of the previous classification rules, now we propose a randomized
rule, similar to the statistical hypothesis test rule (as in the Neyman-Pearson tradition), that
will safeguard the decision rule from possible threats of bias towards recapture proneness
or aversion. Here, the randomized decision is taken when the tolerance limits ¢; or ¢, lie

in the interval (4).

recapture prone. Again if

Rule 1R. We consider the following steps involving randomized decisions to infer about
the behavioral classification of a given population.

Step 1: Carry out a randomized trial based on a Bernoulli r.v., say Xp, with the following
probability function in favour of recapture proneness of the given population.

20
1 > b,
if 1+ ¢
. 2¢ 1+ me
2) = =¢, <—=
‘/jp(c) 81’ lf 1+ d) 27
| N
0 if ﬂs%
2

where

8 = max {071 a (d)” B 13—877')/((1 _2‘_7777-)6 a 13—677)}’



Chatterjee and Mukherjee: Identifying Direction of Behavioral Dependence 31

Step 2: If the given population is not found to be recapture prone in Step 1 that is, if X, is
not observed to be 1, carry out another randomized trial based on Bernoulli r.v., say, X,
with the following probability function in favor of recapture aversion.

| o
1 if ﬂ<¢l
27
. 2¢ 1+ m¢
=) O = ="
Pa(0) = o if 14+ ¢ 2 0
2¢
0 i >
lf 1+ d)la

where

(a2 (I+me 20
5”_<¢l 1—}-77)/( 2w 1+7T)'

Step 3: If the given population is not found to be recapture averse in Step 2 that is, if X,
is observed to be 0, the given population is classified as list-independent.

It is to be noted that when the above probability i,(¢) (,(¢)) in Step 1 (Step 2) is neither
1 nor 0, one has to perform a Bernoulli experiment with probability of recapture proneness
(recapture aversion) equal to 8, (8,), in order to classify whether a given population is
recapture prone (averse).

As we have defined Rules /L, /U and IR for Proposal 1, one can analogously define
Rules 2L, 2U and 2R for Proposal 2 based on the bounds in Equation (5). Similarly, Rules
3L, 3U and 3R can be defined for Proposal 3 based on the bounds in Equation (6). We omit
the details and proceed to an empirical evaluation of these rules.

The probabilities for considering an individual as recapture prone (RP), recapture
averse (RA), or list-independent (LI) can be obtained effectively by computing the
probabilities Pr(X,, = 1), Pr(X, = 1, X, = 0) and Pr(X, = 0, X,, = 0) respectively. These
probabilities are computed based on the asymptotic normality of the mle ¢. These probabilities,
corresponding to the randomized rule under proposal 2 (i.e., Rule 2R), are presented in the
following theorem and the associated proof is sketched in the Appendix.

Theorem 1. For a large population, probabilities for considering an individual to be
recapture prone, recapture averse or list-independent under Rule 2R respectively, are as
follows:

Pr(RP)=1 — {51,F(¢M\/%) —(1—8,)F <%>],
Pr(RA) = aaF((”T”)d”) ra-spranm i < g
(1 = 8)F (/) + 8,(1 — ,)F (“%“””) T 8.8, F(u/)
g LD

2
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Pr (L) = [SI;F (b + (1 = §))F (@)]

- [M(”*W) —a- 6a>F(¢,ﬁr>} g XDy e

2 2
Lt 7o,
31 = a1 = e (1)
- |2 - ar () v a - aoronm| i SN g

where F (-) refers the cumulative distribution function of normal variate ¢ with asymptotic
mean and variance are ¢ and 02, respectively.

Theorem 1 is useful for applied work in that it provides a quite important and reasonably
simple empirical strategy for detecting behavioral dependence without any need for
additional information. All calculations are made here under the normality assumption that
is satisfied for reasonably large populations. Note that for some configuration of p’;s (as
defined in the introduction), the boundary constraints in the probability calculations may
become binding. In such cases, the conclusion from Theorem 1 would be approximate in
nature. Apart from such cases, the strategy will work well. A graphical comparative study
between the three probabilities computed in Theorem 1 is carried out in Subsection 3.2.

3. Simulation Study

3.1.  Evaluation of Classification Rules

In this section, we perform an extensive simulation study for comparing the performances
of the proposed classification strategies. Let us consider ten simulated populations,
comprising three populations for each of the three absolute difference values, (0.1, 0.15,
0.20), between p;. and p.; and one additional population with very high capture probabilities
(p1. = 0.95,p.; = 0.85). Further, we also consider three values of ¢, viz. 1.50, 0.60, 1.00, in
order to represent three situations of behavioral dependence, (i) recapture proneness,
(ii) recapture aversion, and (iii) list-independence, respectively. These simulated
populations for each of three said ¢ values together encompass all possible combinations
with true population size, N = 1,000. The compositions of the simulated populations are
shown in Table 2. The true value of the parameter c, calculated using the given p;., p.; and ¢,
is also presented corresponding to each of the ten simulated populations. Tables 3, 4 and 5
present the performance evaluation of the classification strategies based on Proposals 1, 2
and 3, respectively, developed in Section 2, in terms of correct classification rate (CCR) of
the underlying directional nature of ¢p. CCR is presented in percentage (%) after computing
the number of correct classifications out of 5,000 replications.

From the simulation analysis we observed that = = 1/3, 1/4 have overall better results
across the three proposals (1, 2 and 3) and three dependence situations (proneness,
aversion and list-independence). Hence, we make a suggestion for choosing 7 = 1/3 or
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Table 2. Compositions of simulated populations with N = 1,000.

Recapture prone Recapture averse Causally independent
¢ =1.50 ¢ =0.60 ¢ =1.00

P1- D1 Population c Population c Population c*
0.50 0.60 P1 0.720 Al 0.450 11 0.60
0.70 0.60 P2 0.667 A2 0.500 12 0.60
0.70 0.80 P3 0.889 A3 0.667 13 0.80
0.45 0.60 P4 0.735 A4 0.439 14 0.60
0.70 0.55 P5 0.611 A5 0.458 15 0.55
0.80 0.65 P6 0.696 A6 0.574 16 0.65
0.45 0.65 P7 0.796 A7 0.476 17 0.65
0.75 0.55 P8 0.600 A8 0.471 18 0.55
0.85 0.65 P9 0.684 A9 0.591 19 0.65
0.95 0.85 P10 0.864 Al0 0.823 19 0.85

*Under list-independence, that is, ¢ = 1, ¢ = p.;

1/4 based on empirical performance. It is noted that the upper bound for Proposal 2 is same
as the lower bound for Proposal 3 and their union is the bounds for Proposal 1. Hence, we
first compare Proposals 2 and 3, which are based on disjoint intervals. By construction,
Proposal 2 (Proposal 3) goes against the recapture prone (averse) conclusions for
the populations. Thus, comparison on the basis of performances in case of truly list-
independent populations will be relatively unbiased. On the basis of empirical
performance, Proposal 2 is found to be better than Proposal 3. In addition, it is observed
across the simulated populations that Proposal 2 also performs better than Proposal 1.
Overall, we can conclude that Proposal 2 outperforms Proposal 1 which is indeed better
than Proposal 3. Choice of the middle values for 7 (e.g., 1/3, 1/4) are better than the
extreme values (e.g., 2/5, 1/5). Henceforth, for real data analysis, we prescribe the use of
Proposal 2 or 1 with 77 values in the range of {1/3, 1/4}.

While comparing the rules L, U and R over the chosen proposals and the values for ,
we see that rules R have a more balanced performance in terms of CCR than that of L and
U rules. Performance of rule R for the best choice of proposal (i.e., Proposal 2) would be
better understood through further analysis sketched in the next subsection.

3.2.  Performance Study of Rule 2R

Graphical analysis of the probabilities computed based on the result in Theorem 1 for the
randomized classification Rule 2R is presented in Figure 1.

Here we consider the same combinations of (py., p.1), which are considered in Table 2
in Subsection 3.1 except the 10th combination (0.95, 0.85), with varying ¢ values over the
domain (0.40, 2.00). In general, the performance of Rule 2R is seen to be quite good,
except for a few combinations of (p;., p.1) values. Overall, we can see that our theoretical
intuition put forth in the discussion after Theorem 1 and the findings in Subsection 3.1 are
carried over here.
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Fig. 1. Graphical comparison of the probabilities of recapture proneness, recapture aversion & list-
independence under the Rule 2R, associated with the Proposal 2, with 7= 1/3 over different ¢ values.
Continuous, dotted and longdash lines respectively refer the probabilities corresponding to recapture proneness,
recapture aversion and list-independence.

4. Real Data Illustration

In this section, we illustrate the classification strategies formulated under the two selected
proposals (i.e., Proposals 1 and 2) described in Section 2 through the application on three
real data sets from three different fields — demography, crime statistics and social sciences.

Firstly, we consider the Malawi death data obtained from a Population Change Survey
to estimate birth, death and migration rates conducted by the National Statistical Office in
Malawi between 1970 and 1972. Greenfield (1975) introduced this data set. Later, it has
also been used by Nour (1982) and Chatterjee and Mukherjee (2016¢). Very large values
of ¢ for all the strata, except Lilongwe, clearly indicate recapture proneness. Thus, we
consider the data for Lilongwe and Other Urban Areas (see top panel of Table 6) for
comparative analysis of the proposed classification rules.

Secondly, we use Homicide data, which are analyzed by Eckberg (2000) to establish the
utility of dual enumeration methods for estimating the total number of unrecorded murders
in South Carolina, 1877-1878. This interesting work was meant for tracing the historic
trends in homicide based on the two sources alone and the author claimed that the popular

Table 6. Three real data sets in DRS format which are used for the classification analysis.

Count
List 1 List2  Matched  Estimate of ¢

Data Populations Xq. X X1 é
Malawi death ~ Lilongwe 324 216 192 0.593

Other Urban Areas 1960 2450 1645 0.839
Homicide” Zero-Two 29 102 23 0.793

Three-Five 56 74 42 0.750

Six 50 43 32 0.640
Handloom Ward No. 2 126 107 85 0.675

Ward No. 16 131 103 50 0.382

“Each of the three populations belong to this data set are named in terms of holding index score.
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ChandraSekar-Deming estimator would face a formidable undercount problem. This
happens due to a possible positive correlation between two data sources — (i) South
Carolina Department of Archives and History and (ii) News and Courier Reports. Dual
system data were available for all 33 counties in South Carolina. Following the proposal of
ChandraSekar and Deming (1949), all counties (except Charleston) are divided into three
homogeneous groups based on a 0—6 point index scale that measures the thoroughness of
county archives. For more details on the data source and index scaling, readers are referred
to Eckberg (2000, 5-9). Data in DRS form are presented in the middle panel of Table 6.

In addition to the above two data sets, we consider another data set on handloom workers.
This new data are from a survey aimed to estimate the undercount in the census of
handloom workers (master weavers and labours only) attached to the handloom industry
residing at Gangarampur in South Dinajpur district of the state West Bengal, India in 2013.
Handloom products have a rich tradition in this state and the handloom industry occupies
a place second only to agriculture in providing livelihood to the people. In the urban area
of Gangarampur, there are sixteen wards; two of these wards (Wards No. 2 and 16) are
selected for Post Enumeration Survey (PES) to evaluate the coverage in the original census
(SOSU 2014). Surprisingly, the nature of the data on these two wards are found to be
different in terms of recapture proportion. Since this counting task is meant for the benefit of
the workers attached to the handloom industry, a general thought is that the census and the
PES might be positively related. On the other hand, some people may consider that one time
enrollment is enough. So, if one is counted at the time of census, he/she may be reluctant
at the time of the PES and that implies ¢ to be less than 1. Thus, in both of the possibilities,
the ChandraSekar-Deming estimator would not be appropriate. Surveyors reported that
workers in Ward No. 16, which is very close to the town center, might be somewhat
reluctant to enlist themselves a second time (i.e., at the time of the PES). Moreover, most of
them work outside (other districts) and usually come home during particular seasons. That
is why Ward No. 16 shows in very low matches compared to Ward No. 2. Moreover, the
beliefs of the experts of the Textile Directorate of the Government of West Bengal also
drive the idea that the ChandraSekar-Deming estimates (157 and 270 respectively) fail to
extract the sizes with precision. However, they expect that the ChandraSekar-Deming
method yields a slight undercount for Ward No. 2 and a high overcount for Ward No. 16.
The bottom panel of Table 6 presents the DRS data for these two wards.

Table 6 presents the list-wise counts and matched records for each of the three data sets
mentioned above. In addition, we also present values of the key statistic ¢ = (x;,/x;.) for
each data set in Table 6. Results on the directional classification for the above three data
sets are presented in Table 7. In addition, estimates of the probabilities associated with the
directional classifications found are presented for each of the seven real populations in
Table 7. These estimated probabilities can be treated as a measure of chance (or
uncertainty) behind the directional classifications found.

In the light of the findings from the selected strategies (under proposals 1 and 2 with
7= (1/3, 1/4), the populations Lilongwe and Other Urban Areas are classified as list-
independent and recapture prone, respectively. The classification result for Lilongwe is
quite interesting, as it indicates a difference from the conventional assumption of positive
dependence in DRS on demographic application. All the populations under the Homicide
data set exhibit recapture proneness except for the holding index score 6, for which rules L
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find no dependence. For Ward No. 16 under the handloom data set, the strategies agree and
classify the ward as recapture averse. However, inference for the population in Ward No. 2
is in favor of recapture proneness. Indeed, in the conflicting cases, we recommend going
with the classification made by the randomized Rule 2R, as Proposal 2 along with
randomized rule (R) is found to be better in the simulation based comparative study
performed earlier. In the last row of Table 7, we present the overall classification status of
the population in each real data set and that is found to be identical with the inference from
Rule 2R.

It is to be noted that inference about the direction of possible behavioral dependence in
any data set drawn in literature may not match with the conclusions of the classification
strategies prescribed in this present article.

5. Conclusion

From the extensive literature on capture-recapture data analysis on human population, it is
quite clear that assumption of list-independence does not hold satisfactorily in many
instances. As far as homogeneous human population size estimation is concerned, two-
sample capture-recapture experiments are very common and the model M, is best suited.
However, this model seriously suffers from the non-identifiability problem and analyses in
the literature suggest that the availability of knowledge on the direction of behavioral
dependency could improve the inference to a great extent. Eliciting such information is
crucial in DRS. To address this issue, we develop several comparable strategies for
classification of the given population in terms of the direction of dependence (i.e., whether
the given population is recapture prone or averse) under a mild and realistic assumption.
Among the three proposals on bounds for unknown ¢, Proposal 2 is found to be better
suited. On the other hand, the classification strategy based on randomized technique (R) is
quite appealing for the development of more efficient inference in the context of M,,-DRS.
Hence, the strategy, Rule 2R, is quite accurate except for particular situations with small
recapture probabilities. In real life applications, this strategy provides us with a useful tool
for classifying human populations.

With the knowledge inferred in this article on the direction of dependence in DRS,
model M, can be successfully analyzed in the Bayesian paradigm. For example,
Chatterjee and Mukherjee (2016¢, 2018) have shown that availability of knowledge on the
direction of behavioral dependence helps to gain precision in the estimation of population
size. One can also analogously improve the Bayesian methodology proposed in Lee and
Chen (1998) and Lee et al. (2003) by choosing suitable priors using our strategies. Also,
inference on population size assuming any particular dependence type (i.e., recapture
prone or averse) can be improved based on bound or inequality. For example, in Greenfield
(1975) and Nour (1982), recapture proneness is assumed for demographic data. Their
assumption can be verified using our methodology. For both of these approaches, the
knowledge on the possible direction of dependence gained from the methods proposed in
our present article results in more precise inference. Extension of the proposed behavioral
classification strategies may be possible for more than two capture occasions.

Throughout the article, we assume that ordering of the two samples (or lists) in DRS are
known, that is, one list is completely prepared before the other. However in some cases,
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listing by two sources are either parallel or their ordering is not known. In such cases,
consider a typical situation where the number of recaptured individuals (x;;) is small
compared to the number of one-time captured individuals, that is x;¢ or xo;. Then, our
proposed classification results may differ if ordering of the lists is interchanged as
observed in the case of Homicide data, with holding index score Zero-Two. In this case,
reversal of ordering for the lists will lead to a conclusion of recapture aversion instead of
proneness. As per the definition of grouping, these data exhibit lack of thoroughness of the
county archives and hence, x;; is small compared to x;g Or Xxq.

6. Appendix

6.1. Proof of Theorem 1
Firstly, Pr(RP) = Pr(Xp = 1). Therfore,

28 2¢ P
Pr(RP) = Pr<l :W> qbu) + 8[)Pi’(1 :WS by < ém ‘“)
1+ mo, 1+ u
=1 () el (F57%) o)

where F(x) denoted as the cumulative distribution function of the normal variate ¢ at x
such that ¢ has mean ¢ and variance equals to of = V(¢). This distribution for ¢ is
asymptotic. Thus, F(x) = CI><"U;‘>, where ® has its usual meaning, that is, cumulative
distribution function of a standard normal variate.

Secondly, Pr(RA) = Pr(X, =0, X, = 1). Therefore,

o
Pr(RA) = Pr(ém 2 < ¢,X,=0)+ 8(,Pr(1 :W =¢=em X, = 0)
2“.
= Pren 2 <¢pem P =¢,)+(1- 5,,)Pr(ew—l/2 <y +‘ = ¢, < 677_1/2>
T

2% 28
8.(1 —8,)P = ¢ <em /2
+0,(1 - 3) r(l-i—w b<em T

=¢, < 67771/2)
T

2¢
+6,Pr
1+ 7

<p=en P en < ¢u)
= Pr(€ﬂ71/2 < ({bl) + (1 - Bp).O—l- BaPr{dnﬂ'l/z = ¢ =< min (w,dhﬂ"/z)}

+5a(1 — 8[,)pr<d>th7-l/2 <c¢= a +27T)¢l).

If ¢, and ¢, are chosen such that % < ¢,'/?, therefore,

Pr(RA) = 8,F ((1%7%) +a- 6a)F(¢>1771/2).
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Lastly,
Pr(Ll) = Pr(X, =0, X,=0)
=Pr(X,=0) - Pr(X,=0,X,=1)

- [t + 0 - ) (AE2)

- |:6QF((1%7T)¢1> + (1 - Sa)F(d)ﬂTl/z):l

Again, if 2% > ¢, 77!/2 holds,

Pr(RA) = F(¢ym'/?) + 8,[F (¢um'/?) — F(¢ym'/?)]

A+ md

=(1- 50)F(¢l771/2) + ‘Sa(l - 61’)F< 2

) + 8,8, F (¢ m'/?)
and similarly,

PriLh = {‘Sp(l — 8)F (¢ur'/?) + (1 - 8P)F<M)]

2

- [Ba(l - a,,)p((”T’T"b’) (- 6a>F(¢m1/2)}

This completes the proof.

6.2. Mathematical Proofs and Justification on the Two Roots of ¢

The quadratic equation, corresponding to inequality (2), can be written as
¢ +up+v=0, (S1)

where u = kx‘+f1)"“ and v = ¢27r~!. This quadratic equation (S1) has two roots, ¢ and

¢1, which satisfy

1 — kx.
:(7T+ X1 xlandd)od)]:v:ézﬂ'fl-

do+ 1= —u
mX] .
The two roots ¢, and ¢, become real if and only if u*> — 4v = 0. In order for both roots to
be strictly positive, further restriction ¢g + ¢; > 0, equivalently u < 0, is needed, since
¢dodp1 = v >0 as x;; > 0. Thus, the inequality condition u> —4v = 0 is equivalent to
(—u) =2 vie,u= —2./v. Now, the condition u = — 2 /v means

kv — (74 Dy = —2ep/m e k=22 (1 - ) (S2)
X.q

since ¢ = (xq,/x1.).
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Hence, from the above, it is clear that the two roots ¢, and ¢, are functions of the only
unknown k and they satisfy ¢y = ¢ = ¢, in order to maintain the inequality (3). In
particular, equality in the above equation (S2) holds only when u*> = 4v, or equivalently,
(—u)/2 = /v or equivalently, (‘b‘)—;@) = /$oP; holds and this A.M. = G.M. condition
holds if and only if ¢y = ¢ = ¢ = /vy = &m~'/2. In addition, structurally k = 0 holds
under the assumption of p = 7. Hence, note that the upper bound (S2) on the non-negative
term k is the necessary and sufficient condition for both the roots ¢ and ¢, to be positive
real-valued.

The two real positive roots, ¢ and ¢, of the Equation (S1) are

¢0=%(—u—\/M) and ¢, =%<—u+\/m>,

with the restrictions u < 0 and u®> — 4v = 0, where u and v are stated in (S1). From the
above expressions of ¢y and ¢;, we have the values of ¢, and ¢, corresponding to the
lower bound of k (i.e., k = 0) are ¢ and é7 ' respectively. Similarly, when k attains its
upper bound (S2), both of ¢ and ¢, are equal to ¢z ~ "%, This implies

e=gop=em 7 and ém P = =em L. (S3)
Now, let us examine the nature of the roots in terms of the unknown k.

deo _ddo du _ x, <1+ u >
Vu —4v)’

Given the stated restrictions u < 0 and u? — 4v = 0,

dk  du dk 2mx,.

wW—dv<ut=svul—-4v<-u= (1+L) <O:>@>0,

u’ — 4y dk
since, x.1, x1.,77 > 0. Thus, the smaller root, ¢, is monotonically increasing in k. As the
product of the two roots is a constant, that is, independent of k, the other root, ¢y, is
monotonically decreasing. As we already found, the values of ¢, and ¢, corresponding to
the lower bound of k are ¢ and ér ! respectively. Therefore, ¢ (¢;) increases (decreases)
12 a5 k increases to its upper bound in (S2) and this finding meets the result (S3).
This completes the justifications.

to éar
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