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Frequency diverse array radar with non-uniform
array spacing based on sigmoid function

Zeeshan Ahmad1 , Zain ul Abidin Jaffri2∗ , Shu-Di Bao1 , Meng Chen1

As a widely recognized electronic beam steering concept, frequency diverse array (FDA) radar is an effective and feasible
solution to provide beam scanning ability in both angle as well as range dimension as a function of time. However, the

conventional FDA radar employing progressive incremental frequency offsets across the array elements generates an S-shaped
and range-angle coupled beampattern. As such, the FDA beampattern can be decoupled into range-angle dimensions by
employing non-linear frequency offsets or using non-uniform arrays. Frequency offsets design has been extensively researched
in recent years, whereas non-uniform arrays were given little attention so far. In this paper, we propose a novel FDA radar
with a unified configuration of non-uniform linear array, and non-linear frequency offsets to achieve a high-resolution dot-
shaped range-angle dependent beampattern. More specifically, the non-uniform inter-element spacing is calculated using the
sigmoid function, and non-linear frequency offsets are generated by logistic map, and triangular window function. Simulation
results clearly demonstrate the performance advantages of the proposed FDA radar in terms of beam width and side lobe
levels.
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1 Introduction

Phased array (PA) radars have demonstrated out-
standing performance in scanning their beam electron-
ically with high directivity [1–3]. However, the conven-
tional PA radar employs highly expensive phase-shifters
at each element to direct a beam in the desired direc-
tion [2]. In addition, the resulting beampattern is only
angle-dependent. Consequently, PA radars cannot distin-
guish targets from different ranges in a particular angle in
the presence of inherent range ambiguity [3–5]. Recently,
a new electronic scanning concept, namely, frequency di-
verse array (FDA) radar has received noticeable attention
due to its unique range-angle dependent beampattern [4].
Unlike conventional PA radars whose transmit elements
radiate fixed carrier frequencies, the FDA radar employ a
small frequency offset across the array elements to achieve
beam steering as a function of angle, range and time [5].

The concept of FDA radar with progressive incremen-
tal frequency offsets was first proposed by Antonik et al in
2006 [6]. This progressive frequency shift in radiated sig-
nals enable the FDA radar to realize rangeangular beam-
forming and auto-scanning feature without using the ex-
pensive phase-shifters [7]. However, the beampattern of
a conventional FDA radar is coupled in range and an-
gle dimensions. As such, employing non-uniform array or
random frequency offsets can decouple the FDA beam-
pattern into range and angle dimensions [7–9].

Until recently, several attractive functions have been
proposed to design suitable frequency offsets, where uni-

form linear array (ULA) is the most commonly used ar-
ray configuration. Among the various frequency offset de-
signs, Hamming window based non-uniform frequency off-
sets [10], logarithmic frequency offsets [11], logistic map
based random frequency offsets [12], modified sinusoidal
frequency offsets [13], Taylor windowed frequency off-
sets [14], and others [15–17], are the most popular de-
signs. Beside these fixed frequency offset schemes, FDAs
with time-modulated frequency offsets have been pro-
posed in [18–21] to achieve time-invariant range-angle
dependent beampatterns. Although FDAs with above-
mentioned frequency offset schemes achieve a dot-shaped
range-angle decoupled beampattern, their focusing per-
formance is not optimal [22]. In general, these FDAs
based on ULA configuration have high sidelobe levels, and
poor resolution [23]. In contrast, there are few studies on
other array geometries [24]. Several different array con-
figurations such as coprime, sparse, planar, and uniform
circular array have also been reported for improved beam-
pattern synthesis [22]. Recently, non-uniformly spaced
FDAs is also getting attention [24]. Compared to the ULA
configuration, non-uniform arrays have provable perfor-
mance guarantee in achieving better sidelobe suppression
in the literature [23, 24].

In this paper, we present a novel design of a non-
uniform FDA radar where the non-uniform inter-element
spacing is calculated by using the sigmoid function. Two
non-linear frequency offsets schemes based on logistic
map, and triangular window function are devised to an-
alyze the proposed FDA radar. The non-linear frequency
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Fig. 1. Proposed non-uniform FDA radar configuration

offsets facilitate to achieve a dot shaped range-angle de-

coupled beampattern, whereas the non-uniform array is

helpful in achieving minimum sidelobe levels and high res-

olution. It has been shown through simulations that the

proposed FDA radar outperforms existing FDAs in terms

of sidelobe suppression and mainlobe width.

2 Proposed non-uniform FDA radar

In this section, we first devise two frequency offsets

schemes designed by logistic map, and triangular window

function, then calculate the inter-element spacing for the

non-uniform distribution of the array elements. Finally,

the transmit beampattern synthesis of the proposed non-

uniform FDA radar is derived.

2.1 Frequency offset

Consider a non-uniform linear array configuration
composed of M omni-directional elements as shown in
Fig. 1. The inter-element spacing is dm , where m =
0, 1, . . . ,M − 1. The frequency of the signal radiated by
the m-th element can be expressed as [7];

fm = f0 +∆fm, (1)

where f0 denotes the reference frequency, and ∆fm is
the inter-element frequency offset of the m-th element.

Frequency offsets play a pivotal role in shaping the
FDA’s beampattern [25]. As discussed previously, pro-
gressive incremental frequency offsets yield a time-pe-
riodic S-shaped range-angle coupled beampattern, and
non-linear frequency offsets generate a dot-shaped ape-
riodic range-angle dependent beampattern. Here, we pro-
pose two non-linear frequency offsets schemes designed by
logistic map, and triangular window function to achieve
a focused dot-shaped beampattern at the target location.

The proposed non-linear frequency offset based on lo-
gistic map is derived as

∆fm = (−1)mg(m)∆f , (2)

where

g(m) =

{

g0,m = 0, 0 < g0 < 1

µgm−1(1− gm−1), µ ∈ [0, 4] ,
(3)

is a non-linear function generated by a logistic map [22],
∆f is the coefficient for frequency shift which is far less
than the carrier frequency f0 , and the term (−1)m is
used to alternate the values of the frequency offsets across
the array elements. For g(m) to remains bounded on
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Fig. 2. Comparison of frequency offsets generated by: (a) – Taylor window, (b) – logarithmic, (c) – logistic map, and (d) – triangular
window
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Fig. 3. Inter-element spacing using sigmoid function

[0, 1], the parameter µ should be chosen in the range
[0, 4] [7]. With µ > 4, any initial value g0 will lead the
g(m) beyond the interval [0, 1]. Similarly, if the initial
value g0 is 0 or 1, all the subsequent values of g(m) would
be zero [22].

Window functions are exclusively used for frequency
offset generation in FDAs due to their simple implemen-

tation [2]. Therefore, we have incorporated the triangular
window function to generate non-linear frequency offsets.
The non-linear frequency offsets based on the triangular
window function is defined as

∆fm = h(m)∆f , (4)

where,

h(m) =

{

2m
M

, m = 0, 1, . . . , M
2 − 1

2− 2m
M

, m = M
2 , . . . ,M − 1

, (5)

is the triangular window function [30].

The distribution of various frequency offset schemes
across the array elements are compared in Fig 2.

The frequency offsets employed in FDAs must satisfy
certain conditions. The range-angle dependency of the
FDA beampattern is ensured only if ∆fm > 0. When
∆fm = 0, the FDA beampattern reduces to only angle-
dependent as conventional phased arrays. Similarly, the
upper limit on frequency offsets to guarantee a narrow-

band system is ∆fm < f0
10 . In addition to the above-

mentioned numerical limits, random frequency offsets

Fig. 4. Beampattern synthesis results: (a) – Hamming FDA, (b) – Taylor FDA, (c) – logarithmic FDA, (d) – logistic NU-FDA, and
(e) – triangular NU-FDA
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should be employed to realize a beampattern with a single
maximum at the target location. The non-uniform fre-
quency offsets alter the synchronization between linear
increasing frequency offsets and element spacing to avoid
range-angle coupling in the FDA beampattern [7, 22].

2.2 Non-uniform array spacing

Compared to conventional FDA configuration whose
elements are uniformly distributed across the array, the
inter-element spacing for the proposed non-uniform FDA
radar calculated by the sigmoid function [26] is given as

f(z) =
ez

ez + 1
. (6)

By replacing the term z with log(m), the non-uniform
inter-element spacing for each element can be calculated
as;

dm =







d0 = 0, m = 0

dm = d

[

elog(m)

elog(m) + 1

]

, m = 1, 2, . . . ,M − 1
,

(7)

where d ≤ λ
2 is the fundamental inter-element spacing.

Here, λ denotes the wavelength. Since the range of sig-
moid function is 0 to 1, d in the above equation ensures
that the maximum inter-element spacing does not exceed
the fundamental element spacing. Moreover, the size of
the antenna can also be controlled by the fundamental
inter-element spacing. The inter-element spacing for a

33-elements array using sigmoid function with d = λ
3 is

shown in Fig. 3

2.3 Transmit beampattern synthesis

The signal transmitted by the m-th element of the
non-uniform FDA radar can be modelled as [1–5];

sm(t) = wm exp{−j2πfmt}, t ∈ [0, T ] , (8)

where wm denotes the complex weight associated with
the m-th element, and T represents the transmitted
pulse duration. The overall signal arriving at an arbitrary
point P (r, θ) in the far-field can be expressed as [1-9];

S(t, r, θ) =
M−1
∑

m=0

sm

(

t−
rm

c

)

=

M−1
∑

m=0

wm exp
{

−j2πfm

(

t−
rm

c

)}

, (9)

where rm ∼= r−mdm sin θ is the slant range with respect
to the m-th element [22], and c is the speed of light.
Substituting rm ∼= r − mdm sin θ and (1) into (9), we
have [10–15];

S(t, r, θ)=
M−1
∑

m=0

wmexp
{

−j2π(f0+∆fm)
[

t−
r−mdm sin θ

c

]}

= exp{φ0}

M−1
∑

m=0

wm exp
{

−j2π
[

∆fm

(

t−
r

c

)

+∆fm

(mdm sin θ

c

)

+ f0

(mdm sin θ

c

)]}

, (10)

where ∆fm
mdm sin θ

c
< ±π

4 because max{∆fm} ≪ f0 [1-

3], Hence, the quadratic phase term ∆fm
mdm sin θ

c
, and

φ0 = −j2πf0(t−
r
c
) can be discarded in the further anal-

ysis [7]. The corresponding array factor is then derived
as [1–9];

AF (t, r, θ) =

M−1
∑

m=0

wm exp
{

−j2π
[

∆fm

(

t−
r

c

)

+ f0

(mdm sin θ

c

)]}

. (11)

The transmit weights to ensure the maximum of the
beampattern at the desired target location can be com-
puted as;

wm = exp
{

−j2π
[∆fmrd

c
−

mdmf0 sin θd
c

]}

. (12)

Accordingly, the beampattern towards the desired tar-
get location P (rd, θd) is given as [10–12];

B(t, rd, θd) =

∣

∣

∣

∣

M−1
∑

m=0

exp
{

−j2π
[

∆fm

(

t−
(r − rd

c

))

+
(f0mdm(sin θ − sin θd)

c

)]}

∣

∣

∣

∣

2

. (13)

3 Numerical simulations

In this section, we present simulation results that
demonstrate the performance improvement achievable
through the proposed FDA radar. We evaluate the per-
formance of the proposed FDA radar in comparison to
Hamming FDA [10], Log-FDA [11], and Taylor FDA [14].
The simulation parameters for the proposed non-uniform
FDA radar are listed in Table 1. For fair comparison, the
maximum frequency offset ∆fmax is set as 60 kHz to en-
sure the same bandwidth for all the FDAs considered for
comparison. The initial value for the logistic map is set
to g0 = 0.045, and µ = 4. With µ = 4, sequence of val-
ues of ∆fm seems random and chaotic, and initial value
g0 controls the resolution and sidelobes in the beampat-
tern. The initial value can also be adjusted by using some
optimization algorithm for better results.

In the first example, we compared the normalized
transmit beampatterns in range-angle dimensions. The
results are shown in Fig. 4. It is observed from Fig. 4 that
all the given FDAs achieve a focused dot-shaped beam-
pattern at the target position. However, the proposed
FDA radar with logistic map and triangular window-
based frequency offsets has sharper focusing beampattern
with compact mainlobe and reduced sidelobes.
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Table 1. Simulation parameters

Parameter Symbol Value

Reference carrier frequency f0 10 GHz

Number of array elements M 33

Desired target location P (rd, θd) (25 km, 0◦)

Frequency shift ∆f 60 kHz

Fundamental element spacing d 0.01 m

Length of antenna array L 0.294 m

To see more clearly the resolution performance of the

proposed non-uniform FDA radar, the normalized profiles

of resultant beampatterns are plotted separately in range

and angle dimensions in Fig. 5. It is evident that the pro-

posed non-uniform FDA radar using logistic map based

frequency offsets and triangular window based frequency

offsets significantly outperforms existing FDAs in terms

of half-power beamwidth (HPBW) and peak sidelobe

level (P-SLL). Moreover, the proposed non-uniform FDA

radar with logistic map based frequency offsets is ob-

served to have narrower main beamwidth while the FDA

with triangular window based frequency offsets outper-

forms in sidelobe suppression. On the other hand, the

P-SLL in range dimension for the proposed non-uniform

FDA radar with logistic map based frequency offsets is

slightly higher than that with triangular window based

frequency offsets.

Next, we demonstrate the scanning performance of the

proposed non-uniform FDA radar. The normalized profile
patterns with different ranges and angles for the proposed

non-uniform FDA radar employing logistic map based fre-

quency offsets, and triangular window based frequency
offsets are given in Fig. 6 and Fig. 7, respectively. From

Fig. 6(a),(b) and Fig. 7(a),(b), it is noted that the pro-

posed FDA radar preserve the same main-lobe width and

P-SLL at different ranges and angles, which makes it suit-
able for practical applications.

Finally, the effect of frequency shift coefficient ∆f on
the performance of the proposed FDA radar is considered.

The HPBW and P-SLL curves with respect to different

values of ∆f are plotted in Fig. 8. From Fig. 8, it can be
found that when ∆f increases, the HPBWs for both the

FDAs get narrow modestly. Moreover, the P-SLL remains

the same for all values of the ∆f .

Therefore, we can conclude that the performance of

the proposed FDA radar has been improved evidently by
utilizing non-uniform inter-element spacing and random

frequency offsets. Moreover, the proposed non-uniform

distribution of array element achieves miniaturization of
the antenna [27–29] which is an attractive feature for var-

ious next-generation applications. The length of the 33-

elements antenna array with proposed non-uniform dis-
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tribution is 0.294 m, whereas length of an array with the
same number of uniformly spaced elements is 0.480 m.

4 Conclusion

In this paper, we proposed a novel FDA radar with
non-uniform inter-element spacing based on the sigmoid
function. The proposed non-uniform FDA radar employs

non-linear frequency offsets based on logistic map, and
triangular window to realize a range-angle decoupled
beampattern. Simulation results demonstrate that the
proposed non-uniform FDA radar offer significant perfor-
mance improvement over other existing ULA based FDAs
in terms of HPBW and P-SLL.
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