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Mutual inductance of two coaxial rectangular
PCB coils incorporating magnetic layer

Salah-Eddine Bendimerad!*, Selma Baghli?,
Abdelghani Ayad?, Amar Tilmatine!

The wireless connection distance between the transmission and reception coils of printed circuit boards (PCB) influences
the mutual inductance and affects circuit performance. In this study, the mutual inductance M of PCB coils was investigated,
and two analytical methods were presented for calculating the mutual inductance between two coaxial rectangular planar
PCB coils incorporating magnetic layer. The results were acquired through calculations by using the Neumann integral and
Biot-Savart methods. The complete integral calculations and detailed demonstrations of the two methods are presented. The
obtained formulas were introduced in some examples of coils with different number of turns. The analytical and experimental
results were compared, and a strong agreement between them was observed.
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1 Introduction

Printed circuit board (PCB) coils are an essential part
of modern electrical equipment and are utilised in diverse
domains. In the 2010s, wireless power transfer (WPT) has
been increasingly used. WPT presents several applica-
tions in many fields, such as implantable medical devices,
noncontact charging batteries of electric cars, and wire-
less chargers for smartphones. Inductive coupling is the
most commonly used method for energy transfer. Gener-
ally, two coaxial inductors are employed for this coupling.
Moreover, conventional or planar PCB coils can be used
for inductive coupling. Planar PCB coils are inexpensive,
robust and can be produced on a large scale. Moreover,
depending on applications, these coils can be manufac-
tured on hard or flexible substrates [1-3].

The increase in the mutual inductance, also increases
the coupling efficiency of two Transmission and Reception
coils (T- and R-coils) [4]. The technique of embedding a
magnetic layer under the T-coil, also greatly increases
the value of the mutual inductance [5,6]. In this work,
an approach is proposed for a fast calculation of the mu-
tual inductance incorporating a ferromagnetic material
into the inductors as a part of their structure. A study
is to investigate a mutual inductance of two rectangular
printed spiral coils, by an analytical methods for the cal-
culation, from the Neumann integral and Biot-Savart law
with a magnetic layer.

We present the mathematical modelling of the mutual
inductance from the Neumann integral and Biot-Savart
Law, and compare the calculation results of the two meth-
ods with experimental measurement.

2 Mathematical modelling

A basic configuration of a PCB rectangular spiral in-
ductors above a magnetic layer is considered. The metallic
rectangular-spiral is assumed to have zero thickness, fil-
amentary and to be located in free space. Although the
FR-4 material (epoxy glass substrates) are taken as free
space in our configuration, because his permeability is
very close to unity. This modelization is based on the
assumption that the permeability of the magnetic layer
is isotropic and infinite. The configuration is shown in
Fig. 1.

The distance between the rectangular spiral and the
magnetic layer is denoted by dy. To facilitate the cal-
culations, the following replacement and additional as-
sumptions, are used as described below. Firstly, the re-
placement of the rectangular spiral by concentric rectan-
gular rings with the same track width and strip spacing.
The number of the concentric square rings is equal to the
number of turns of the rectangular spiral. The mutual
inductance is calculated by a magnetostatic model, ie,
direct currents are used for the modelling.

Based on these assumptions, in the half-space z <
—dy, a magnetic induction B is supposed to be created
by current image at z = —2dy. The magnitude and di-
rection of the image surface-current density are the same
as those of the original surface-current density of T-coil
in z=0, [5,6].

The calculations are mainly focused on the mutual
inductance between the image of coil T and the coil R.
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Fig. 1. Configuration of concentric rectangular spiral inductors
above a magnetic layer

Coil T

Magnetic layer

Image of coil T

2.1 The Neumann formula

The inductance of circuits constituting straight ele-
ments, that is, straights wire joined in parallel or series,
can be obtained through summation. The mutual induc-
tance of the overall circuit is the sum of all the pairs
of elements. When the distance between wires is larger
than the cross-section dimension, the mutual inductance
of each pair of wires is the same as that of filaments along
the wire axis, irrespective of the wire cross sections. If the
circuit comprises many elements, calculations become te-
dious because of the large number of turns. Therefore,
general formulas for the cases derived by this method are
important [7, 8]. The thin copper tracks of PCB coils were
first modelled as multiple straight-line filaments [9, 10].
To commence the calculus, let us consider two straights
parallel filaments with the length of 2a and 2¢ (Fig. 2).

The Neumann formula is used to calculate the mutual
inductance of two filaments, [8]

0 dydy’
N @// cos 1
S 4n r s ( )

where g is the permeability of free space.

The two filaments are parallel; hence, 8§ = 0, or cosf =

The distance between the two filament elements, dy

and dy’, is
r= \/ h% + (yl _y)2a

where hg is the lift distance between image of coils T and
coil R. Then the mutual inductance becomes
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Fig. 2. Two straights parallel filaments considered in the calcula-
tions

Using the inverse hyperbolic sinus primitive, we get

+a !/ _ 21 +c
MY = Ko {sinh_1 (_y y) } dy.

S 4 —a hs —c
Consequently,
+a ta
Ho .o —1(C—Y Ho .1 (cty
MY =2 [sinh (—)d —/ h (—)d.
S g [ () 2 [ (S22) a
(2)
Set
+a _
Int; = / S nhfl(u) dy
—a hs
and N
Inty = /sinh_1 (C;L—y) dy,
—a S
then i
0
First, we calculate Int;
(c+a)
RS g
Int, = hs/ sinh™ " zdx.

hs

Then, we obtain

Int; = (c+a) sinh_l(cljsa) —(c—h) Sinh_l(cl; a)i

hs<\/1+ (CLG)Q\/H (Chsa)2>.
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Fig. 3. Different distances between wire segments

Idem, we acquire

ra —(c—h)sinh™* ca
S S

hs<\/1+ (C;FSG)Q—\/H (Chsa)2>.

Thus, the mutual inductance between the two filaments
is

Inty = (¢ +a)sinh™*

ct+a\2

hs o hs

c—a\2

) = hsy/1+( )|
In our case, to calculate the global mutual inductance
between the two PCB rectangular-planar coils, we com-
puted the sum of each mutual inductance between the
two segments. The mutual inductances between the two
segments with the same and opposite current directions
have the positive and negative signs, respectively. The
distance between the two segments with the same and
opposite current directions are 7;; and p;;, respectively.
For rectangular coils T and R, the lengths of two sides
are a; and c;, respectively, and the width of two sides are

b; and d;, respectively. Let us obtain the general form of
distances between the two segments of image of coil T

MN IU’O

s =5 (¢4 a)sinh™

—(c—a)sinh™! (
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and coil R; the coils are numbered from inside to outside,
Fig. 2.

length \/h2
w1dth_r _ \/hQ

WO v
P =r =y +(

with dr = s+ wr, and dg = sg + wg.
Thus, the general form for the mutual inductance of
the two segments is

¢j) + (i — dr — (j — 1)dg)’,

d;) + (i — 1)dr — (j — 1)dg)*,

length

((ai + ¢;) +(i = V)dr — (j — 1)dr)*,

bi+dj) +(i — )dr — (j — 1)dg)’

M =Eoy

2m
Nt Nr 4 2
SO (e +ansin () ot 1 (S
=1 j=1 T

ij
)

(5)

(¢ —

1]
. 1 ijai 1 ijai 2
a;) sinh ; — 7114 ;
. J re.
1] )

for the mutual induction of the side length of the two
segments, which have the same current direction.

M = oy
2T
Nr Ng
d b; ) i\ 2
SO |+ bysinh ! () e 1 ()
r.
i=1 j=1 Z] 2]

d: — b

—(¢j — a5) sinh_l(%) + 73

Tij ij

for the mutual induction of the side width of the two
segments, which have the same current direction.

For the two segments with the opposite current direc-

tion

MmP = Hoy
2m
Nr Ng
. L _1(Cj T a; Cj
ZZ (¢j + a;) sinh 1( / l) pj 1+( ;
i=1 j=1 Pl DPij
,(cj—ai)sinh_( erlj 1+

for the mutual induction of the side length of the two
segments, which have the opposite current direction.

M = Ko
27
Nr Ng
dj +b; dj + b;\2
S|y 4 bysimn (L) i 1 (S5
i=1 j=1 p” pij

,(dj _ bi) Sinh_l(%)ij% 14 (djp; bi)Q | (8)
ij ij
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for the mutual induction of the side width two segments,
which have the opposite current direction.

By using the Neumann method, the mutual inductance
of the image T-coil and the R-coil is

MG =2(M™ + M™ — MP' — MPY). (9)

We acquired the double of each mutual inductance
because we used a couple of lengths and widths in each
coil.

Finally, the global mutual inductance MY is equal to
the sum of the mutual inductance without magnetic layer
M{Y, and the mutual inductance of the image of T-coil
with R-coil Mé\I

MN = MY 4+ M. (10)

To calculate M{Y, we replace the distance hs with the

real lift A of the two coils in (9).

2.2 The Biot—Savart law

In this section, we considered a multi turn coil, Fig. 4(a).
The copper tracks of PCB coils were modelled as current
filaments, in which each straight line segment is repre-
sented with a filament, positioned at the centre of the
track, Fig. 4(b), [11]. The inner sides of coil T are 2ay
and 2b1 .

(@) WES ()

©
e g

2b.

1

Fig. 4. (a) — spiral coil with three turns, (b) — filament single-turn
coil

Figure 5 illustrates the one turn configuration of the
coil. A differential magnetic induction, dde/ results
from a differential current element, Idz’, and exhibits
the direction acquired through the cross product of ay
and ag .

The next relationship is given by the Biot-Savart law

wol dzxa, x ap

dBq, = 4w R?% ’

(11)
where g is the permeability of free space.

The distance Rq between the element dz’ of segment
CD and the element of area dS; of R; coil is

Ry=/(b—y? +h3+ (@ — )2

CoilR

Fig. 5. Two coaxial single-turn filament rectangular coil with dif-
ferential of induction vector By, , representation

The vector ag is calculated as follows

1
ap = — [(2' — x)a, + (b—y)a, + hsa,]
Ry

and the cross product a, and ap is

1 [(b—1y)? + hZ
a, X ag = R—d[(b —y)ay + hgay| = (y];%a@

Thus, (11) becomes

(12)

I\(b—y)>+h2
dde/:lu’L ( y) + del-

47 R(Bi

All the elements constituting the complete current fil-
ament in segment CD contribute to Bep and must be
included. Summation leads to the integral form of the
Biot-Savart law

(bi —y)* + hg

Blon =22 [ o
R R D
(13)
This type of integral can be expressed as follow
pol 1
Bi =
[ ]CD A (bz o y)2 + h%
2
wo [V g P AR @ —ap]
d
X /_ai [(bz _ y)2 + h% + (ZL'/ _ 1.)2]3/2 X

(& —z)?

+ai
— dz’
E/M[@yv+h§wwzmw2z]
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to obtain
pol 1
T /(b —y)* + h}
VO =y TR (@ —a)

[/+a1
X 2
o [V PR @ op]

[Bilep =

da’

) 2(1 —x)
— 2 2 ' —x)2
24/(b; +h3+( ) de,].

/Jral (x
[\/(bry)”h%ﬂ:c’fz)ﬂ

Using the definition of the fraction derivative

tol L
T /(b —y)* + h}

Fai (' — )
x /ai [\/(bi —y)2 +h§ +

Hence, we obtain

[Bilep =

] dz’ .
@ —op

pol 1
Blop =2 —
[Bilep = 7 e
" (a; + =)
V(i —y)2 4+ h3 + (a; + )2

(ai — )

V(b —y)?2+h3+(a

The z-axis component of Bep is Bep.z. The two cases

in our induction calculation are distinguished:

[ ] b1 Z dj .
The width b; of coil T is superior or equal to the width
d; of coil R; in this case, all the z-axis components of
the vectors of induction B are positive in all areas S;,
Fig. 6.

+

(14)

i —x)?

Coil R

Fig. 6. Induction vector when b; > d;

we have

. bi—y
Since cosa = ,
h2

(bi —y)* + S
,qu +d; +c]
[@islep = / Bijlopcosadady.  (15)

e b < dj.
The width b; of coil T is inferior to the width d;
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of coil R; in this case, the components of the vectors
of induction B are positive (Bcp.z.1), when y varies
from d; to +b;; the calculation of ®cp remains the
same as shown in the first case, and when y varies
from +b; to +4d;, other z-axis components become
negative (Bcp.z.2), Fig. 7.

z
d Bep., B, ds. +d
-d; o cD.Z.1 +Ib j-2 i 3
Coil R dS]—l : —\)\Bi Bepzs
‘le i P By,
AN st/
Coil T s -/ R

Image of coil T’

Fig. 7. Induction vector when b; < d;

Bcp.z.1 = Bep.icosar, and Bep.z.2 = Bep.2sin 5.

The calculus of flux ®cp is equal to the difference
between the positive and negative parts.

Qcp = H—OI +b /+CJ iilcp g cosar dzdy
“OI /+d /+C] ilop,sin fdzdy.  (16)
Since sin 3 = —cosas = (by_;b;Q we have
i y) + hs
MOI /er /+C] ijlop g cosaz dz, (17)
and
%BCDdS = %BCD.ldsl + %BCD.QdSQ- (18)
Hence,
25lop = 222 / o / " Byl cosadady.  (19)

Finally, the same integral is obtained for the two cases,
and the same solution must be determined. The next step
is to calculate the following integral

I [T
Aij = 'LLL/ [Bij]CD cosadz .

47

—cj



292 S.-E. Bendimerad, S. Baghli, A. Ayad, A. Tilmatine:

Then
Aol bimy
YA (b —y)? + R
x/+cj[ a; +x
—e; L/(bi —y)2 + h2 + (a; +x)?
+cj A
& 21: }d:p.
—e; V(b —y)? + h3 + (a;i — )2

Thus, according to the integration we have

Aol bimy
iJ T (bi _ y)2 + h%
+cj
+cj

- [V e e —ar] ),

—¢
implying

Hol __ bi—y
T (bl—y)Q—i—h%

X {\/(bi —y)?2+ hi + (a; +¢;)?

Aij =
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/q27227m2'

Pr2=@ -m? — p=

Then

-

/¢ —22—m2
q%? —m? /q2—z2—m2

[ M
K/dq+/#.

By this transformation, we obtain

q

dg

q2

¢ —m?

2 .

Thus, we have

1
k=21 — dk=—dg = dg=mdk.
m m
Hence,
mdk dk
K = =g — "
It -1~ m/uk?

=¢—mtanh™ ' k4 C*.

Finally, this integral is

/02 1 2 2
—\/bfy + h3 + (a; — ¢;)? K=1p2+22+m?—mtanh ? Y2 T T tetm
m
) ) o ) :\/p2+22+m27mtanhfl$. (22)
Finally, the calculus of magnetic flux ®¢p is given using \/p? + 22+ m?2
the integral
From (21) and (22), ®cp becomes
+d;
[(I)ZJ]CD = / Aijdy = bi4d;
. 1 K
. —d; [(bz]]CD /’[/0 <|:\/y/2 + h2 a/z + Cj)2:|
pol [T b —y \/ b;i—d;
- - g bi — )2 h2 i 2
21 _dv(biy)QJrh%[ ( uyihs (et cg) 1 a; + ¢ bitd;
’ _[(ai-i-cj)tanh_ N J 2}
V=0 a2y (0 vR Bt o) iy
i+d;
- [\/y/2 +h§ + (@i + Cj)ﬂ
By substituting b; —y = ¢', we have for y = —d; =y’ = bi—d;

b, +d; and for y = +d; =y’ = b; — d;, then we obtain a bi+d;
+ {(ai 4 ¢;)tanh ™! = 12 J 2} .
wol bi+d; / \/y/ + hS + (a’i + Cj) b;—d; (23)
[®i]lcp = o ), e + h2 (\/y’2 + h3 + (a; + ¢j)?—

\/y'2+h§+(a

in subsequent calculus, is as follows
K:/ VP2 +y?2+m2dp.

By substituting ¢ with p, we obtain
2 /p2 + 22 + TnQ7

q2:p2+22+m :}q:
qdg = pdp = dp = 1dq,

p
p2+22

i—Cj)Q)-

The solution of this type of integral, K, which is used

Thus, we obtain

(21)

== l\/(bi +d;)? + hE + (a; +¢;)?

—\/ )?+ hg + (a; + ¢;)?
— (a; + ¢j) tanh™* 0i G
\/(b1 + dj)2 + h% + (ai + Cj)2
a; + ¢

+ (a; + ¢; tanh ™!
( J) \/(bifdj)2+h§+(ai+0j)2

- \/(bZ + dj)2 + h% + (ai — Cj)2




Journal of ELECTRICAL ENGINEERING 72(2021), NO5

+ \/(bz — dj)2 + h% + (ai — Cj)2

A — Cs
+(a;—c; tanh ™! ! J

( J) \/(bz 4 dj)2 + h% + (ai _ C].)Q
a; 7Cj

—(a;—c;) tanh ™"

3

Vb —dj)? +hg+ (0 — ¢;)* (24)

where ®cp is the effective magnetic flux produced by
segment CD. The rectangle length is the same for seg-
ment AB as that for segment CD. For the rectangle width
(BC and AD), we can use (24) to calculate the magnetic
flux.

The relation between the magnetic flux and the mutual
inductance is

d=MI. (25)

If the current value of I in the coil is equal to the unit,
all segment parts are equal to the corresponding magnetic
flux calculated

[®i;]cp = [®ij]las = M1

[®ij]aD = [®ij]BC

Hence, the global mutual inductance calculated using the
Biot—Savart method is

= M.

Nt Ngr

§5=2>"3 " [Mj; + M),

=1 j=1

(26)

where, Milj is the mutual inductance between length seg-
ments CD, AB and GH, EF, and. M5 is the mutual in-
ductance between width segments AD, BC and FG, EH.
Finally the global mutual inductance MBS with Biot-
Savart low, is equal to the sum of the mutual inductance
without magnetic layer M5, and the mutual inductance
of the image of T-coil with R-coil MES
MBS = MPS + MES (27)
To calculate of My, the distance hg is replaced with
the real lift h between two coils in (26).

3 Measurement and analytical calculation

The mutual inductance was calculated by implement-
ing a code representation of Neumann and Biot-Savart
methods as an algorithm in a computer program. The
analytical solution for calculating the mutual induc-
tance between two multi-turn spiral inductors is acquired
from (10) and (27). With the analytical solution, the
defined integrals can be calculated with a low computa-
tional effort to evaluate two coaxial-positioned filamen-
tary structures.

To measure the mutual inductance of two similar PCB
coils, we used a low-frequency LEADER-745 LCR-meter.
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Fig. 8. Mutual inductance measurement using series aiding and
series opposing techniques

The mutual inductance value was directly obtained
from the inductance measurement by connecting the two
coils (Fig. 8). When test current I flows through primary
winding, the secondary voltage is V = jwM . Therefore,
the mutual inductance can be calculated from the ratio of
the secondary voltage V' to primary current I. However,
the applicable frequency range of both the measurement
techniques is limited by the type and parameter values of
the coils measured. In these methods, stray capacitance
effects, including the distributed capacitance of windings,
inter-winding capacitance, and test lead capacitance, are
considered sufficiently small [12].

Different sets of inductors were fabricated using a com-
mercial one-layer PCB with FR-4 as the substrate mate-
rial. We acquired three pairs of coils with 5, 10, and 15
turns. The effects of the number of turns, with and with-
out magnetic layer is described in the subsequent subsec-
tions.

3.1 Mutual inductance without magnetic layer

In this case, we set all the geometrical parameters
values, such as spacing (st = sg = 0.5 mm), track width
(wr = wr = 0.6 mm), and length and width of T and R
coils, calculated the mutual inductance, and determined
the function of the number of turns. The dimension of the
internal side of square coils T and R was 14 mm, and the
external side dimensions of square coils were 22.8, 33.8,
and 44.8 mm for 5, 10, and 15turns, respectively.

The calculation and measurement results are pre-
sented in Tab. 1 and Fig. 9. Discrepancy is denoted Discr.,
Measurement: Meas., Neumann method: N, Biot-Savart

method: BS.

With an increase in the number of turns, the values of
mutual inductance calculated using both the methods in-
crease. Initially, these values are different. The mutual in-
ductance value calculated with the Biot-Savart method is
higher than to that calculated with the Neumann method,
especially between 0 and 6 mm; however, when the lift,
h, increases, the mutual inductance acquired using the
two methods converges. Thus, the results acquired from
the Biot-Savart method are closer to the experimental
measurements than those obtained from the Neumann
method.
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Fig. 9. Mutual inductance, function number of turns without magnetic Layer: (a) — 5, (b) — 10, and (c) — 15 turn coils
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Fig. 10. Mutual inductance, function number of turns with magnetic Layer: (a) — 5, (b) — 10, and (c) — 15 turn coils
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Table 1. Mutual inductance measurement and analytical calcula-
tion without magnetic layer, for different lifts (h)

h Myieas My Diser. (%) Mgs Discr. (%)
(mm) (pH) (pH) Meas-N  (pH) Meas-BS
5 turns
2 0.490 0.397 18.9 0.464 5.3
4 0.325 0.295 9.2 0.318 9.2
6 0.225 0.226 0.4 0.228 1.3
8 0.200 0.175 12.5 0.168 16.0
10 0.150 0.138 8.0 0.127 15.3
12 0.100 0.110 10.0 0.097 3.0
10 turns
2 1.975 1.853 6.2 2.266 14.7
4 1.550 1.522 1.8 1.731 11.6
6 1.325  1.266 4.5 1.352 2.0
8 1.125 1.063 5.5 1.073 4.6
10 0.975  0.899 7.8 0.862 11.5
12 0.750 0.765 2.0 0.700 6.6
15 turns
2 5700 4.869 14.5 6.040 5.9
4 5.025 4.194 16.5 4.892 2.6
6 4.375  3.642 16.7 4.019 8.1
8 3.775  3.183 15.6 3.336 11.6
10 3.050 2.796 8.3 2.793 8.4
12 2.575  2.466 4.2 2.356 8.5

3.2 Mutual inductance with magnetic layer

We set all the parameters with the same coils (Np =
Nr = 5, 10, 15 turns), ie, same spacing values, track
width and dimensions of internal and external side. A
ferromagnetic layer is introduced under the coil T, at a
distance of dyp = 3 mm.

The calculation and measurement results are pre-
sented in Tab. 2 and Fig. 10.

In this configuration, the mutual inductance values
calculated with the Biot-Savart method is higher than
to that calculated with the Neumann method for re-
duced lift, then the values converge for lifts superior to
4 mm. The measurements values are closer to values of
Biot-Savart values for lifts inferior to 4 mm, except for
15 turns. Then, The measurements values are closer to
values of Neumann values for lifts superior to 4 mm.

We also see, as expected, that the values of mutual in-
ductance obtained by introducing a ferromagnetic layer,
are much larger than the values of the configuration with-
out magnetic layer.

4 Conclusions

In this work, two magnetostatic analytical models were
presented and compared for calculating the mutual induc-
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Table 2. Mutual inductance measurement and analytical calcula-
tion with magnetic layer, for different lifts (h)

h Myieas My Discr. (%) Mss Discr. (%)
(mm) (pH) (pH) Meas-N  (pH) Meas-BS
5 turns
2 0.590 0.623 5.6 0.692 17.2
4 0.450 0.471 4.6 0.486 8.0
6 0.375 0.363 3.2 0.355 5.3
8 0.275 0.285 3.6 0.266 3.2
10 0.225 0.229 1.7 0.203 9.8
12 0.175 0.182 4.0 0.158 9.7
10 turns
2.925 2.586 11.5 2.804 4.1
2.250 2.166 3.7 2.214 1.6
1.850 1.829 1.1 1.773 4.2
10 1.550 1.555 0.3 1.437 7.3
12 1.300 1.330 2.3 1.176 9.5
15 turns
2 6.775 6.811 0.5 7.748 14.3
4 5.750 5.925 3.0 6.358 10.5
6 5.325 5.191 2.5 5.284 0.7
8 4.475 4.572 2.1 4.433 0.9
10 4.300 4.044 5.9 3.749 12.8
12 4.175  3.592 13.9 3.191 23.5

tance between two coaxial PCB inductors incorporating
ferromagnetic layer. The mutual inductance was calcu-
lated by implementing the analytical representation of
the Neumann formula and Biot-Savart law as an algo-
rithm in the computer program. The results of the two
methods were compared with the experimental results,
and a strong agreement was observed for several param-
eters; lift and number of turns, of planar PCB coils. This
study provided two generalised analytical formulas, with
complete demonstration. The mutual inductance can be
calculated analytically with a low computational effort,
within fractions of a second. These models can be used
for fast estimation of mutual inductances of rectangular
spiral coils embedded with magnetic layer.
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