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Innovation-based fractional order adaptive Kalman filter

Ravi Pratap Tripathi1 , Ashutosh Kumar Singh1 , Pavan Gangwar1

Kalman Filter (KF) is the most widely used estimator to estimate and track the states of target. It works well when
noise parameters and system models are well defined in advance. Its performance degrades and starts diverging when
noise parameters (mainly measurement noise) changes. In the open literature available researchers has used the concept of
Fractional Order Kalman Filter (FOKF) to stabilize the KF. However in the practical application there is a variation in
the measurement noise, which will leads to divergence and degradation in the FOKF approach. An Innovation Adaptive
Estimation (IAE) based FOKF algorithm is presented in this paper. In order to check the stability of the proposed method,
Lyapunov theory is used. Position tracking simulation has been performed for performance evaluation, which shows the
better result and robustness.
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1 Introduction

Tracking of objects or state estimation is one of the
most important research areas for Navigation, Traffic,
Surveillance, Intelligent Transport System, Medical field
and Economics. The Kalman Filter (KF) is the most
widely used state estimator for linear system and gaus-
sian noise. It requires complete prior knowledge of system
models and noise parameters. But in practice, it is very
difficult to know noise parameter (especially measure-
ment noise) in advance. Due to uncertainty in measur-
ing devices and sensors measurement noise leads to large
estimation errors or divergence in KF, which degrades
the performance of estimator [13]. To solve the measure-
ment noise uncertainty (R) and KF divergence, many re-
searchers have proposed various Adaptive Kalman Filter-
ing (AKF) algorithms. Mehra [4] first proposed innova-
tion based estimation after that many Innovations based
Adaptive Estimation (IAE) proposed by researchers [57].
Hongwei et al. applied Maximum Likelihood Estimation
(MLE) on innovation sequence to estimate noise parame-
ters. Xu et al. proposed Optimal Adaptive Kalman Filter
(OAKF), in which he fused IAE with Memory attenua-
tion (MA) and used a constant multiplier for calculation
of error covariance matrix (Pk ). IAE combined with Ex-
tended Kalman Filter (EKF), in which estimated covari-
ance of innovation was used for calculation of gain matrix
[8]. Improved IAE was proposed [9]; in this a regulator
factor was introduced in calculation of gain matrix. To
solve the gain divergence problem [10] had shown mod-
ified gain Extended Kalman Filter (EKF) in which it is
considered that target is moving with constant velocity
and noise distribution is Chi-Square. In [11,12] proposed

Contour based Unscented Kalman Filter (CUKF). Kaur
and Sahambi [13] used Fractional Order Gain Kalman
Filter (FOGKF) for vehicle tracking. In FOGKF, con-
ventional Kalman gain is modified by adding fractional
derivative of previous conventional Kalman gain, but it
degrades the real time performance if measurement noise
covariance (R) is not known priori. In this paper, a frac-
tional order Kalman filter combined with IAE is pro-
posed, which introduces the MLE based measurement
noise covariance estimation in calculation of Kalman gain.
The advantage of proposed method is that even if noise
parameters are initially unknown, the proposed Kalman
gain will never diverge. The fractional derivative together
with MLE helps to improve the accuracy of prediction of
Kalman gain through which a new optimal adaptive es-
timation can be done.

The rest of paper is organized as follows: section 2
present some preliminaries and background. Proposed
Innovation-Based Fractional Order Adaptive Kalman Fil-
ter (IFOAKF) is presented in section 3. Stability analysis
of proposed method is presented in section 4. Simulation
results are discussed in section 5. Finally, concluding re-
marks are presented in section 6.

2 Preliminaries: Innovation based adaptive
estimation and fractional calculus

2.1 Innovation based adaptive estimation

A linear system is represented as

xk = Akxk−1 +Bkuk−1 + vk(0, Qk), (1)
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zk = Hkxk + wk(0, Rk), (2)

where, xk ∈ Rn is the state vector at time k , uk ∈ Rm

is input vector at time k, Ak ∈ Rn×n is state transition
matrices, Bk ∈ Rn×m is input matrices, zk ∈ Rp is actual
measurement of xk at time k , Hk ∈ Rp×n is output
matrices, vk and wk are process and measurement noises
with zero mean and covariance Qk and Rk respectively.

In the above equations, process noise and measure-
ment noise are uncorrelated to each other

E[wk] = 0 Cov[wkwj ] = Qkδkj,

E[vk] = 0 Cov[vkvj ] = Rkδkj,

Cov[wkvj ] = 0.

Consider that the estimated state is x̂k , mean square
error ek and error covariance matrix Pk at time k is
given as

ek = xk − x̂k,

Pk = E
[

eke
⊤

k

]

.

From theory of Kalman innovation sequence is an observ-
able parameter, which is given as

rk = zk −Hkx̂k/k−1, (3)

where
x̂k/k−1

is prior estimate of x̂k . Theoretical covariance is given [9]

Crk = E
[

rkr
⊤

k

]

= HkPk/k−1H
⊤

k +Rk. (4)

2.2 Maximum likelihood estimation(MLE)

In MLE the relation between covariance and noise
variance is given in equation (5), for detailed proof see
reference [13]

k
∑

j=0

tr

{

[

C−1

rk − C−1

rk rkr
⊤

k C
−1

rk

]

[

dRj

dθk
+Hk

dQj

dθk
H⊤

k

]}

=

= 0
(5)

θk is an adaptive parameter, in this paper it is diagonal
element of Q and R respectively.

2.2.1 A d a p t i v e e s t i m a t i o n o f u n k n o w n
m e a s u r e m e n t n o i s e()

As measurement noise R is unknown or ill defined,
so it can be calculated with the help of MLE. It is hard
to estimate Q and R simultaneously when both are un-
known. So we are assuming that when we are estimating
R at that time Q is independent of θk and diagonal el-
ement of R is linear function of θk . The value of R can
be calculated as

k
∑

j=0

tr
{[

C−1

rk − C−1

rk rkr
⊤

k C
−1

rk

]

[I + 0]
}

= 0, (6)

Ĉrk =
1

N

k
∑

j=0

rjr
⊤

j . (7)

Ĉrk is estimated covariance of innovation sequence, ba-
sically it is the average of innovation sequence rk in win-
dow size of N . With the help of equation (4) and (7)
estimated, value of Measurement noise covariance (R) is

R̂k = Ĉrk −HkPk/k−1H
⊤

k . (8)

2.3 Fractional calculus

Grunawald-Letnikov definition is used for computa-
tion of fractional feedback Kalman gain in this proposed
method [6, 11]. Fractional difference is given as

∆αxk =
1

hα

k
∑

j=0

(−1)jγjxk−j , (9)

where, α is fractional order (in this paper we assume
α = 0.5). h is sampling interval (here h = 1), k number
of samples in signal x and γj is gamma function given
as

γj =

(

α

j

)

=







1 for j = 0
α(α − 1) . . . ,

(

α− j + 1)

j
for j > 0







.

3 Innovation based fractional order
adaptive Kalman filter (IFOAKF)

In this section, IFOAKF gain is proposed with the
help of fractional calculus and MLE. The following step
has been involved in calculating of IFOAKF gain:

• Calculate R with the help of MLE as given in section
2.2.1.

• Calculate steady state Kalman gain using estimated
value .

• Calculate fractional difference gain of preceding steady
state Kalman gain.

• Proposed IFOAKF gain is the algebraic sum of steady
state Kalman gain (ii) and fractional gain (iv).

As we know that KF working is a two-step process.
First step is prediction and second stage is correction,
similarly IFOAKF is also a two-step process. The math-
ematical implementation of proposed IFOAKF is given
below.

Predicated state of discrete time system given in equa-
tion (1) and (2) is

x̂k/k−1 = Ax̂k−1/k−1 +Bu. (10)
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MLE based prior predicted error covariance (Pk/k−1)

for KF is given as

Pk/k−1 = APk−1/k−1A
⊤ +Qk−1. (11)

As we could not estimate rand Q simultaneously so
in the whole process we consider Q is known and fixed. In
correction step, we are first calculating standard Kalman

filter gain Kk with the help of R̂ which is given as

Kk = Pk/k−1H
⊤

k (HkPk/k−1H
⊤

k + R̂k)
−1. (12)

Now using the concept of fractional calculus given in
section 3.2, the fractional difference gain fk of preceding
Kalman gain Kk is given as

fk = E







k
∑

j=0

(−1)j+1γjKk−j







. (13)

Basically fractional difference gain is the mean of frac-
tional derivative of previous Kalman gain. The proposed
IFOAKF gain Kmod is given by adding equation (12) and
(13)

Kmod = Kk + fk. (14)

Now the corrected states of linear system and error
covariance can be calculated as given below

x̂k/k = Ax̂k/k−1 +Kmod(zk −Hkx̂k/k−1), (15)

Pk/k = Pk/k−1(I −KmodHk). (16)

4 Stability analysis

In designing of estimator, we have to estimate the state
xk , such that error (e)) will be zero as k → 0 because if
e → 0 than estimated state x̂k → xk . The dynamics of
x̂k can be written as

˙̂xk = Ax̂k +Bu+Kmod(zk −Hx̂k). (17)

Error e = xk − x̂k and its derivative ė = ẋk − ˙̂xk , on

substituting the value of ẋk , ˙̂xk and can be given as

ė = (Axk +Bu)− [Ax̂k +Bu +Kmod(zk −Hx̂k)]

= (A−KmodH)
.

(18)

So equation (18) will be stable only when (A−KmodH)
is Hurwitz matrix. To show that error is asymptotically
stable, consider a Lyapunov function

V (e) = e′Pe, (19)

V̇ (e) = e′P ė+ ė′Pe, (20)

V̇ (e) = e′(PA′ +AP − 2eKmodHP )e. (21)

According to Lypanouv stability theory, for asymp-

totic stability V̇ (e) < 0. Using the following Riccati equa-

tion for detail proof sees reference [15]

PA′ +AP −KmodHP + S = 0. (22)

Then

PA′ +AP − 2KmodHP = −S −KmodHP. (23)

After substituting (23) to (21)

V̇ (e) = −e′(S +KmodHP )e. (24)

From (24), it is clear that error e is asymptotically

stable, so the proposed estimator is also stable.

5 Simulation result and discussion

The proposed FOAKF method is applied on Predator-

Prey tracking model (1-D), 1-D random motion and 2-

D random motion. Tracking of object also depends on

motion behavior of the object. For evaluation of proposed

method two motion models Constant Velocity (CV) and

Constant Turn Rate Velocity (CTRV) model are used.

In order to derive Kalman gain mathematically, mean

of noise parameters should be zero and covariances are

unity or fixed, but in real scenario noise covariances are

variable, we cannot consider it unity for whole process.

Later on with the help of MLE technique the measure-

ment noise covariances are estimated, and this is used for

calculation of Kalman gain. In this paper when system

is linear, CV motion model is used and CTRV is used

in nonlinear case. The efficiency of given method is com-

pared with standard KF and FOGKF. All the simulations

were performed in MATLAB 2018b.

In Fig.1, simple 1-D predator prey model tracking is

present. In this model, a predator tries to catch a flying

prey which is moving with constant velocity. From the

figure, it is clear that initially when the moving velocity

is low than tracking using SKF and proposed method

both are good (Nearer to actual position of prey) but

as velocity increase, the SKF tracking start diverging but

the tracking result of proposed method is still excellent. In

Fig. 2 and Fig.3, we find that tracking done by proposed

method is far better than various other methods for 1-D
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Table 1. RMSE values of various signal

Figure Number Model KF FOGKF Proposed Method

Fig.1 Predator Prey Model 4.12 - 0.98

Fig.2 1-D CV Motion Model 1.8 1.6

Fig.3 1-D CRTV Motion Model 0.6 0.5 0.3
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Fig. 1. Predator-prey tracking with various methods using CV
motion model
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Fig. 2. Random motion 1-d tracking with various methods using
CV motion model
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Fig. 3. Random motion 1-d tracking with various methods using
CRTV motion model

random motion. The RMSE values of proposed method
and others are shown in Table 1.

6 Conclusion

This paper proposes an innovation based fractional or-
der adaptive Kalman filter (IFOAKF) for unknown mea-
surement noise. The proposed method is used for estimat-
ing the next states of system. The main contributions of
paper are as follows:

• Modification in standard Kalman gain with the help
of fractional feedback and MLE

• The importance of MLE based co-variance estimation
is that when in data noise co-variances are ill defined
or unknown the proposed method first calculates noise
covariances than updates it in calculation of Kalman
gain and estimation of next state

This algorithm shows high accuracy when R unknown
or ill defined. The RMSE of proposed method is improved
by 15% in comparison to standard Kalman filter and
FOGKF. The proposed method is highly robust in un-
known environment, hence the proposed method has bet-
ter capability to track object in real scenario.
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