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Some new inequalities for generalized convex
functions pertaining generalized fractional
integral operators and their applications

A. KASHURI, M.A. ALI, M. ABBAS AND M. TOSEEF

Abstract

In this paper, authors establish a new identity for a differentiable function using generic integral operators.
By applying it, some new integral inequalities of trapezium, Ostrowski and Simpson type are obtained.
Moreover, several special cases have been studied in detail. Finally, many useful applications have been
found.
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1. INTRODUCTION AND PRELIMINARIES

DEFINITION 1.1. [49] A:I1C R — R s called convex function on I, if
A((1= )b+ 8ba) < (1= E)AD1) +EAD2), Vbi,by €1, C€[0,1].

THEOREM 1.2. (Trapezium inequality) Suppose that A : I C R — R be a convex
function, b;,b, € I with b; < b,, then

by + by - AG)) +A(b)
A( > )sz—bl.b] A(Ddl < == (1)

Interested readers are referred to [4]-[6],[15; 19; 20; 22; 25; 26; 28],[33]-[38],[45; 47,
52; 53; 55; 56].

THEOREM 1.3. (Ostrowski inequality) Assume that A : T — R be a differentiable
function on I°, by, b, € I° with b, < b,. If |A/(¢)] < 7, then
1 (g _ bythy )2

_ AN 2 T
4 o)

1

123
Aw)fm/b AE)YE| < H (1)

:|a VL€ [by,by]. 2

For other recent published papers about Ostrowski type inequalities, see [1]-[3],[7]-
[141,[17]1,[29]-[32],[39]-[41].,[43; 44; 50; 54; 57].
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THEOREM 1.4. (Simpson inequality) Let A : [b;,b,] — R be four times
differentiable on (b;,b,) and suppose that

A9 = sup AW < oo
Le(br h2)

Then
A NGy ()

About Simpson type inequalities, see [27; 42; 51; 57].

by _
A@ﬂ—” d

AY... 3
: 3 [A™] (3)

- 2880

’< (b2 = b1)°

In our paper we will establish some new trapezium, Ostrowski and Simpson type
inequalities pertaining generalized convex functions with respect to another function.
Moreover, many useful applications will be given. Hence, it is important to recall

some essential facts relevant to fractional integrals.

DEFINITION 1.5. [34] Assume that A € Z[b,,b,], then k—fractional integrals,
n,x >0 with b, >0 are

1

Ip,nTKA(il) = KFK‘(TI)

/bél(él _é)%ilA(é)dgv b1 <§17

and

’?;"A@l’:ﬁm)/:(&—al)%wa)da, > &, @)

respectively.

DEFINITION 1.6. [35; 36] S is called @—convex set, if

B(9)h2+(1=@(3))b1 €S, Vbi,b, €S, 7€ [0,1].

DEFINITION 1.7. A:S — R on @—convex set S is called @—convex function, if

A1 43¢ (b2 —=b1)) < (1=)A(1) +3A(02), Vbi,b2 €S, 7€ [0,1].

Raina, in [48], defined for p,d > 0 and |z| < R, the following class of functions:

20 (N ooy Ok
Fo5(2) = F @_;ﬁﬁ?5” 3)
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Choosing |z| < 1, we take hypergeometric function. For o = (1,1,...) with
p=n,(R(n)>0),0 =1and z € Cin (5), we obtain Mittag—Leffler function

Zl“lJrnk

DEFINITION 1.8. S # 0 is called generalized convex set, if

mby + LTS5 (s —mby) €S, VbibeS, me (0,1], {e[o,1]. 6)

DEFINITION 1.9. A is called generalized convex function, if

A(mby+C.F85(2—mby)) < (1= )A(mby )+ EA(:),  Vbi,b €S, me (0,1], ¢e[0,1].
7

REMARK 1.10. Taking m =1 and .77 5(b, — b)) = b, —b; > 0, we get definition
1.1. For suitable choice of .77;(-), we obtain definition 1.7. This describes the
reasons and motivations of newly defined notions and the relation with these known

definitions.

DEFINITION 1.11. [23; 24] Assume that A; : [b1,b,] — R is an increasing and
positive monotone function on [b;,b,], with continuous derivative on (b;,b,). The left-

right- fractional integrals of A; with respect to A, on [by,b,], n > 0 are

e L s AA(E)

MG =1y, e e < ©
and

nAs _ Lo M)A

A = o | ) e e ©)
respectively.

Function @ : [0,+c0) — [0,40) constructed from Sarikaya et al. in [45; 46], has the
following properties:

/l@d§<+w7 (10)
o &

%sg((;)) <A forésész (11)
wéfl) SAzaiff) forefgla (12)
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@(&) o) O for L < 8 oy (13)

Gt € &t 2767

where A|,A,,A; > 0 are independent of €,&, > 0. Moreover, Sarikaya et al. defined the

< A3l — ¢

following useful operators:

&1 _
br’w/\(il):/,l %A(é)d&, <&, (14)
bglwA@l):_/;%A(é)dé, > &. (15)

About their efficiency, see [18; 21; 45]. Finally, Farid in [16], defined the following

generic operators:

5B (Aa(&1) — Aa(8))

areme) = [ S En @de n<E (6)
and
oA e (MG -M(E))
G’z* Al (51)_(/51 Az(é)_/\z(gl) Az(é)Al (é)dév b2>§1: (17)
respectively.

The paper is constructed in this way: In Section 2, we will find an interesting identity
with parameter A and using generic integral operators form auxiliary equality, some
new integral inequalities of trapezium, Ostrowski and Simpson type will be obtain.

Section 3 is devoted to useful applications.

2.  MAIN RESULTS

Let & = [mb,,b,], where b, < b, for some fixed m € (0,1] with § € [0,1].

e /c & (X (o, + EFZ5(0—mby) ) =T (o))

(13)
0 T(mb1+5y‘ga(e—mbl))—r(mbl)

XY (mby + EFZ5(L—mby)) dE < +oo,
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and

19)

/1 @ (r (me+y;5(b2 —me)) Y (me+§ﬁ;5(b2 —m€))>
¢ Y(mé—i-f;&(bz—m())—T(mfﬁ-éf;ﬁ(bz—mf))

XY (ml+&E.F5, (s —ml)) d& < oo,

The following lemma will help us to find new results.

LEMMA 2.1. Let A: & — R be a differentiable function on £° and A € R.
Assume that A’ € £(#) and 77, (b, —mb,) > 0, then
Fo5(0—mby)A (mb. n cﬂgs(umb.)) +. T35 (02— ml)A(me)
T35 (b —mby)

. [Fralt—ma (mo1+ 7550 —m>y)) | Zislo2 —mOAn0)
T35 (02 —mby) st (e,1) )
. ) FIs(U—md)A(mby)  FZ5(0s —mO)A(ml + FC (0 —ml))
X
F55(by—mby) 5 (e, 1) Z27(0,0)
@Y
o . G sz stmn) M) GOT At + F (5, — )
T3 5(02 —mby) 5 (4,1) 227(¢,0)

_ [Ze—m)]
T (€,1).F2 5 (by — mby)

x /0 1 [ng;f(& 0) fl}A’ (mbr+ CFZ5(L—mby)) dC (20)

F° bz*mg g 1
—Tm[(j%‘;;a 0 ) it / [E97(6,0) = AN (mt+C.F 5500, —me)) d €.
Em 5 0.5 ) — MDDy 0

We denote

[ﬁ“a(ﬁ—mbl)]z
T, or cox l;g,b ,b = P 21
angrzar( 1:b2) Hﬁ’r(z,l)ygé(bz—mbl) @b

x /01 M7 (0,6) = 2] A (mb) + E F55(0—mb1)) d§
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[ F25(02—m0)]?

s Fe ey [FECO AN 67w ag

PROOF. By integrating by parts (21), we derive

(7850 —mby)]’
T (€, 1).F25(by — mby)

T m.Y‘Ez.Y(;L;&bhbz) =

ALy,

X{/Olng.r(&é’)/\’ (mb1+(’;ﬁgé(€—mb1))dC—A/OlA/ (mbl—}—Cf:_é(é—mbl))dC}

[785(b: —m0)]’
EnT(€,0).F25(by —mby)

X { /01 EOV(, Q)N (ml+ LT 5(os—mb)) dE — A /01 N (ml+LF0 (0, —mb)) d g}

1
1

. Fos(—mb)

_ [Fse-m]’ T (L, A (o) 4+ CF55(6—mb) )
TG ()7 — i) Fo((—mby)

) /.1 @ (T (mbl + T (- mb1)> —T(mbl))
oY (mbl + 0TS~ mbl)) —Y(mby)

XY (mby + C.FE5(£—mb)) A (mby + S FS5(L—mby)) d§

[(F25(0, —m0)]*
En(€,0).F 25 (by—mby)

A
F2y (=)

A(mb,+ CFTS(0—mby)) ‘;} _

1

{ E2T (LA (ml+ T g5 (02— mi))
X
72502 —ml)

0

) | X/las(r(muf;a(bz—m(z))—T(mugﬁgé(bz—me)))
Fosba—mt) " oy (mz + F05(02— me)) Y (mz + 0T (02— mz))

XY (ml+ LTS5 (0 —mb)) A (ml+ §F25(00—ml)) d §
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A o 1
_WA (ml+C.F55(0, —mi)) ’0}

F35 (0= mo )A (miy + CFZ5(E—m>)) ) + F 5502 — mE)A(mE)
gz;;):é(bz - mbl)

I ) F25(L=mo A (miby +CFZ5(L=m51))  F9 (b, — mb)A(me)
F 52 —mby) (e, 1) ' (6,0)

N A y T3 5(L—mby)A(mby) +ygﬁ(bz—mZ)A(mZ—i—y;t;(bz—mZ))
T3 s5(0y —mby) st (e,1) Z27(¢,0)

@YX
G(mbl+.9?‘§’_5(€—mb|))7[\(mb]) G?f (m€+/°(b2—m£))]

1
T F0y (0 —mby) [ g (e,1) E27(0,0)

p,

REMARK 2.2. a. Takingm=1,A =0, F7;({—mb,) =L —mby, FJ5(b, —ml) =
by —ml, FJ5(br—mby) =b, —mb, and Y(§) = § = @({) in Lemma 2.1, then
1 2
Ty(£,51,52) ::A(ﬁ)—if AL,
Dy — b1 S,

b. Choosingm =1, =1, FJs(—mb,) =L —mby, FJ5(0r —ml) =by —ml, F75(br —
mby) =b, —mb, and Y({) = { = @({) in Lemma 2.1, then

TA(&bl,bz) = (é_bl)A(b;zi‘Efz —Z)A(bz) _ bzibl b ZA(C)dg

c. Takingm=1,0= "2, Fgs(b—mby) =L—mby, FJ5(by—ml) =by, —ml, F75(b, —
mby) =b, —mb, and Y({) = = @({) in Lemma 2.1, then

m+m)_ 1 b2

e R N e

TA(l;bl,bz) =A 2

A(G)d¢.

THEOREM 2.3. Let A: % — R be a differentiable function on 2° and A € [0, 1].
If |A’]? is generalized convex function on & and 77 (b, —mb,) > 0, then for g > 1 and

1,1
il 1, we have

| HmYHajT A f b17b2)|
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[(F25(0—mby)]?

< BZY (LA, p) x /[N (mby) |1+ [N ()] (22)
VAT (0,1) 725 (02— o) m, ( ) X /| (mby)[e + | A/ (€)]

[785(bs —m0)]’ o
: B: (U A, p) X /| N (ml) |1+ | (by)]4,
J2ZET(0,0) 7230 —mo) 2 ( ) % /|A (ml)]4+ A (by)]

where

1 »
B (G p) = ENT(66)-A] L. 23)

“m

1
ner(e.g)-a| ag. B A= [

PROOF. Applying Lemma 2.1, generalized convexity of |A'|?, Holder’s

inequality, we get

’TA,HZ‘T,EZ‘T (As€,b1,b2) ‘

N (mby + §F 25 (£ —mby)) ’dC

e (¢, ¢) —?L’

m

[Fo5(0—mb))]® I
P | X/O

T I (0,1).Z 5 (by — mb,

(75502 =mO)]” [

20 (0,007 (02 —min) N (nt + 6753000 m) |48
—m 3 0.8

=60 -4

“m

[Z75(C—mb))]°
T (4 1).F 5 (by — mby)

H,‘S*T(&C)—A\pdcy (f

[ F25(02—m)]?

EnT(€,0).F 25 (by —mby)

x (/01 EZ-T(&C)—A‘pdC); (/0'

(75t —m>))]”
TR0, 1)F g5 by —mby

A (mby + CFC5(£—mby)) “’dg>'l'

(L

N (ml+ T2 (02— ml)) ‘Uc)é

1
q

e ([ [0-cixr-gnor] ag)
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[Z5(02 = mO))"
EnT(0,0).F 25 (by —mby)

s ([ [o- oo gwo ] ac)’

_ [Zeste—mb)]?
B Wn,’f,’»r(m)ygs(brmbl)

[5“’ (bzfmf) BT
{/Bz (£; A N (ml))1+ |N (b
\[HET(Z O bz—mb) P \/| (m ‘ +| 2)|

COROLLARY 2.4. Taking p =2 = g in Theorem 2.3, we have

1A, p) X /A (b )]+ A ()9

| HWY"‘wr 2. E b17b2)|

_ [(F35(t—mby)]
T V2R, 1).F L5 (0 — mby)

(bz—mé
”a’[T(Zoycb my) VB, (6:4,2) x /[N (mE) 2+ A (b2) .
2_

COROLLARY 2.5. Choosing |A’| < ¢ in Theorem 2.3, we get
H

B, (6:2,2) x /IN(mb )P+ N0 (24)

BY 0, P —
aagragr(d:600)] < 75502 —md) (25)
Fo(—mby)]? oo —ml)]”
[nwl)] ” BWWH“;MW] (/B2 p)]
COROLLARY 2.6. Taking m =1, 2 =0, 55 (¢—moy) =€ —mby, F5, (b2 —mt) =

by —ml, FJ5(0r—mby) = b, —mb, and Y(§) = & = @({) in Theorem 2.3, we obtain

|TA(€,D1,05)] < \ﬁ\ﬂ/lﬁll(bz ) (26)
(6= PG IR + (52~ 07N+ WG |-
COROLLARY 2.7. Choosing ¢ = @ in Corollary 2.6, we have
| Ta(b1,b2)| < (02 =51) (27)

T
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x{%A’(bl)H I\ (b‘ ;”) \H(/A/ <@> ‘q+|A’(b2)|q}.

COROLLARY 2.8. Takingm=1,A =1, F75({—mb,) =L —mb,, FJ5(0, —ml) =
by —ml, FJ5(br—mby) =by —mb, and Y({) = § = @({) in Theorem 2.3, we get

|TA(€7b1:b2)| S (28)

1
W\”/IH‘l(bz*bl)

X{“—WdzqPV@OP+4A%@V+%W—%Y€4A%@P+LN@ﬁV}

COROLLARY 2.9. Choosing m = 1,4 = 1, Fs(l—mby) = £ —mby, FJ5(br —
ml) = by —ml, FJ5(by —mb,) =by —mb, and Y(§) = { = @({) in Theorem 2.3, we
obtain

()]s [z
A 3’ 1,V2 = \tyi(bsz]) 3p+1(p+1)

(29)

X{(ffbqu |A’<b1)|q+IA'(E)Iq+(bzf6>2</|~<£)lq+IA/<bz>lq}-

COROLLARY 2.10. Substituting A =0 and @ (&) = { in Theorem 2.3, we have

1
V2.7 5(by —mb))

x{c/ﬁ;is(e—mm){/m(&p) < §/IN (o) 1+ A (D)

’TA,H};‘,E};‘ (0;€7b17b2)‘ < (30)

+(’/m</% x /[N (me)]7 + |A/(b2)q}7

where

mby +955 (6—mby)

B]f(é;p) = /

Jmby

(X(&) =Y (mb))]"d @31

and

mi+§;5(72—m€)

B3 (4;p) ::/

ml

[Y(ml+ FZ5(0, —mb)) = Y({)] d . (32)
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COROLLARY 2.11. ForA =0and @({) = % in Theorem 2.3, we get

I(
1
Ty zr (034,01,00)| < —————— 33
a0 00| < e 9
X{ (/755 (L—mb1){/ B (£ p, ct) x /[N (mby) |2+ A ()]
) F 55 (02— mb){/ B (£ p, o)  /|N (me)]« + IA’(bz)I"}
where
. mb1+e‘?;§(lfm71) pa
Bi(tpo)i= [ [¥() —T(mo)] ™ d¢ (34)
mby
and
. mé+«9f’g_5(bzfmk) ra
B (:p, ) i= /é [X(nl+F5 (00 —ml)) —Y())*dC.  (35)
COROLLARY 2.12. Substituting A =0 and @({) = #%(a) in Theorem 2.3, we
obtain
1
Ty er (0;4,01,00) | < —————— 36
| Aﬁn;f,,_;f,( 1 2)| Wyfgg(bZ_mbl) (36)
x{ J ﬂgs(é—mbl){/Bg(&p,a, K) X /| (mby ) |4 + | A (0) |4
+{/ F 55 (b2 —ml) {:/Bg(é;p,a, K) X /| N (ml)|e + |A’(b2)|‘1},
where
. »171+f§_5(27mb1) pa
B(por)i= [ ()= T(m)] ¥ ag (37)
and

mHn;?;S (bp—mt)

Bl (:p, a, k) = / (X(mt+F25(0s—m)) —Y()] ¥ dl. (38)

ml

COROLLARY 2.13. ForA =0,V¢& €[0,8], @y (¢,8) = {(X(mb +F 75 (£ —mby)) —
§)*and V¢ € [, 1], @y (¢, 8) = {(X(ml+ F7 5(bs —ml)) — £)*~" in Theorem 2.3, we
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have

a+l
q

[ (L —mb )]
\‘VE[T(mblﬁ-ﬁgﬁ(f mby)) — (mbl)]ﬁg(;(bz—mbl)

X {/ B (€ p) x /IN (b )|« + A (€)]7

N (2500 —mt)] T
V2[X (il + F 5 (0 = ml)) =X (m)] F75 (0, —mb)

’TAHT =1 (0;¢ bl,bz)‘ <

m=m

(39)

% {/BY(t:p. ) x {/IN D)1+ [N ),
where
. mb]+<?;6(l7mb1) »
Bi(tp) = | Y(Z) ~Y(m>))])"d ¢ (40)

and
m(%?gﬁ(bzfm[)

B} (l;p, ) ::/

ml

[T“(m£+ (bzme))fY”(C)rdC. 1)

COROLLARY 2.14. Substituting A =0 and & () = £ exp(—A(), where A =

in Theorem 2.3, we get

a

[Ze5(0—mb)] T
\{yig’;)zs(bz —mbl)

X (/Bg(é;p,A) X /[N (mby )7 4 |A(£) |«

}TA‘HLEL(O;E:blbeH < (42)

[ bz—mé ) T
fyo (b, — mby) By (6:p,A) x /| (ml) ]2 + A (b2) |,
-
where
. m7|+7g_5(é—m7|) P
B(tpa)= [ {1—ewaqm)-x@)]} s @3
and
ml+F 9  (hy—ml)
Biepa)y= [ {1—ep A () = Ymt+ F5 (2= mh) ]} dg. (44)
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THEOREM 2.15. Let A: &7 — R be a differentiable function on &2° and A € [0, 1].
If |A’|7 is generalized convex on & and 775 (b, —mb;) > 0, then for g > 1, we have

(Zeal =m0 ary ) 1
Fn’”(e,pl)y‘gé(bz —mb;) [B“'" &4, 1)} )

1

T, o smx (A3 601,02)] <

x \4/[335(15;1, D)= ESN(@2)| [N o)1+ ES ()N ()

[(F5(02 —mt)]’ [

@00 5 R0

il [P @21 - G| o+ G RIN Gl

where
EZT(t:A) / ¢ TN EOT(0,0)—AldE. (46)
PROOF. By Lemma 2.1, generalized convexity of |A'|? and power mean

inequality, we get

| TA.H&Z-Y,EEJT (A3€,51,2) |

1
o (6,) - 4|

[ (6 " )] ! 744
=TT, 1) 75502 — 1) < N (mo, + Ty (C—mo)) |d

(7550 —mO)]" [
EnT(0,0)F25(by—mby) ~ Jo

E2Y(0,6) 4|

N (mt+§F 5500~ ml)) | d

[F35(0—mb))]”
T (4, 1).F 5 (by —mby)

1
X
0

nw,cm\dg)l‘]’ (f

27 (6.6) ~ 4|

N (mby + L FE5(0—mby)) ]"dgy'
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L [Fsta=mo]”
EnT(€,0).F 25 (by —mby)

z:f:f(f,o—l\dﬁ)l; (/

[Z25(C—mb))]°
T IT(6,1)F g5 by —mby)

EOT(0,0) — l‘

m

U

(/B (: 4, p)

1

N7 (6,8) = A|[(1= O)IA (o) + LN ()] dc) q

(L

(73502 —mt)]’

{/BET (A,
ZET(0,0)F 1y 0a— ) ¥ o GHP)

1

=27 ()= ][ - DN+ I Gl at )

(4

[F35(0—mb))]”
T e, 1) 95 (by —mby)

sexea)

x\q/[Bgf(g;x, 1) = G (€:2)| I (b))l + ER.(¢:2) A/ ()]

(7502 —mb)]*
EnT(€,0).F 25 (by —mby)

_1
q

(B2 (E:, 1)

il [P @21 - G| o+ G BIN G

COROLLARY 2.16. For g =1 in Theorem 2.15, we get

(75 (0—md))]°
T (6, 1).2 5 (by — mby)

T, o smx (A3 601,02)] <

X[ (BRI (6:2,1) = B (6:2)) |A (o) |+ ESF ()N (0]

N (ml+§.FZ5(by—ml)) \ng);

(47)
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(73502 —mt))’
T (0,0) 75, (52— )

X[ (B2 (6:2,1) = GZ(6:2)) N ()| + GET (6 )N ()]

COROLLARY 2.17. Taking |A’| < % in Theorem 2.15, we have

H
norzor (A3 0,0y,0 B I —— 48
’ 1 2)‘ ;6(b27mb1) ( )

['/56(6 ”lbl)]z T [ Zy (bz ”g)]z X
Zedn T BEY(p A ) 4 2~ ) gIY(p g
X ngr(£7 1) 11, ( ) H’[g Y(f 0) Em ( )

COROLLARY 2.18. Choosing m = 1,4 =0, Z7s(¢ —mb,) = £ —mby, FJ5(0> —
ml) = by —ml, FJs(by —mb,) =by —mb, and Y({) = § = @({) in Theorem 2.15, we

get

1
’TA(€3b17b2)‘ < m (49)

{ IR T 2N + (s — £ /2INTD) \q+\~<bz)|q}

COROLLARY 2.19. Taking ¢ = 242 in Corollary 2.18, we obtain

Ty (o1,0)| < (b;&?) (50)

{\/A/( (L;bz> ‘q“ /(h;m) ‘q+|A'(bz)q},

COROLLARY 2.20. Choosing m = 1,A =1, Z75({ —mb,) =L —mby, FJ5(b> —

ml) = by —ml, F3s(by —mb,) = by —mb, and Y({) = & = @({) in Theorem 2.15, we

have

2

_ 1
|TA(£ab1:b2)‘ < m (51)

{ VAN N + (02— €7/ N D |q+2\~<bz>|}
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COROLLARY 2.21. Taking m = LA = 1 Fgs(l — mby) =
C—mby, FJ5(0r —ml) = by — 5s5(02—mby) = by —mb; and Y({) = § = @({) in
Theorem 2.15, we get

1

1
i (5) ‘ = 20506, ) o

><{(13—b1)2</185|A'(b1)\q+58|A'( )74 (b, — £)*¢/195| A/ (£) |q—|—48\A’(b2)|‘1}.

COROLLARY 2.22. Substituting A =0and @({) = { in Theorem 2.15, we obtain
1

[F25(£—mb, )} s (02 —mby)

(53)

’TAH,Y,lH,l;(O ¢ bl:bZ)‘ >

s [sresn zgs - my -cro] v crO O

¥ = [BEen]
[F5(bs—mb)] © Fg5(02—mby)

¢ [BE(61).755 02— mb) — ET (O] N (D) + ET (1N (2)],
where

by + 70 5 (-mb)
cro = [ ) ) xm)at, (54

mby

0= [ G mrnt s F 00 me) - T(©)aE 59

Jml

COROLLARY 2.23. For A =0and @({) = % in Theorem 2.15, we have

’TAH},Q H},fl(o 14 bhbz)‘ = = (56)

x (/[Bg(z; 1,&).Z25 (£ —mby) —CI(, a)] A (mby)]a +CY (€, )| A/ (€)]s
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¢ [BE(6:1,0) 75 (02— me) = EY (¢,0) | [N (mb)] 3+ EY (£, @) | (52)],

where
mlerﬁg_s((—nnl) o
Cl(bo) = [ (§ —mo) [¥(§) = X(omp)] “d . 57)
m(+F 2 (by—ml) .
El(t,a) ::/é (& —mO)[Y(ml+ FZ5(0o—mb)) = Y(C)]"dE.  (58)

COROLLARY 2.24. Substituting A =0 and @(§) = Kr{fa) in Theorem 2.15, we
get

1 -
[Targ 23 0:6:01,02)] < ] [BW; L, x)} (59)
[yss(z_mblﬂ T F 502 —mby)

x\q/[Bg(e; 1,0, K).F25(0—mby) — CY (£, , K)] A (b )]a + CY (€, at, )| A (€)1

+ L [Bgf(zz;m,;c)ra
[ﬁss(bz_m[)] ! ygs(bZ_mbl)

x\f/[Bg(e; 1,0, K) F 5502 —ml) = EX (6,0, )| I (mE)| 7+ E (£, @, ) [N (),

where
by +F 5 (¢=mby) o
Cl(ba) = | C=m)[T©) -Tem)]Fag,  ©0)
m£+.¢p“_5(b2—m() a
El(0,a,K) = /( (§—ml) [X(ml+.F55(0,—ml))=X(L)] *d.  (61)

COROLLARY 2.25. ForA =0,Y¢& €(0,8], @v(¢,8) = (Y (mb, + F ] 5(L—mby)) —
§)*tand Ve € [¢, 1], @y (4, 8) = E(X(ml+ F 75 (by —ml)) — £)* ' in Theorem 2.15, we
obtain

T 2y (0:6.51,)] < L (©2)
q

[‘gz;:ﬁ(e_mblﬂ TS s(02 —mby)
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x [B;f(e; l,a)] 1'5\4/[33(4; 1,00) F25(C—miby) _cr(e)] A (mby )[4+ CT(€)| A (£) 2

Q=

1

1—
- T [B(6:1,00)]
[Z25(02—ml)] © FZy5(02—miby)

_|_

x\‘/ [BE(6:1,0) 75502 = me) = LY (€, ) [N (me) e+ LE(€, )| N G,
where

LX) = /

ml

ml,"%?:_b- (bp—mt)

(§—ml) [XY*(ml+.FJ5(0, —ml)) = Y*({)]d . (63)

1-o

COROLLARY 2.26. Substituting A =0 and @({) = gexp(—AC), where A = =%

in Theorem 2.15, we have
1

_ 64)
(1 —a) [fgé(é—mbl)] K ﬁ:s(bz—mbl)

|TA,H,T,,A,®}; (0’€: bI ) b2) } S

{ B @) LA N @+ LN O

1
(1= @) [Z25 (02 —mb)] " F5(5—miby)

+

< (Bl 1) LA mo) +L€<&A>|A'<bz>q},

where

mby +:‘fpﬁﬁ (L—mby)

LY(4,A) ::/ (b, + F 5 (L —mby) — €) (65)

mby

x{1—exp [A(X(mb) - T(¢))] }aC,

mby +<;’?g§ (6—mby)

L= [ (§ =) {1-exp [A (X)) ~X(0))] } dS, (66)

mby

ml+F 9 < (hy—ml)
LI(0,A) = / " b+ F (02— mb) — €) ©7)

ml
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x{l —exp [A (Y(C) =Y (ml+ 7] 5(b, _mé)))]}dc’

mé‘-%—.f?;_é(?z —ml)

(& =mt) {1~ exp [A (X(C) = Tl + F55(0. ~mb))] } L.

LE(€,A) = /
(68)

Jml

3. APPLICATIONS
For b,,b, € Rand 0 < b, < b, we recall:

(1) arithmetic mean:

by +b
A(blabZ): 12 2;
(2) harmonic mean:
2
H(blbe): bi"'i;
1 2
(3) logarithmic mean:
by — by
L Y AL W
(102) In|b,|—1Inp,|’
(4) generalized log-mean:
b£+l _ bTJrl

L, (b1,02) = } reR\{-1,0}.

(r+1)(2—b1)
From the main results in Section 2, we get

PRommrHONSJ.Lanm»zeRth0<ﬁl<bbﬂmnﬂnnq>1and%+$:17
we have
< r(bz — b])
~ 4yp+1

(r=1) (r=1)
R R (G )

PROOF. Takingm =1, =0, (=232 F0({—mb) =L —mb,, F5(b, —ml) =
by —ml, FJ5(by—mby) =by—mby, A(§) =" and Y({) = { = @({) in Theorem 2.3, we

get (69).

(69)

[A1,62) = Li(61,52)
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PROPOSITION 3.2. Letrby,b, € Rwith 0 <b, <b,, thenforr,g>land | +; =1,
we obtain

< I’(bz—bl)
S Al

Al ) ()

PROOF. Choosing m = 1,4 =1,0= "2 FZo (0 —mb) =L —mby, FZ4(b> —
ml) =by—ml, F75(by —mby) = by —mbi, A(§) = §" and Y(§) = { = &({) in Theorem
2.3, we have (70).

(A(b;,bg) —Li(by,bs) (70)

PROPOSITION 3.3. Letb,b, € R with 0 < b; < b, then for ¢ > 1 and % +$ =1,

we get
1 1 (by—by)
- < 71
A(blbe) L(bl,bz) - 4\f7m ( )

e e

PROOF. Takingm =1, =0, (=232 F2({—mb,) =L —mb,, F5(b, —ml) =
by —ml, FJ5(by—mby) =by —mby, A(§) = % and Y(§) = { =@ (&) in Theorem 2.3, we
obtain (71).

PROPOSITION 3.4. Letby,b, € R with 0 < b; < b,, then for ¢ > 1 and %Jﬁ =1,

we have

1 1

(b

< T (72)

H(b,b2)  L(by,b,)
1 1
+

e e

PROOF.  Choosing m = 1,A = 1,€ =02 . FI (L —mb,) = L —mby, Fy(by —
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ml) = by —ml, F7s(by —mby) =by —mby, A(§) = !

2.3, we get (72).

and Y({) = = @ (&) in Theorem

x|

PROPOSITION 3.5. Let r,b;,b, € R with 0 <b; < b, and r > 1, then for g > 1, we

= @r(bngl) (73)
_ by 4Dy 2D by +by\a—D
q g(r—1) 1 2 q 1 2 g(r—1)
x{\/A(bl ,2( : ) )—i—\/A(Z( : ) b )}

PROOF. Takingm =1, =0,0="32 F%,((—mb) =L —mby, FIs(by—ml) =

by —ml, F75(by—mby) = by —mby, A(§) = {" and Y({) = { = @({) in Theorem 2.15,
we have (73).

obtain

A"(by,by) —LI(by,by)

PROPOSITION 3.6. Let r,b;,b, € R with 0 <b; < b, and r > 1, then for ¢ > 1, we

< ﬁr(bzg—bl) (74)
x{\”/A (2511(,71)’ (bl ;bz)q(r*1)> N \"/A ((b. ;bZ)q("I)’zb;}(r*I)) }

PROOF.  Choosing m = 1,4 =1, = "2 Fo (0 —mb,) = £ —mby, FZ4(bs —

ml) = by —ml, F3s5(by—mby) = by —mby, A(§) = {" and Y(§) = & = @({) in Theorem
2.15, we obtain (74).

get

[AG5) =L (o1,02)

PROPOSITION 3.7. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we have

1 1

A(b1,by)  L(by,b2)
1 1

X{ </H <2bf“, (“;’2)2(’) ' \q/H((“;’Z)zq,zbgq> }

PROOF. Takingm=1,A=0,0="32,Z2,((—mb\) =L —mby, Fs(by—ml) =

o[ 0:=5)

—V3 8

(75)
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by —ml, F 25 (b —mby) =by —mby, A(§) = = and Y(§)=¢ =m({) in Theorem 2.15,
we get (75).

u™x

PROPOSITION 3.8. Letb;,b, € R with 0 < b; < b,, then for ¢ > 1, we obtain

1 1 o4 (b2 =by)
H(b,,b,) L0~ V3 8 (76)
X + .
24 2
(/H (bf{z(b’%) q> \4/H (2(%) q,bgq>
PROOF. Choosing m=1,A=1,0="22 F0 (L —mb) = —mb, Fs(—

mf)—bz (bz—mb)—bz—mbl,/\(é):
2.15, we have (76).

é and Y({) = { = @(&) in Theorem

Finally, we will find some new error estimations pertaining quadrature formula. Let
denote 2 :b; =gy < ¢ < ... < G =h,. The following quadrature formulas are very
useful in the sequel.
rhy by
A(0)dl =M(A, 2)+E(A,2), A()dl=T(A, 2)+E" (A, 2)

by by

where

+ )+ A(
(AQ ZA(GJ g/+l)(gj+] €,) TAQ ZM(QJM—QJ‘);

and E(A, 2), E*(A, 2) are denoted their corresponding errors.

PROPOSITION 3.9. Let A : [by,b,] — R be a differentiable function on (by,b,),
where b; < b,. If |A’|7 is convex on [b;,b,], then for ¢ > 1 and é—}— é =1, we have
k—1

o Ly
g Bl =) a7

{\/ A(g) xS [ |A'<~;,-H>|«}.

PROOF. From Theorem 2.3 for m = 1,A =0,{ = b‘;’”,ﬁgé(@—mbl) =
C—mby, FJ5(0y —ml) = by —ml, FJ5(by —mby) = by —mb, and Y({) = { = @({) on

[E(A,2)] <

GitGit\ |4
w(#5)
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[gj7gj+l] (J:Ov>k_ 1) Of,@’ we get

2 i1 — G g 429 p+1

‘1

g/ + ng )

e

From (78), we have

+ q
(Q %0’+W@mw}

X Z(Qm —-g)

1
PO
“wagrel A
4 q
{¢w xSt %0!+W@HW}

PROPOSITION 3.10. Let A : [by,b,] — R be a differentiable function on (by,b,),
where b; < b,. If |A'|? is convex on [b,,b,], then for ¢ > 1, we obtain

‘1

g/ + gj+1 )

[E(A,2)| < Z G — (79)

X{VN@» n (St N(QZ%)F+AEMM}

PROOF. The proof is analogous as to that of Proposition 3.9 taking m =1, A =
O,ézb‘;bz,f,fﬁ(ﬁ—mb)—f I’f’lbl7 (bz—mé)—bz mé,y’g[;(bz—mb]):bz—mb]
and Y({) = { = @({) using Theorem 2.15.

8\‘f

q

+9/2

PROPOSITION 3.11. Let A : [b;,b,] — R be a differentiable function on (by,b,),
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where by < b,. If |A’|? is convex on [by,b,], then for ¢ > 1 and %4—5 =1, we have

1 k—1
EA2)|<—— —c) 80
( )|_4ﬁmxj);o<g,ﬂ $) (80)
N BN "ﬁ n (S0 ]”+|A/<g,-+1>|q}.

PROOF. By Theorem 2.3 for m = 1,A = 1,0 = 252 Fo({ — mb;) =

C—mby, FJ5(by —ml) = by —ml, F25(by —mb,) = b, —mb, and Y({) = & = @({) on
[6/:641] (j=0,...,k—1) of 2, we get

AG)+AGG) 1 / " Aae| < &2 m8). 81)
2 Sit1—6j Jg 42¢p+1

A (gj+§,~+1)
2

E'(A,2)| =

X{ (/1A ()1 +

q \/
+ q

/ " A0l —T(A, Q)‘

1

n (85 +|A'<g,+1)|q}.

From (81), we get

< {/: A()de— M) +2A(€j+l) (G- gj)}

k—1

1
< — E 1 —C)?
= 42yp 1 j:0(€/+1 Si)

()l ()i

X { \q/|/\'(€j)|" +

PROPOSITION 3.12. Let A : [b;,b,] — R be a differentiable function on (by,b,),




JAMSI, 17 (2021), No. 1 61

where b; < b,. If |A’|? is convex on [b,,b,], then for ¢ > 1, we obtain

1 k—1
[E*(A, Q)] < ek Y (gii—g) (82)
=0

J

X3 21N (gl + A (797 +2§f'“) "+

o q
A’(igj 2‘5/+1)’ +2|A(Gj1)]?

PROOF. The proof is analogous as to that of Proposition 3.11 takingm=1,A =

1,62 b];b27y;5(£—mb1):g—mbl,ﬁ;s(bz—mg) :bz—m€7 y’gs(bz—mbl) :bz—mbl

and Y({) = { = @ (&) using Theorem 2.15.
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