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Differences and quotients of positive linear operators 1

Sever Hodiş

Abstract

We consider the classical Szász-Mirakyan and Szász-Mirakyan-Durrmeyer
operators, as well as a Kantorovich modification and a discrete version of it.
The images of exponential functions under these operators are determined. We
establish estimates involving differences and quotients of these images.
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1 Introduction

For n ≥ 1 and k = 0, 1, . . ., let sn,k(x) := e−nx (nx)k

k! , x ∈ [0,∞).
Let

(1) Sn(f ;x) :=
∞∑
k=0

f
(k
n

)
sn,k(x),

be the Szász-Mirakyan operators, and

(2) D(f ;x) := n

∞∑
k=0

sn,k(x)

∫ ∞
0

f(t)sn,k(t)dt, x ∈ [0,∞),

the Szász-Mirakyan-Durrmeyer operators. We consider those functions f ∈ C[0,∞)
for which the integrals and the series are convergent.
The operators

(3) Kn(f ;x) :=

∞∑
j=0

(
n

∫ j+1
n

j
n

f(t)dt
)
e−nx

(nx)j

j!
, x ≥ 0,
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are Kantorovich-type modifications of Kn.
Moreover,

(4) Dn(f ;x) :=
n∑
j=0

f
(2j + 1

2n

)
e−nx

(nx)j

j!
, x ≥ 0,

is the sequence of discrete operators associated with Kn.
Details concerning these operators can be found in [1] and [2].
Let n ≥ 1 be given. In Section 2 we shall determine the images of the functions

fλ(t) := eλt, t ≥ 0, 0 < λ < n, under the operators Sn, Dn, Kn and Dn.
Estimates involving differences and quotients of these images will be presented

in Section 3.

2 Images of the function fλ

Let θ :=
λ

n
∈ (0, 1).

Theorem 1 With the above notation we have for x ≥ 0,

(5) i) Sn(fλ;x) = exp
(eθ − 1

θ
λx
)
,

(6) ii) Dn(fλ;x) =
1

1− θ
exp

( 1

1− θ
λx
)
,

(7) iii) Kn(fλ;x) =
eθ − 1

θ
exp

(eθ − 1

θ
λx
)
,

(8) iv) Dn(fλ;x) =
(

exp
θ

2

)
exp

(eθ − 1

θ
λx
)
.

Proof. i) According to (1) we have

Sn(fλ;x) =

∞∑
k=0

e
λk
n e−nx

(nx)k

k!

= e−nx
∞∑
k=0

(nxeθ)k

k!

= e−nxenxe
θ

= exp(nx(eθ − 1))

= exp
(eθ − 1

θ
λx
)
.
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ii) Now we use (1) to get

D(fλ;x) = n
∞∑
k=0

e−nx
(nx)k

k!

∫ ∞
0

eλte−nt
(nt)k

k!
dt.

The last integral is in fact

nk

k!

∫ ∞
0

e−(n−λ)ttkdt =
nk

k!

∫ ∞
0

e−s
sk

(n− λ)k+1
ds

=
nk

(n− λ)k+1

1

k!
Γ(k + 1)

=
nk

(n− λ)k+1
.

Consequently,

Dn(fλ;x) = ne−nx
∞∑
k=0

(nx)k

k!

nk

(n− λ)k+1

=
n

n− λ
e−nx exp

( n2x

n− λ

)
=

1

1− θ
exp

( n2x

n− λ
− nx

)
=

1

1− θ
exp

( 1

1− θ
λx
)
.

iii) Using (3) we obtain

Kn(fλ;x) =
ne−nx

λ

∞∑
j=0

(
e
j+1
n
λ − e

j
n
λ
)(nx)j

j!

=
e−nx

θ

∞∑
j=0

(
e(j+1)θ − ejθ

)(nx)j

j!

=
e−nx

θ
(eθ − 1)

∞∑
j=0

(nxeθ)j

j!

=
eθ − 1

θ
e−nxenxe

θ

=
eθ − 1

θ
exp

(eθ − 1

θ
λx
)
.
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iv) According to (4),

Dn(fλ;x) =

∞∑
j=0

(
exp

(2j + 1

2n
λ− nx

))(nx)j

j!

=

∞∑
j=0

(
exp

jλ

n
exp

( λ
2n
− nx

))(nx)j

j!

=
(

exp
(θ

2
− nx

))
exp(nxeθ)

= e
θ
2 exp

(
nx(eθ − 1)

)
= e

θ
2 exp

(eθ − 1

θ
λx
)
.

3 Differences and quotients of images

Due to the structure of equations (5)-(8), it is more convenient to study quotients of
operators and differences of operators acting on exponential functions. For example,

(9)
Kn(fλ;x)

Sn(fλ;x)
=
n

λ
(e

λ
n − 1), x ≥ 0,

and

(10)
Dn(fλ;x)

Sn(fλ;x)
= e

λ
2n , x ≥ 0.

For a fixed λ > 0, both quotients tend to 1 when n→∞.
Let us mention also the following result.

Proposition 1 For x ≥ 0 and 0 < λ < n,

(11) 0 ≤ Kn(fλ;x)−Dn(fλ;x)

Sn(fλ;x)
≤ (e−

√
e− 1)

(λ
n

)2
,

and

(12) 1 ≤ Dn(fλ;x)

Kn(fλ;x)
≤
( n

n− λ

) nλx
n−λ+1

.

Proof. Using (9) and (10) we have

Kn(fλ;x)−Dn(fλ;x)

Sn(fλ;x)
=
eθ − 1

θ
− e

θ
2

=
∞∑
j=2

( 1

(j + 1)!
− 1

j!2j

)
θj

≤ θ2
∞∑
j=2

( 1

(j + 1)!
− 1

j!2j

)
= θ2(e−

√
e− 1),
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and so (11) is proved.
To prove (12), let us use the notation

a :=
eθ − 1

θ
= 1 +

θ

2!
+
θ2

3!
+ . . . ,

b :=
1

1− θ
= 1 + θ + θ2 + . . . .

Then 1 < a < b and

Dn(fλ;x)

Kn(fλ;x)
=
a

b
exp

(
(b− a)λx

)
=
b

a
exp

(b− a
log a

b

λx log
b

a

)
≤ b

a
exp

(
bλx log

b

a

)
=
( b
a

)bλx+1
≤ bbλx+1

=
( 1

1− θ

) λx
1−θ+1

=
( n

n− λ

) nλx
n−λ+1

.

Remark 1 According to (11) and (12), the corresponding quotients tend to 0, re-
spectively to 1, when n goes to infinity.
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