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Differences and quotients of positive linear operators '

Sever Hodig

Abstract

We consider the classical Szdsz-Mirakyan and Szdsz-Mirakyan-Durrmeyer
operators, as well as a Kantorovich modification and a discrete version of it.
The images of exponential functions under these operators are determined. We
establish estimates involving differences and quotients of these images.
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1 Introduction

(na)*

Forn>1and k=0,1,..., let s, 3(x) := e " 77—, x € [0,00).
Let

(1) .(752) = 3 F(5)suata),
k

=0

be the Szasz-Mirakyan operators, and
2 D(fia) =13 sual@) [ FO)sns(t)dh, o € [0,00),
k=0 0

the Szdsz-Mirakyan-Durrmeyer operators. We consider those functions f € C]0, o)
for which the integrals and the series are convergent.
The operators

o nx)’

(3) K, (f;x) := i <n/ ' f(t)dt>€_m( 5!
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are Kantorovich-type modifications of K,,.
Moreover,

0 Zf(2”1) e s,

4!

is the sequence of discrete operators associated with K.

Details concerning these operators can be found in [1] and [2].

Let n > 1 be given. In Section 2 we shall determine the images of the functions
fa(t) = e, t >0, 0 < X\ < n, under the operators S,, D,,, K, and D,,.

Estimates involving differences and quotients of these images will be presented
in Section 3.

2 Images of the function f)

Let 0 := A €(0,1).

n

Theorem 1 With the above notation we have for x > 0,

) e —1
(5) i) Sp(fa;z) = exp( 7 /\a:>,
.. 1 1
(6) 1) Dp(fa;x) = 170exp(179)\a:>,
e —1 e —1
(7) 1it) K, (fa;x) = 7 exp( 7 Ax),
(8) i) Dp(fr;z) = (ex g)ex <€0_1)\x)
n Ay - p2 p 0 .
Proof. i) According to (1) we have
o) /\7 k
Sn(f)x;l') = Z "
k=0
k=
— e—nmenxee
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i) Now we use (1) to get

(na)"
!

D . —_ —nx At _—nt (n ]
(fr; ) n;;:oe - /0 eMe ™MLt

k!

The last integral is in fact

k [e') k ') k
LA N S Ll / L AN
k' Jo k! Jo

Consequently,

13t) Using (3) we obtain

—nx j
Ko = "7 S (o150 o) )
i=0 -
— o0 5
_e™ e+ _ i) (nz)?
0 = 4!
e 4 2 (nxe?)s
= -1 i
=0
_ 69 -1 —nazenxee
0
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iv) According to (4),

Dyn(friz) = i (exp <2j247; N m)) (nf)j

Vi

(e e (g5, 0r))

<.
Il
=)

<.
Il
o

= (exp (g - nac)) exp(nze’)
- exp (nx(ee - 1))

. exp (669_ 1)\1‘).

3 Differences and quotients of images

Due to the structure of equations (5)-(8), it is more convenient to study quotients of
operators and differences of operators acting on exponential functions. For example,

Kn(f)\;x) n, A

(9) Sn(f)\‘l‘) :X(€5—1)7 x>0,
and
(10) m:eﬁ, x> 0.

For a fixed A > 0, both quotients tend to 1 when n — cc.
Let us mention also the following result.

Proposition 1 Forx >0 and 0 < A < n,

Kn(f3i7) = Dufxi®) _ (o 2
(11) 0< 5.5 o) <(e—ve-1(),
and

D (f2;7) n_\wEt
(12) LS Kol G

Proof. Using (9) and (10) we have
Kn(fai) = Du(fuiz) _ e’ =1 o

Sn(f)\;x) B 0 e
> 1 1
:2;<U+D' )"
> 1 1
= 92; <(j+1)! - ﬁ)
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and so (11) is proved.
To prove (12), let us use the notation

S atut WP P A i
b 140467+
=15 = .

Then 1 < a < b and

Remark 1 According to (11) and (12), the corresponding quotients tend to 0, re-
spectively to 1, when n goes to infinity.
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