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Some Bullen-type inequalities for conformable
fractional integrals’

Musa Cakmak

Abstract

In this study, the author has established a new lemma and Bullen-type
inequalities for conformable fractional integrals. Also, it is given some applica-
tions involving Bullen type integral inequalities for differentiable functions to
show the results.
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1 Introduction

The Hermite-Hadamard inequality: Let A : J C R — R be a convex function and
uy, u2 € J with uy < us.

w A<UI+u2>Suzim/u?f/‘(%)dxgml)*““?)

2 2

If A is concave, this double inequality hold in the inverse way. See [7, 11, 17, 19] for
details.
The Bullen inequality:

®) 1 /:QA(%)d%g % [A(u1)+A(uQ) A <u1+u2>]’

ug — U1 2 2

provided that A : [u1,us] — R is a convex function on [uj,us] (see for example
[12, 13, 20, 27]) for details. In [14], s-convexity is defined by Hudzik and Maligranda
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4 M. Cakmak

as follows: a function A : Ry — R, where R} = [0, 00), is said to be s-convex in the
second sense if

Alaz+ (1 —a)y) <a’A(x) +(1—a)"Ay)

for all z,y € [0,00), a € [0, 1] and for some fixed s € (0, 1].

Lemma 1 [10] Let A : J C R — R be differentiable function on J°, ui,us € J, with
up < ug. If N € L{uy,ug] and t € [0,1] then

1
Ug — U 1+t 1—t¢
1—2t)A dt
) S [ oy (e e
1 1+t 1—t
+/ (2t — 1)/\/ ( + U + U1> dt
0 2 2

_ 1[A(u1)+1\(u2) +A<U1+U2>] 1 /U2A(%)d%.

2 2 2 U — Uy

ul

Theorem 1 [10] Let A : J C R — R be differentiable function on J°, uy,uy € J,
and N' € L{uy,us]. If [N (3)|? is s-convex function in the second sense on [u1,us)]
for some fixred s € (0,1], p,g>1, 1/p+1/qg=1, then

2) R ()L
< o (L) (B e G )’

18 (1 ‘
(2= )

If taking s = 1 in Theorem 1, the following corollary derived.
Corollary 1 [10] Let A : J C R — R be differentiable function on J°, uj,us € J

and N € Lluy,us]. If [N (32)|? is convex function on [ui,us] and 1/p+1/q = 1,
then

‘; [A(ul)—i-A(uQ) +A<u1+uQ>] R /WA(%)W‘

2 2 U2 — UL Jqyy
U2 — U

8(p+ )P Al
(3147 @)+ 8 )+ (& ()| 43| 2)| )]
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Theorem 2 [10] Let A : J C R — R be differentiable function on J°, uy,uy € J,
and N € L{uy,us]. If [N (3)|? is s-convex function in the second sense on [u1,us)]
for g >1, then

e e | e A

_ 1-1/q
cUe—w (1 X
- 8 2

ans 1/q
(9(3)" —4x2°+2x2%—5—4) S+ o
A/ q 2 Al q
[ (s +1)(s12) Nl e g Y ()l
n (9(%)5_4x25+2x255—3—4) }A/( >}q+ s+% ‘A’( )‘q 1/q
25 (s +1) (s + 2) T s i) (st 0™
where
1! (9(3)" —4x2°+2x2%s—s—4)
— [ -2 Q+t)dt = 2
23/0’ I( ) 25(s+1)(s+2)
1t s+ 3
— [ =21 -t)0%dt = 2
25/0’ I( ) 25(s+1)(s+2)
and

1 1
/ 11— 2t|dt = =.
0 2

If taking s = 1 in Theorem 2, we derive the following corollary.

Corollary 2 [10/Let A : J C R — R be differentiable function on J°, uj,ug € J
and N' € Luy,ug]. If |A' (5)|? is convex function on [u1,us] and q > 1, then

" ‘1[A(u1)+A(u2)+A<u1+u2)]_ 1 /uQA(%)d%’

2 2 2 U2 — UL Sy,

< Y2”U 11_1/q><
- 8 2

1/q 1/q
{Bwonr s dwral s 2ol s L) ]

2 Definition and Properties of Conformable Fractional
Derivative and Integral

The following definitions and theorems with respect to conformable fractional deriva-
tive and integral were referred in [1]-[6] and [8, 9, 15, 16, 21, 22, 23, 24, 25].
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Definition 1 ( Conformable fractional derivative) Given a function A : [0,00) — R.
Then the ”conformable fractional derivative” of A of order « is defined by

D (A) (1) = lim A(t+et!=) —A(t)

e—0 )

for allt>0,a€(0,1]. If A is a— differentiable in some (0,uy) , a>0, limy_,o+ A (2)
exist, then define
A (0) = lim A@ (¢).

t—0t

We can write A(®) (t) for Dy (A) (t) to denote the conformable fractional derivatives
of A of order a.In addition, if the conformable fractional derivative of A of order
« exists, then we simply say A is a—differentiable.

Theorem 3 Let o € (0,1] and A, g be a—differentiable at a point t > 0. Then,

1) Do (w1 A + uz2g) = u1 Do (A) +u2 Dy, (g) , for all ug, ug € R,
2) Dy (A) =0, for all constant functions A (t) = A,
3) Do (Ag) = ADy (9) + gDa (A),
4) Dq (A — Da(M)g + Da(Q)A7
g 9

5) If A is differentiable, then

1—adA

D (8) (1) = 1% 1)
Also,

a) Dy (1) =0
b) D, (e“lt) = ut!i= %™ty € R
c) Dg (sin (u1t)) = ut! =% cos (u1t), u; € R
d) Dg (cos (urt)) = —urt'~*sin (uit), up € R
e) Do (2t%) =1
f) Dq (sin (% ) = cos (%)
£) D (con () = —sin (£)
h) D, <e%) — e

Theorem 4 (Mean value theorem for conformable fractional differentiable func-
tions) Let o« € (0,1] and A : [0,00) — R be a continuous on [ui,us] and an
a—fractional differentiable mapping on (u1,us) with 0 < uy < ug. Then, there exist

¢ € (u1,uz2), such that
A (ug) — A (ur)
ug _uy

Da (A) (¢) =

Definition 2 (Conformable fractional integral) Let o € (0,1] and 0 < uy < ug. A
fuention A : [0,00) — R is a—fractional integrable on [uy,us] if the integral

u2 u
/ A(m)dax:—/ A (x) 2% Lde,

1 1
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exists and is finite. All a—fractional integrable on [ui,us]| is indicated by
Lé ([ul, UQ]) :

Remark 1
LA ()

xlfa

1M (A) (1) = It (27 1A) = / dz,

ui

where the integral is the usual Riemann improper integral and o € (0,1].

Theorem 5 Let A : (uj,u2) — R be differentiable and o € (0,1]. Then, for all
t > uy we have

15" Dt (M) (1) = A(t) = A(w).

Theorem 6 (Integration by parts). Let A, g : [u1,us] — R be two functions such
that Ag is differentiable. Then,

/ A () DY (9) () dot

— gl / ¥ (@) D (A) (2) da

1

Theorem 7 Assume that A : [u1,00) — R such that A™ (t) is continuous and
a € (n,n+1]. Then, for all t > u; we have

Dt (A) () Iy = A (1)

Theorem 8 Let o € (0,1] and A : [ug,u2] — R be a continuous on [uy,us] with
0 <wuy < ug. Then,
[Tt (A) (2)] < It [A] ().

For more details and properties concerning the conformable integral operators,
we refer, for example, to the works [1]-[6] and [8, 9, 15, 16, 21, 22, 23, 24, 25].
In this paper, we establish the Bullen type inequalities for conformable fractional
integral and we will investigate some integral inequalities connected with Bullen-
type inequalities for conformable fractional integrals. The results presented here
would provide generalizations of those given in earlier works. In this study, some
new identity and Bullen type integral inequalities for differentiable functions are
established and are applied to produce some inequalities of special means.

3 Bullen Type Inequalities for Conformable Fractional
Integral

With the help of the following lemma, we will give some integral inequalities con-
nected with Bullen-type inequalities for conformable fractional integral.
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Lemma 2 Let o € (0,1] and A : I C R — R be an a—fractional differentiable
function on (u1,u2) with 0 < uy < wug. If Dy (A) be an a—fractional integrable
function on [uf,u§], then the following identity for conformable fractional integral

holds:

I N L4t 11—t
) L[ e o (F e 1 )
14t 1—t
—i—Da(A)( 5 uy + 5 u?)] dat
_ o /“QA(:Ua)dax_l[A(U?)+A(U%)+A(U?+US‘>}
uy —uf Sy, 2 2 2

Proof. Integrating by parts

! 1+t 1 —to
/(1-2%)%(1\)( e ug> dot
; 2 2

! 1+t 1—t*
+/ (1—2t°‘)Da(A)( 5 uy + 5 u‘f‘) dot
0

14t 1— ¢t !
- (1—2t0‘)A< Ty ug)
> > ;

1 «@ «
14+t 1-1t
+2a/0 A < —; uf + 2u§> dot

1+t 1— o !
+(1—2t°‘)A< —; uy + 5 ui“)
0
1 a «
1+t 1-—t¢
+2a/0 A < —; uy + 2u‘f‘> dot
u‘f‘+u%

uf + u§ 4o 2
= —A(ua)—A< L 2> + — a/ A (%) dyx
1 2 uy —ug Sy,

o u® + ud 4o u2 o
a4

[0} (07

= [a e aeg e ()

2
do [
+ a / A (z%) dyx.
u1

o (e}
Uy — Uy

Thus, proof is completed.

Theorem 9 Let o € (0,1]and A : I C Rt — R be an a—fractional differentiable
function on I°and Dy (A) be an a—fractional integrable function on I with 0 < uj <
ug. If |[N'| be a convex function on I, then the following inequality for conformable
fractional integral holds:
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u2 ot A (u& o a
o / A(:L‘a)daxfl A(u1)+ (u2)+A(u1+u2>:|‘
uy —uf Sy, 2 2 2

< P (g D () ()] + () 1D (4) (1))

Proof. Since |A’| is a convex function on I, by the using the properties D, (Aog) (t)=
A (g (t)) Dy (9 (t)) and Dy (A (t)) = t1=*A’ (t) and by Lemma 2 and using the well
known absolute value inequality, and we have

u2
a / A (x%) dax

u%_u? 1
1 A(uff)—l—A(u%)_i_A uf + u§
2 2 2
I N L+t 11—t
f; 4]€ ’1 — 2t ’ I)a (/\) (i 9 (0 + 9 ’UQi> (iat
1t 1+t 1 -t
- 1—2t% Dy (A ) ¢ o
a _ 1 1 to
< PR (=t i ) ) [ - 2 5 )
0
1
o (u§ —uf o o o L —1¢
i (28 1)<(u2) 1|Da(A)(u2)|/ |1 — 2t%| 5 dat>
0
a _ 1 1 «
e (GO NS EESS )
0
o (ug ua) aya— o ! o 1 -
i (28 1 <(u1) 1|Da(A)(u1)|/ |1 — 2t 5 dat>
0
5 (uy — uf

= 20 ) (g 1Dy () () + () Do (A) (5)])

where

Ja 1+t ! 1+ to
_ /21 (1— 2 %ta’ldt v / (2% — 1) %to"ldt
0 1

2l/a
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and

1 «
1—t
/\1_2m dot

0 2

1 1 — @

= /\1—2t0‘|ta_1dt
0 2
1

Ia 11—t ! 1t
- /21 (1 —2t%) ——t>lat +/ (2t* — 1) ——t> lat
0 2 1 2

1
Sa’

Remark 2 If we choose o =1 in Theorem 9, then we obtain following inequality:

[ [ (5]

< 5 (ug — up)
- 128

ul

(‘A’ (ul)‘ + ‘A’ ('LLQ)D )

Theorem 10 Let a € (0,1]and A : I C R™ — R be an a—fractional differentiable
function on I°and Dy (A) be an a— fractional integrable function on I with 0 < uj <
ug and p,q > 1, 1/p+1/q=1. If |N'|? be a convex function on I, then the following
inequality for conformable fractional integral holds:

a AuzA(xo‘)dax—l {A(u‘f)-l—A(ug) +A<u?+u§“>”

uy —uf Sy, 2 2 2

< () ()

x [(3 (uf*)* ™ 1Da (A) )|+ (ug™) " [Da (A) (u5)]7)

1
q

(@) Do (A) ()17 + 3 (u§*)" ™ | Dy (A) (u5)]) } |

Proof. Since |A’|? is a convex function on I, by the using the properties Dy, (Aog) (t) =
A (g (t)) Do (9 (1), Do (A(t)) = t1=*A’(¢), by Lemma 2 and using the well known

Holder inequality, we have

o a/”A(xa)dam_l[A<u?>+A<U%>+A<U?+U%>]
uy —uf Sy, 2 2

1 1
1 1 ? 1 1 lo' 1 — & q q
< (/ (1—2t“>pdat) </ (Dam)( S u2)) dat>
4\, A 2 2
1 . 1 p s q :
41 (/ (1—2ta)pdat> (/ (Da(A)<1+t g+ 1=t baa>> d@)
1\, ; 5 5
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< a(u%g— uf) (a(llﬂg))é |

(g 1) 100 () WD+ 4o () D0 () (1)’

H A <a <11+ p>>; 1

(o ) 100 () )l +%< 1" 12 ) )

- ) (2)

<[ 10a ) @i+ ) 100 () 1)’

+((u1 ) [Da (A) (u§)]? + 3 (us®)* ™ | Do (A) (u%)q)q]-

where

1

1
/ (1 —=2t*Vdat = (1 — 2ttt

0
1

/O
. /21/11
0

1
(1 — 2t Lt +/ (2t* — 1Pt Lt
1
ol/a

a(l+p)

1
14t 1+t
/ + dot = / S gy
0 2 0 2 40{
1 1
1— ¢t 11—t 1
—dyt = — el = —.
/0 2 /0 2 da

Remark 3 If we choose a =1 in Theorem 10, then we obtain following inequality:

1 /uzA<$)dx_1[A(u1)+A(uQ)+A<u1+uQ>”

and

U2 — U1 2 2 2

i) ()

(3 O ) (N )7 4 () 43 (8 (2)") ]

Remark 4 If we choose a =1 in Theorem 10, then we obtain Corollary 1.
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Theorem 11 Let o € (0,1]and A : I C R™ — R be an a—fractional differentiable
function on I°and Dy (A) be an a— fractional integrable function on I with 0 < uj <
ug and q > 1. If |N'|? be a convex function on I, then the following inequality for
conformable fractional integral holds:

‘ a /:ZA(:ca)dax—l {A(u‘f‘)wLA(ug‘) +A<u‘f‘+u8‘>”

ug — uf 2 2 2

(ug —ug) (1\7
16 4

(3 D0 ) G+ () |0 () ()

IN

+ (37 1Da () I+ () 100 (4) (7).

Proof. Since |A’|?is a convex function on I, by the using the properties D, (Aog) (t)=
A (g(t)) Dy (g (t)) and Dy, (A (t)) = t'=*A’ (t) and assume that ¢ > 1, by Lemma 2
and using the well known power-mean inequality, we have

(0%

{A(ui‘) —;A(u%) A (u? —;u%)”

U2A “)d !
[RECSIESS

u%fu%
a(ua_uoa) 1 1*% L 1 1+to¢
< ( / 11—2ta|dat> <(u‘f‘”)* D)@l [ -2 5
8 0 0 2
qaya—1 a\|q ! o 11—« a
) 100 () @) [ 1 -2 1

1-1 1
a(ua_ua) 1 N q a1 o o 1H+t¢
AL (o) (g™ 10 ) @l [ -2 25 ot

+ ()" [Da (A) ()|

1—t ¢
-2t — dat>
1
q

1
0
1—1
_oauy—uf) (1N T 2
N 8 20 16«

(31 1D () @)1 + ()™ D (A) (u5)%)

«a «a 1-1 1
Lo (ug —ug) (1) "7 [ 2 \u
8 2a 16

(38 1D () @) + ()™ [Da () (u))

Q=

Q=
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o (ug —ul) (i)é .

(3 Da (A) (uf)|? + (u§™)* ™" [Da (A) (u5)]7) "

Q=

+(3< 1) 1D (A) (@)1 + ()" Do (A) (u)|7)

|

where

1 ﬁ 1
/ 11— 26| dot = /2 (1 —2t%)t* dt +/ (2t — 1)t Mt = —

and

1
1+t>
/\1—2ta| O
0 2

1
Ja 1+t ! 1+t
_ /21 (1—2ta)+2ta1dt+/ (2% — 1) *; o1 qr
0 1

ol/a
3
= o
1 @
1—t
|1 — 2t% dat
0
51/ 1—to 1 1— ¢
= / (1—2t%) taldt+/ (2t* — 1) t*Lat
0 211/a
1
T 8a

Remark 5 If we choose a =1 in Theorem 11, then we obtain following inequality:

1 /U2A($)dx_1[A(u1)+A(uQ)+A<uI+uQ>”

U2 — U1 2 2 2

1
o (w2 —w) (1Yo X
- 16 4

(8 (A () (A (w2)")

Q
Q|

+ (A (w1))" +3 (A (u2))")

|-

Remark 6 If we choose a =1 in Theorem 11, then we obtain Corollary 2.
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4 Applications

Let
A(Ul,UQ) == t —;UQ’
G (ui,u2) = +Jujua,
Ly (uy, us) g\ + €R, p#-1,0
up,ug) = up £ u -

be the arithmetic mean, geometric mean, generalized logarithmic mean for uy,uy > 0
respectively.

Proposition 1 Let s € (0,1], uy,uz > 0, then

«a (una+a o una+a)
(’)’L'LL12+ CV) (u%l— u(f) - 5 [A (u?a7u3a> + A" (u?v u%)]

< P (o gy (g ).

Proof. The claim follows from Theorem 9 applied to convex function A (s) = »™

where n € N.

Example 1 If we take a = 1,n = 2 in Proposition 1, then we can obtain following
nequality:

2A (u2,u2) + G? (u1, u9) 5 (u3 — u?
( 1 (221)“—’_1) —A[A (u%,u%),AQ (ul,UQﬂ < ( 264 1).

Proposition 2 Let o € (0,1], uj,ug >0, p,qg > 1, then

o (g™ — )

(nul + OL) (u% — u?> - 5 [A (u;wc,ugza) + A" (u?,ug‘)]

< a(u§ —uf) 1 51\
-8 <a<1+p>> <4a> "
(3 ™)+ (i )')’

+ ((nu?(n_l)y +3 (nu;“("‘”)q) ;] .

Proof. The claim follows from Theorem 10 applied to convex A () = »" where
n € N.
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Example 2 If we take a =1, p = q = n = 2 in Proposition 2, then we can obtain

following inequality:

24 (uf, u3) + G* (ur, up)
(2u1 + 1)

— A[A (u},u3) , A2 (U17UQ)]|

1
< (u2 ; u1) (112> * [(SU% —l—u%)% + (3u3 + u%)%} :

Proposition 3 Let a € (0,1], uj,uz >0, ¢ > 1, then

o una+a _ una—l—a 1
(nili Oé) (u%l— U;) - 5 [A (u?avuga) + A" (U?,u%)]

1
< o (e
- 16 4

1
+ ((nu’f(n_l))q +3 (nug(n_1)>q> q] )
Proof. The claim follows from Theorem 11 applied to convex A (») = 3" where

n € N.

Example 3 If we take « = 1,q = 2, n = 2 in Proposition 3, then we can obtain

following inequality:

2A (U%, U%) =+ GQ (ul, UQ)
(2u1 + 1)

A [A(2,03) A7 <u1,u2>]‘

Uz — Uy
- 32

X [(31@ + u%)% + (uf + SU%)%] .
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