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Abstract

This paper is concerned with certain subclasses of univalent and bi-univalent
functions related to shell-like curves connected with Fibonacci numbers. We
find estimates of the initial coefficients |as| and |ag| for the functions in these
classes. Also we investigate upper bounds for the Fekete-Szegt functional and
second Hankel determinant for these classes.
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Introduction

Let A be the class of functions of the form

(1) f) =24 as"
k=2

which are analytic in the unit disc U = {z:| z |< 1} with normalization f(0)
f'(0) —1=0. By S, we denote the class of functions f(z) € A and univalent in U.
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Let us denote by B, the class of bounded or Schwarz functions w(z) satisfying
w(0) = 0 and |w(z)| < 1 which are analytic in the open unit disc U and of the form

o
w(z) = chz”,z el.
n=1

Consider two functions f and g analytic in U. We say that f is subordinate
to g (symbolically f < g) if there exists a Schwarz function u(z) € B for which
f(2) = g(u(z)). This result is known as principle of subordination.

By S*, we denote the class of starlike functions f € S which satisfies the follow-
ing condition:

z2f'(2) zf'(z) 1+z
Re<f(z)>>00r 8 <1_Z,(26U).

By K, we denote the class of convex functions f € S which satisfies the following
condition:

(zf'(2)) (zf'(2))"  1+2

Re(fl(z))>00r 702 <1_Z,(z€U).

A function f € S is said to be a-convex if it satisfies the inequality
2f'(z)  (2f'(2))
) )

The class of a-convex functions is denoted by M (a)) and was introduced by Mocanu
[13]. In particular M(0) = S* and M (1) = K.

Re<(1—a) >>O(0<a<1,z€U).

For f € A, Salagean [17] introduced the following operator:
D°f(z) = f(2), D' f(2) = 2f'(2),

and in general,

D" f(z) = DD f(2)).n € N

or equivalent to

D"f(z)=z+ Zk”akzk,n € No = N U{0}.
k=2

The inverse functions of the functions in the class S may not be defined on the
entire unit disc U although the functions in the class S are invertible. However
using Koebe-one quarter theorem [4] it is obvious that the image of U under every
function f € S contains a disc of radius %. Hence every univalent function f has an
inverse f~!, defined by

FHf(2) = 2(z € V)
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and
) =w (o < ) o) = )

where
(2) g(w) = fHw) = w — agw? + (242 — az)w® — (5a3 — Sagaz + ag)w* + ...

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. By 3, we denote the class of bi-univalent functions in U defined by (1).

Lewin [10] discussed the class ¥ of bi-univalent functions and obtained the bound
for the second coefficient. Brannan and Taha [1] investigated certain subclasses of
bi-univalent functions, similar to the familiar subclasses of univalent functions con-
sisting of strongly starlike, starlike and convex functions. They introduced bi-starlike
functions and bi-convex functions and obtained estimates on the initial coeflicients.

In 1976, Noonan and Thomas [14] stated the gth Hankel determinant for ¢ > 1
and n > 1 as

(0799 ap+1 .. An4q+1
an+1
Hy(n) =
Onp4q+1 ceo Op42¢g—2

This determinant has also been considered by several authors. For example, Noor
[15] determined the rate of growth of Hy(n) as n — oo for functions given by Eq.
(1) with bounded boundary. Ehrenborg [5] studied the Hankel determinant of ex-
ponential polynomials and the Hankel transform of an integer sequence is defined
and some of its properties discussed by Layman [9]. Also Hankel determinant was
studied by various authors including Hayman [8], Mehrok and Singh [12], Singh and
Singh [19] and Singh [18].

Easily, one can observe that the Fekete-Szego functional is Ha(1). Fekete and Szegd
[6] then further generalised the estimate of |ag — pa3| where y is real and f € S.
For our discussion in this paper, we consider the Hankel determinant in the case of
q=2and n =2,

az ag
az a4

Sokdl [20] introduced the class SL of shell-like functions f € A defined as below:

Definition 1 A function f € A given by (1) is said to be in the class SL of starlike
shell-like functions if it satisfies the following condition:

2f'(z) . 147227
o) PG

1—72— 17222

where T = 1*27\/5 ~ —0.618.
It should be observed that SL is a subclass of the class S* of starlike functions.



128 G. Singh, G. Singh, G. Singh

Later Dziok et al. [2] introduced the class K SL of convex functions related to a
shell-like curve as under:

Definition 2 A function f € A given by (1) is said to be in the class KSL of
convezx shell-like functions if it satisfies the condition that

2f"(2) 1+ 7222

Py )=

1—72— 71222

1—
2

S

~ —0.618.

where T =
Again Dziok et al. [3] defined the following class of a-convex shell-like functions:

Definition 3 A function f € A given by (1) is said to be in the class SLM, of
a-convex shell-like functions if it satisfies the condition that

AF(2) Y e
a-a 5 va (155 <= 2

where T = 1= \f —0.618.
Obviously SLMO =SL and SLM, = KSL.

Motivated by the above defined classes, we introduce the following subclasses of
univalent functions related to shell-like curves connected with Fibinacci numbers as
below:

Definition 4 A function f € A given by (1) is said to be in the class SLM® if it
satisfies the condition that

2f'(2) + a2 f(2) o 147222
(1—a)f(z)+azf'(2) <p(z) = 1—72—7222
where T = 1= \f —0.618.

Obviously SLMO‘ is a subclass of the class of a-convex functions. Also SLM® = SL
and SLM' = KSL.

Definition 5 A function f € A given by (1) is said to be in the class SLMy(n) if
it satisfies the condition that

D”Hf(z) (DnJrlf(z))/ ~ B 14 7_222
Die) Dy M=

where T = 15Y5 ~ —0.618.

We have the followmg observations:
(i) SLM,(0) = SLM,,.

(i) SLMy(0) = SL.

(iii) SLM,(0) = KSL.

(1-a)
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-5
The function p is not univalent in U, but it is univalent in the disc |z| < 2\[ ~
—1 V5

0.38. For example, 5(0) = (2> = Land p(eTreest/N) = 22 and it may also
T

be noticed that
I

[r]  1—l|rf’
which shows that the number |7| divides [0, 1] such that it fulfils the golden section.

The image of the unit circle |z| = 1 under p is a curve described by the equation
given by

(102 —V5)y* = (V5 — 22) (V5 — 1)%,

which is translated and revolved trisectrix of Maclaurin. The curve p(re®) is a closed
curve without any loops for 0 < r < rg = 3;5/5 ~ 0.38. For g < r < 1, it has a loop,
and for r = 1, it has a vertical asymptote. Since 7 satisfies the equation 72 = 1 + 7,
this expression can be used to obtain higher powers 7" as a linear function of lower
powers, which in turn can be decomposed all the way down to a linear combination
of 7 and 1. The resulting recurrence relationships yield Fibonacci numbers w,,:

T = UupT + Up_1.

Also the subclasses of bi-univalent functions related to shell-like curves were
studied by various authors [11,21,22].
The earlier work on bi-univalent functions related to shell-like curves connected with
Fibonacci numbers motivate us to define the following subclasses:

To avoid repetition, throughout the paper we assume that 0 < o < 1, 7 =
1% ~ —0.618 and z € U.

S

Definition 6 A function f € ¥ given by (1) is said to be in the class SLM(@>) (p(z))
if it satisfies the following conditions:

zf'(2) + a2 f"(2) I o s
(3) (1—a)f(z)+azf'(2) <p(z) = 1— 72— 7222
and
wg' (w) + aw?g” (w) 1+ 72w?

(1 —a)g(w) + awg'(w)

where g = f~! and z,w € U.

In particular

(i) SLM©¥)(5(2)) = SLx(p(z)), the class of bi-univalent starlike shell-like func-
tions studied by Giiney et al.[7].

(ii) SLM %) (5(2)) = KSLx(p(2)), the class of bi-univalent convex shell-like func-
tions studied by Giney et al.[7].
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Definition 7 A function f € ¥ given by (1) is said to be in the class SLM, x.(n, p(2))
if it satisfies the following conditions:

B Dn'Hf(z) (D”'Hf(z))’ ~ B 14+ 7’222
(5) (I-a) Dnf(z) ta (D" f(2)) <p(z) = 1—72— 7222
and
D" (w) (D" h(w)) o 1+ 7%w?
(6) U= ) T D)y P T T e e

where h = f~! and z,w € U.

The following observations are obvious:

(i) SLMyx(0,p(2)) = SLMyx(p(2)), the class of bi-univalent o-convex shell-like
functions studied by Giney et al.[7].

(it) SLMox(0,p(2)) = SLs(p(2))-

(iii) SLM, 5(0,p(z)) = KSLz(p(2)).

In this paper we inroduce certain subclasses of univalent and bi-univalent functions
related to shell-like curves connected with Fibonacci numbers. We find estimates of
the initial coefficients |as| and |a3| and upper bounds for the Fekete-Szegt functional
and second Hankel determinant for the functions in these classes.

2 Coefficient bounds for the function classes SLM (> (j(z))
and SLM,x(n,p(2))
For deriving our results, we need the following lemma:

Lemma 1 [16] If p € P be family of all functions p analytic in U for which
Re[p(2)] > 0 and have the form p(z) = 1+ p1z + p22% + ... for z € U, then |p,| < 2
for each n.

Theorem 1 If f € SLM(®“¥)(j(z)), then

7]
(7) las| < VAt a2 — (2 +4at4a?)r
and
(®) ag] < I+ @) = (44 8a -+ 4a?)1]
I S 20 v — 0+ g+ 407

Proof. As f € SLM(®)(j(z)), so by Definition 6 and using the concept of
subordination, there exists Schwarz functions r(z) and s(z) such that
2f'(2) + az’ f'(2)
=) f() + azf (2]

9) = p(r(2))
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and

wy'(w) + aw?y" (w)
(1 - a)g(w) + awg'(w)

(10) = p(s(w))

where r(2) = 1+ 712 + 1922 + ... and s(w) = 1 + sjw + sow? + ...

On expanding, it yields

2f'(2) + a2 f'(2)
(1 =) f(2) + azf'(2)

(11) =1+ (1+a)azz + (2(1 +2a)az — (1 + a)?a3)z? + ...

and
(12)

wg' (w) + aw?y" (w)
(1 = a)g(w) + awg' (w)

2

=1—(1+a)asw+[-2(1+2a)az+ (3(1420a) —a?)a3]w? + ...

Again
. B piciz |1 q a1
(13) p(r(z) =1+ > +[2 (02 2)—!—4]?2 z5 4.
and
_ p1diw 1 d? d?
(149) ) =14 P9 |5 (0= G )+ P b

Using (11) and (13) in (9) and equating the coefficients of z and 22, we get

(15) (1+a)ay = -
and

9 9 1 C% C? 2
(16) 2(14+2a)as — (14 «) a=gle-5 T+Z3T.

Again using (12) and (14) in (10) and equating the coefficients of w and w?, we get

d
(17) —(1—|—a)a2 = %T
and
- 2=t _dj i, -
(18) 2(1 + 2a)as + [3(1 + 2a) — a®laj = 5 dy o) r+ et

From (15) and (16), it is clear that

(19) Cl1 = —d1
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and
2 72y.2
+di)T
20 243 = LT AT
(20) 27 Y1+ a)
Adding (16) and (18), it yields
2y 9 1 Lo 3.2, 2\ 2
(21) 2(142a — a%)a; = 5(62 +do)T — Z(Cl +di)T + Z(Cl +dy)Te.
Putting (20) in (21), we get:
1
(22) 2[(1 4 ) + 7(—2 — 4o — 4a*)ad = = (co + do) T2

2

Using Lemma 1 and on applying triangle inequality in (22), (7) can be easily ob-
tained.

Now subtracting (18) from (16), we obtain

(23) 4(1 + 2a)a3 - (804 + 4)&% = %(02 — dg)’l’.

Applying triangle inequality and using Lemma 1 and (22) in (23), it yields
(24) 4(1 4 2a)as| < 2|7| + (8a + 4)|az|?.

From (24), result (8) is obvious.

For @ = 0, Theorem 1 agrees with the following result proved by Giiney et
al.[7](Corollary 1):

Corollary 1 If f(z) € SLx(p(z)), then

7|
L —
a2l < A7
and
‘CL3| < |T|(1_4T)
- 2(1-27)

For @ = 1, Theorem 1 agrees with the following result proved by Giiney et al.[7]
(Corollary 2):

Corollary 2 If f(z) € KSLx(p(z)), then

| < ———

o2l < 10,
and

‘CL3| |T|(1_4T)
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Theorem 2 If f € SLM, x(n,p(z)), then

7|
(25) |az| < VAt a)? + 2(1 + 20)3" — (302 1 9a + 44"~
and
(26)  las| < 74”11 + a)? ~ (302 + 9a + 4)7]

2(142a)37[4"(1 + «)? + (2(1 + 2a)3™ — (3a2 + 9o + 4)47) 7]

Proof. As f € SLM, x(n,p(2)), so by Definition 7 and using the concept of
subordination, there exists Schwarz functions r(z) and s(z) such that

D™ f(z) | (D"f(2))

(27) -0 2 T8 BT e
and

n+1 w n+1 w !/
(28) (-2 hw) | (DR G

Drh(w) (D" h(w))’
where 7(2) =1+ r1z + 1222 + ... and s(w) =1 + syw + sow? + ...

On expanding, it yields

(29)

—« D f(z) a(Dan(z))l— a)2asz a)3"az— a)dma?)z?
(1 )an(z) O D ) = 14+ (140)2"azz+(2(1+20)3" az— (1+3)4"a5) 2°+...
and
(30)

) Dn—i—lh(w) (Dn-i-lh(w))/ B
=) htwy T (Drh(w))
1 — (14 a)2%aow + [—2(1 + 2a)3"az + (4(1 + 2a)3™ — (1 + 3a)4™)a3]w? + ...

Again
- pic1z 1 c? A 1,

1 =1 -2 )+
(31) B =14 P55 4 [ (o= B )+ D 24
and

B prdiw 1 a2\ di
(32) B(s(z) =1+ 21 + [2 <d2 - 21> + 411?2] w? + ...

Using (29) and (31) in (27) and equating the coefficients of z and 2%, we get

(33) (1+ a)2"ag = 0177
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and
n n, 2 1 C% C% 2
(34) 2(1+2w)3"as3 — (14 3a)4 g=5le-5 T+Z3T .
Again using (30) and (32) in (28) and equating the coefficients of w and w?, we get
d
(35) —(1+a)2"as = %
and

1 d2 a2
(36) —2(1+2a)3"asz + [4(1 + 2a)3™ — (1 + 3a)4"]a3 = 3 <d2 - 21> T+ 21372.

From (33) and (35), it is clear that

(37) Cl1 = —d1
and
(38) 2a2 _ (C% + d%)TQ

27 gntl(1 4 )2’
Adding (34) and (36), it yields

1 1 3
(39) [4(142a)3™ —2(1 + 304)4”]&% = 5(62 +do)T — Z(C% + d%)T + Z(C% + d%)TQ.

Putting (38) in(39), we get:

(40)  2(2(1 4 20)3" — (302 + 9a + A )r + 47(1 + )2]a2 = %(CQ + o).

Using Lemma 1 and on applying triangle inequality in (40), (25) can be easily ob-
tained.

Now subtracting (36) from (34), we obtain
(41) 4(1+ 20)3"az — 420 + 1)3"a2 %(CQ _ do)r.
Applying triangle inequality and using Lemma 1 and (40) in (41), it yields
(42) 4(1 + 20)3"az| < 2|7| + 4(2a + 1)3"|az|?.
From (42), result (26) is obvious.
For n = 0, Theorem 2 gives the following result due to Giiney et al.[7]:
Corollary 3 If f(z) € SLM, x(p(z)), then

0] < 7]
VI+a)2—(1+a)(2+3a)T

and 7l(1+ a)? — (302 + 90 + 4)7]

14+2a)(1+a)[(1+a)—(2+3a)7]
Also for n = 0, = 0, Theorem 2 agrees with Corollary 1 and for n = 0, = 1,
Theorem 2 agrees with Corollary 2.

<
lag| < 2
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3 Fekete-Szego inequality for the function classes
SLM@) (5(z)) and SLM,x(n,p(z))

Theorem 3 Let f(z) € SLM(*¥)(p(z)), then

(43)
7| ],u—1| < [(1—}—0[)24-7'(—2—404—4&2)].
, 2(14+2a)? — 2(1 +2a)‘7_‘ ’
|as — paz| < 11— p|r? u—1|> [(14+0)?+7(—2—4a—4a?)]
[(1+ta)2+r(—2—da—4a2)] 1= 2(1+2a)]7]
Proof. From (22) and (23), it yields
2
+ da) T(ca — d2)
44 — pa3 = (1— G .
) ey — ey = (=) o T (o= da —4a%)] T (1 + 2a)
(44) can be expressed as
(45) as — pal = |h(p) + ————| ea + |h(p) — —————| d
8RR = TR 2a) | 2T MY T 8 20) | P
where )
(u) = e

41+ a)? + 7(—2 — 4o — 4a?)]

Taking modulus, wo obtain

. 7|
%7 0 < |h(p)| < m%
(46) |las —,ua%| < 7|
4“"(#’)’7 ‘h(ﬂ)’ > m-

So result (43) can be easily obtained from (46).

For a@ = 0, Theorem 3 agrees with the following result proved by Giiney et al.[7]
(Corollary 4):

Corollary 4 If f(z) € SLx(p(z)), then

1—-27

@a |M_1’§W;
|a3—,u,a%\ < 1 — p|r? | | 1—-27
1—or W=

For @ = 1, Theorem 3 agrees with the following result proved by Giiney et al.[7]
(Corollary 5):
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Corollary 5 If f(z) € KSLx(p(z)), then

Il _1<2—5T.

6
|1 — p|r? | 1‘>2757
202 —5r) M= T

lag — paj| <

Theorem 4 Let f(z) € SLM, x(n,p(2)), then

1] < [(2(1420)3" — (302 +9a+4)4™) T+ (1+)? 4n]

(1+2a )37 | — 2 [(1+2a)3"

2

2 |[1—p|
(47) |CL3 - ,ua2| S [(2(1+2a)3" (3a2+9'zt+4)4")7'+(1+a)24"]’

[(2(1422)3™ — (302 +9a+4)4™) 7+ (1+a)? 4"]
=1 > 27 [(1+20)3"

Proof. From (40) and (41), it yields
(15)

72(co + dg) T(co — d2)
4[(2(1 + 2a)3™ — (3a2 + 9a + 4)4")7 + (1 + «)?47] * 8(1 4 2a)3""

ag—paj = (1-p)

(48) can be expressed as

T T

—ua? = 1\h S — hip) — ——— 1| d
as —pay = |h) + gamo oy | 2+ MW~ g e |

_ (1—p)r°
hn) = 41(2(1 4 202)3™ — (32 + 9 + 4)4") T + (1 + «)247]’

Taking modulus, wo obtain

where

T |7|
Wa 0 <|h(p)] < ms
(49) |ag — pa3| < |
A[h(p)]; [h(p)| = m

So (47) can be easily obtained from (49).

For n = 0, Theorem 4 gives the following result due to Giiney et al.[7]:

Corollary 6 Let f(z) € SLM,x(p(2)), then

L+ao)[(1+a)—(24+3a)7]
2|7](1 + 2a) ’

1+ a)[(1+a)—(2+3a)T]
2|7|(1 + 2«)

7] (
ma |N—1|§

lag — pa3| <
|1—p72 |
I+a)[(1+a)—(2+3a)7]’ H* —

1] >

Also for n = 0, = 0, Theorem 4 agrees with Corollary 4 and for n = 0, = 1,
Theorem 4 agrees with Corollary 5.
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4 Second Hankel determinant for the function classes
SLM*(p(z)) and SLM,(n,p(z))

For deriving our results, we need the following lemmas:
Lemma 2 [21] If p(z) =1+ p1z +p222 + ..., and p < P, then
lp1] < 7]

and
Ip2| < 372

Lemma 3 [21] If p(z) = 1 + p1z + p2z® + ..., and p < P, then
|p3‘ S 47’3.
Theorem 5 Let f(z) € SLM“(p(2)), then

| 2 < 4102 + 44a + 11 A
asaq — Q T
2= 31+ )1+ 2002(1 + 30)

Proof. As f(z) € SLM*(p(z)), so by definition 4, we have

2f'(2) + oz f'(2)
(1 =) f(2) +azf'(2)

On expanding and equating the coefficients of z, 2> and 2 in (50), we get

(50) =p(2) =1+ p1z+p22® + ...

o — p1
2 1 —I—Oé,
2
o D2 V4
“ =50 +2a0)  2(1+2a)
and 5
b3 p1p2 pi

“T 31 +3a) " 2(1+3a) " 6(1+3a)

So, using Lemma 2 and Lemma 3, we obtain
4102 + 44a + 11 A

2
— < .
204 = 03] < S A 202 T 30)

For a = 0, Theorem 5 gives the following result due to Sokdl et al.[21]:
Corollary 7 If f(z) € SL, then

11
lasay — a3| < 37'4.

For a = 1, Theorem 5 gives the following result due to Sokdl et al.[21]:
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Corollary 8 If f(z) € KSL, then

4
lagay — a3| < =74

Ne)

Theorem 6 Let f(z) € SLM,(n,p(z)), then

4(1 +2a)%(16a2 + 19a + 5
‘CLQCL4—CL§|S ( + Oé)( o’ + o+ ) 7_4
12(1 4 a)*(1 + 2a)?(1 + 3a)8"
+3(1 + 3a)(3a? + 3a +2)28" + 6(1 + 2a)(1 + 5a)(3a? + 3a + 2)3"
T~
12(1 4 a)4(1 + 20)2(1 + 3)8”

(51)

Proof. As f(z) € SLM,(n,p(z)), so by definition 5, we have

D) (D))
D f(z) (D f(2))

On expanding and equating the coefficients of z, 2> and 2> in (52), we get

(52) (1—-a) =p(z) =1+ piz+p22® + ...

b1

2Tl ta)

P2 (1 + 3a)pt
2(14+2a)  2(1+2a)(1+«a)?’

az =

and
P3 (14 50)3"p1p2

3(1+3a)4™  2(1 4 a)(1+42a)(1 + 3a)4n
[(1+ 3a)(1 4 5a)3" T — 2(1 + 2a)(1 + 7a)]p$
6(1+ a)?(1+4 2a)(1 + 3a)4n )

So, using Lemma 2 and Lemma 3, we can easily obtain result (51).

a4 =

For n = 0, Theorem 6 gives the following result due to Sokdl et al.[21]:
Corollary 9 If f(z) € SLM,(n), then

145a° + 6250 + 106102 + 867a% + 330 + 44
T .
12(1 + a)*(1 + 20)%(1 + 3a)

|azay — a3| <

Also for n = 0, = 0, Theorem 6 agrees with Corollary 7 and for n = 0,a = 1,
Theorem 6 agrees with Corollary 8.
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