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Summary. This paper is a continuation of Inoué [5]. As already mentio-
ned in the paper, a number of intuitionistic provable formulas are given with a
Hilbert-style proof. For that, we make use of a family of intuitionistic deduction
theorems, which are also presented in this paper by means of Mizar system [2],
[I]. Our axiom system of intuitionistic propositional logic IPC is based on the
propositional subsystem of H;-IQC in Troelstra and van Dalen [6, p. 68]. We
also owe Heyting [4] and van Dalen [7]. Our treatment of a set-theoretic intuitio-
nistic deduction theorem is due to Agata Darmochwal’s Mizar article “Calculus
of Quantifiers. Deduction Theorem” [3].
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1. THE NOTION OF PROOF IN INTUITIONISTIC SETTING

From now on ¢, j, n, k, I denote natural numbers, T', S, X, Y, Z denote
subsets of MC-w.f.f., p, q, r, t, F', H, G denote elements of MC-w.f.f., and s,
U, V denote MC-formulas.

Let p, g be elements of MC-w.f.f.. The functor p < ¢ yielding an element of
MC-w.f.f. is defined by the term
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(Def. 1) (p=q) A (g = p).

The functor Proof-Step-Kinds-IPC yielding a set is defined by the term
(Def. 2) {k: k< 10}.

Now we state the proposition:

(1) (i) 0 € Proof-Step-Kinds-IPC and ... and
(ii) 10 € Proof-Step-Kinds-IPC.
One can verify that Proof-Step-Kinds-IPC is non empty and Proof-Step-
Kinds-IPC is finite.

From now on f, g denote finite sequences of elements of MC-w.f.f. x Proof-
Step-Kinds-IPC. Now we state the proposition:

(2) Let us consider a natural number n. If 1 < n <len f, then (f(n))2 =0
or ...or (f(n))2 = 10.
Let P be a finite sequence of elements of MC-w.f.f. X Proof-Step-Kinds-IPC

and n be a natural number. Let us consider X. We say that P; is a correct n-th
step w.r.t. IPC (X) if and only if

(Def. 3) (1) (Pl(n))l € X, if (Pl (n))z =0,

(ii) there exists p and there exists ¢ such that (Pi(n))1 = p = (¢ = p),
if (Pl(n))2 = 1,

(iii) there exists p and there exists ¢ and there exists r such that (Pj(n))1 =
p=(@=r)=pP=q= (p=r)),if (Pi(n))2 =2,

(iv) there exists p and there exists ¢ such that (Pi(n))1 = p A ¢ = p, if

(Pr(n))2 = 3,
(v) there exists p and there exists ¢ such that (Pi(n))1 =pAq = gq, if
(Pr(n))2 = 4,

(vi) there exists p and there exists ¢ such that (Py(n))1 = p = (¢ = pAq),
if (P1(n))2 =5,

(vii) there exists p and there exists ¢ such that (Pi(n))1 = p = p Vg, if

(P1(n))2 = 6,
(viii) there exists p and there exists g such that (Pi(n))1 = ¢ = p Vg, if
(Pr(n))2 =1,

(ix) there exists p and there exists ¢ and there exists r such that (Py(n)); =
p=r=(q=r=pVg=r)),if (Pi(n))2 =8,

(x) there exists p such that (P;(n))1 = FALSUM = p, if (Pi(n))2 =9,

(xi) there exists ¢ and there exists j and there exists p and there exists ¢
such that 1 <i<mnand1<j<iandp=(Pi(j))1 and ¢ = (Pi(n))1
and (P1(i))1 = p = ¢, if (P1(n))2 = 10.
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Let us consider f. We say that f is a proof w.r.t. IPC (X) if and only if
(Def. 4) f # 0 and for every n such that 1 < n <len f holds f is a correct n-th
step w.r.t. IPC (X).
Now we state the propositions:
(3) If fis a proof w.r.t. IPC (X), then rng f # 0.
(4) If f is a proof w.r.t. IPC (X), then 1 <len f.
(5) If f is a proof w.r.t. IPC (X), then (f(1))2 = 0 or ... or (f(1))2 = 10.
The theorem is a consequence of (4) and (2).
(6) If 1 <n<lenf, then f is a correct n-th step w.r.t. IPC (X) iff f "¢ is
a correct n-th step w.r.t. IPC (X).
PRroOF: If f is a correct n-th step w.r.t. IPC (X), then f ™ g is a correct
n-th step w.r.t. IPC (X). (f(n))2 =0or ... or (f(n))2 =10. O
(7) If1<n<lengand g is a correct n-th step w.r.t. IPC (X), then f " g is
a correct n + len f-th step w.r.t. IPC (X). The theorem is a consequence
of (2).
(8) If fis a proof w.r.t. IPC (X) and g is a proof w.r.t. IPC (X), then f " g
is a proof w.r.t. IPC (X). The theorem is a consequence of (6) and (7).
(9) If fis a proof wr.t. IPC (X) and X C Y, then f is a proof w.r.t. IPC
(Y'). The theorem is a consequence of (2).
(10) If f is a proof w.r.t. IPC (X) and 1 < [ < lenf, then (f(I))1 €
CnIPC(X).
PROOF: For every n such that 1 < n < len f holds (f(n)); € CnIPC(X).
U
Let us consider f. Assume f # (). The functor Effect-IPC(f) yielding an ele-
ment of MC-w.f.f. is defined by the term

(Def. 5)  (f(len f))1.
Now we state the proposition:

(11) If f is a proof w.r.t. IPC (X), then Effect-IPC(f) € CnIPC(X). The
theorem is a consequence of (4) and (10).

2. A CONSEQUENCE AS A SET OF ALL INTUITIONISTIC PROVABLE
FOrRMULAS

Now we state the proposition:

(12) X C {F : there exists f such that f is a proof w.r.t. IPC (X) and
Effect-IPC(f) = F'}. The theorem is a consequence of (1).

Let us consider X. Now we state the propositions:
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(13) Suppose Y = {p : there exists f such that f is a proof w.r.t. IPC
(X) and Effect-IPC(f) = p}. Then Y is IPC theory.

(14) {p: there exists f such that f is a proof w.r.t. IPC (X) and Effect-IPC
(f) = p} = CnlPC(X). The theorem is a consequence of (12) and (13).

(15) p € CnIPC(X) if and only if there exists f such that f is a proof w.r.t.
IPC (X) and Effect-IPC(f) = p. The theorem is a consequence of (14).

(16) If p € CnIPC(X), then there exists Y such that Y C X and Y is finite
and p € CnIPC(Y).
ProOF: Consider f such that f is a proof w.r.t. IPC (X) and Effect-IPC( f)
= p. Consider A being a set such that A is finite and A C MC-w.f.f. and
g f C A x Proof-Step-Kinds-IPC. If 1 < n < len f, then f is a correct
n-th step w.r.t. IPC (Y). O

3. THE INTUITIONISTIC PROVABLE RELATION

Let us consider X and s. We say that X Frpc(s) if and only if

(Def. 6) s € CnlPC(X).

We say that Frpe s if and only if

(Def. 7)  Dmc-w.it. Fipc s.

Now we state the propositions:

(17) XFrpc(p = (g=p)).

(18) Xkrpclp=(g=r)=(P=q= (p=r1))).
(19) XtkrpolpAg=p).

(20) XFrpoc(pAgq=q).

(21) XbFipc(p= (¢=pAq)).

(22) Xkrpc(p=pVaq).

(23) Xtrpc(g=pVa).

(24) Xbrpeclp=r=(¢g=r=(pVg=r))).
(25) X F[pc(FALSUM = p).

(26) If XFrpop and Xl—[pc(p = q), then Xl—jpc(q).
(27) Frpcp = (¢=Dp).

(28) Frpep=(ag=71)= (P=q= (p=T1)).
(29) FrpcpAg=p.

(30) FrpcpANg=gq.

(31) Frpcp= (¢=pAq).

(32) Fipcp=pVa.
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(33) Fipcq=pVaq.
(34) Fipcp=r=(¢g=r=(pVqg=r)).
(35) |—]pc FALSUM = p.
(36) If Frpop and Frpep = ¢, then Frpeg.
Let us consider s. We say that s is IPC-valid if and only if
(Def. 8)  Dvic-w.tt. Frpo(s).
One can verify that s is IPC-valid if and only if the condition (Def. 9) is
satisfied.
(Def. 9) s € IPC-Taut.
Now we state the propositions:
(37) If p is IPC-valid, then X Frpc(p).
(38) p= (¢ = p) is IPC-valid.
(39) p=(¢g=r)= (p=q= (p=r)) is IPC-valid.
(40) p A q = pis IPC-valid.
(41) pAq = qis IPC-valid.
(42) p= (¢ = pAq) is IPC-valid.
(43) p=pV qis IPC-valid.
(44) ¢ = pV q is IPC-valid.
(45) p=r=(g=r= (pVg=r)) is IPC-valid.
(46) FALSUM = p is IPC-valid.
(47) If p is IPC-valid and p = ¢ is IPC-valid, then ¢ is IPC-valid.

(
(
(
(
(

In the sequel X, T denote subsets of MC-w.f.f., F', G, H, p, q, r, t denote
elements of MC-w.f.f., s, h denote MC-formulas, f denotes a finite sequence of
elements of MC-w.f.f. x Proof-Step-Kinds-IPC, and i, j denote elements of N.

4. THE FIRST DEDUCTION THEOREM FOR IPC

Now we state the propositions:

48
49
50
51
52

)
)
)
)
)

X Frpc(p = p). The theorem is a consequence of (26).

X F1pe(IVERUM).

If X+Frpc(p), then X Frpo(q = p).

If p is IPC-valid, then X Frpc(p).

If Xu {F} F[pc(G), then XF[pc(F = G)
PRrOOF: Consider f such that f is a proof w.r.t. IPC (X U {F'}) and
Effect-IPC(f) = G. Define P[natural number] = if 1 < $; < len f, then
for every H such that H = (f($1))1 holds X +;pc(F = H). For every
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natural number n such that for every natural number k£ such that £k < n
holds P[k] holds P[n]. For every natural number n, P[n]. 1 < len f. O

5. A FAMILY OF DEDUCTION THEOREMS FOR IPC

From now on Fl, FQ, Fg, F4, F5, FG, F7, Fg, Fg, Fl(), G denote MC-formulas
and z1, x2, T3, T4, T5, Tg, T7, Tg, Tg, T19, £ denote elements of MC-w.f.f..

Let x1, 2, x3 be elements of MC-w.f.f.. Let us observe that the func-
tor {z1, 2,23} yields a subset of MC-w.f.f.. Let 1, x2, x3, x4 be elements
of MC-w.f.f.. One can check that the functor {xi,xz2,x3,24} yields a subset
of MC-w.f.f.. Let x1, xo, x3, x4, x5 be elements of MC-w.f.f.. One can ve-
rify that the functor {x1, 2,23, 24,25} yields a subset of MC-w.f.f.. Let x,
To, T3, T4, T5, Tg be elements of MC-w.f.f.. One can verify that the functor
{x1, 9,23, 24, T5, 26} yields a subset of MC-w.f.f.. Let x1, x2, x3, 24, x5, T6, T7
be elements of MC-w.f.f..

One can check that the functor {1, z2, z3, x4, x5, X6, x7} yields a subset of
MC-w.f.f.. Let x1, x2, x3, T4, T5, T, T7, Tg be elements of MC-w.f.f.. Let us note
that the functor {x1,z2,x3, x4, x5, 26, x7, 28} yields a subset of MC-w.f.f.. Let
1, T2, T3, T4, T, T, L7, g, Tg be elements of MC-w.f.f.. One can verify that
the functor {z1, x9, 3, x4, x5, T, 7, T3, Tg} yields a subset of MC-w.f.f.. Let x,
To, T3, T4, T5, T, L7, Tg, Tg, 19 be elements of MC-w.f.f.. Observe that the
functor {1, xe, x3, x4, x5, T6, T7, T3, Tg, 10} yields a subset of MC-w.f.f.. Now
we state the propositions:

(563) If {F}trpc(G), then Frpe F = G. The theorem is a consequence of
(52).

(54) If {F1, Fa}Fipc(G), then {Fy}Frpc(F1 = G). The theorem is a conse-
quence of (52).

(55) If {FI,FQ,Fg}l—]pc(G), then {FQ,Fg} I—[pc(Fl = G) The theorem is
a consequence of (52).

(56) If {Fl,FQ,Fg,F4}|—[pc(G), then {Fg,Fg,F4}|—[P0(F1 = G) The the-
orem is a consequence of (52).

(57) If {Fl, FQ, Fg, F4, F5} l—]pc(G>, then {Fg, Fg, F4, F5} |—[P0<F1 = G) The
theorem is a consequence of (52).

(58) If {Fl, FQ, Fg, F4, F5, Fﬁ} l—[pc(G), then {FQ, F3, F4, F5, F6} l—[pc(Fl =
G). The theorem is a consequence of (52).

(59) Suppose {Fl, FQ, Fg, F4, F5, F@, F7} l_IPC'(G)- Then {FQ, F3, F47 F5, FG, F7
}Frpc(F1 = G). The theorem is a consequence of (52).

(60) Suppose {Fl, FQ, Fg, F4, F5, Fﬁ, F7, Fg} F[pc(G). Then {Fg, Fg, F4, F5, FG,
Fr, Fs}Frpo(F1 = G). The theorem is a consequence of (52).
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(61) Suppose {Fl, FQ, F3, F4, F5, F(j, F7, Fg, Fg} l_]pc(G). Then {FQ, F3, F4, F5,
Fg, F7, F3, Fy} Frpo(F1 = G). The theorem is a consequence of (52).
From now on x1, xo, 3, T4, 5, Tg, T7, TS, T9, 19 denote objects.

Now we state the propositions:

(62) {ml,xg,x3,x4,x5,xﬁ,x7,x8,$9,m10} = {xg,xg,x4,x5,m6,m7,x8,x9,x10}u
{z1}.

(63) Suppose {Fl, FQ, Fg, F4, F5, Fg, F7, Fg, Fg, Fl[)} l—[pc(G). Then {FQ, Fg, F4,
F5, Fg, Fr, Fg, Fy, Fio} Frpo(F1 = G). The theorem is a consequence of
(62) and (52).

6. INTUITIONISTIC PROVABLE FORMULAS AND THEOREMS

Now we state the propositions:

(64) {p}rirc(p).

(65) If Xtrpo(p) and X CY, then Y Frpc(p). The theorem is a consequence
of (15) and (9).

(66) If p € X, then Xtrpc(p). The theorem is a consequence of (64) and
(65).

(67) If pe X, then p € CnIPC(X). The theorem is a consequence of (66).

(68) If p € IPC-Taut, then Frpc p.

(69) If Frpc p, then p € IPC-Taut.

(70) p € IPC-Taut if and only if Frpc p.

(71) Frpcp = (p = FALSUM = FALSUM). The theorem is a consequence

of (66), (26), (54), and (53).

(72) {pAq}Fipc(p). The theorem is a consequence of (19), (64), and (26).

(73) {pAq}Fipc(q). The theorem is a consequence of (20), (64), and (26).

(74) Frpc(p= q) A (p = (¢ = FALSUM)) = (p = FALSUM). The theorem
is a consequence of (66), (19), (26), (20), (54), and (53).

(75) Frpcp = FALSUM = (p = ¢). The theorem is a consequence of (68).

(76) Frpc(p=r)AN(q=1)= (pV q=r). The theorem is a consequence of
(72), (73), (24), (26), and (53).

(77) Frpcp A (p = q) = ¢. The theorem is a consequence of (72), (73), (26),
and (53).

(78) F1pcp = (p = FALSUM = FALSUM = FALSUM = FALSUM). The
theorem is a consequence of (69), (71), and (68).

(79) Fipc(p = FALSUM) V g = (p = q). The theorem is a consequence of
(69), (75), (76), and (68).
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(80) Fipcp = q= (q = FALSUM = (p = FALSUM)).

(81) Frpc(p = FALSUM) V (¢ = FALSUM) = (p A ¢ = FALSUM). The
theorem is a consequence of (69), (76), (80), and (68).

(82) Let us consider MC-formulas p, q. If Frpo p and Frpe g, then FrpopAg.
The theorem is a consequence of (31) and (36).

(83) IftFrpcp = q and Frpc g = p, then Frpop<q.

(84) Frpcp = p. The theorem is a consequence of (27), (28), and (26).

(85) Frpcp< p. The theorem is a consequence of (84) and (82).

(86) Frpcp A q = FALSUM = (p = (¢ = FALSUM)). The theorem is

a consequence of (66), (21), (26), (55), (54), and (53).

(87) Frpcp = (¢ = FALSUM) = (p A ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(88) Frpc(p A q = FALSUM)<(p = (¢ = FALSUM)). The theorem is
a consequence of (86), (87), and (83).

(89) Frpcp A q = FALSUM = (¢ = (p = FALSUM)). The theorem is
a consequence of (66), (21), (26), (55), (54), and (53).

(90) Frpcq = (p = FALSUM) = (p A ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(91) Frpe(q = (p = FALSUM))<(p A ¢ = FALSUM). The theorem is
a consequence of (89), (90), and (83).

(92) Fipcp = (¢ = (p A q = FALSUM = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

(93) Fipcq = (p = (p A q = FALSUM = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

)-
(
)-
(
(94) Fipcp = (p Aq = FALSUM = (¢ = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).
)-
(

(95) Frpcq = (p A q = FALSUM = (p = FALSUM)). The theorem is
a consequence of (66), (21), (65), (26), (55), (54), and (53).

(96) FrpcpV q = FALSUM = (p = FALSUM) A (¢ = FALSUM). The
theorem is a consequence of (68).

(97) Frpc(p = FALSUM) A (¢ = FALSUM) = (pV ¢ = FALSUM).

(98) Frpo(pV g = FALSUM)<(p = FALSUM) A (¢ = FALSUM). The
theorem is a consequence of (96), (97), and (83).

(99) Frpep A (p = FALSUM) = FALSUM.
(100) Frpc FALSUM < p A (p = FALSUM). The theorem is a consequence of
(35), (99), and (83).
(101) Fypcp = FALSUM = (p = FALSUM = FALSUM = FALSUM).
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(102) Frpcp = FALSUM = FALSUM = FALSUM = (p = FALSUM). The
theorem is a consequence of (69), (71), and (68).

(103) Frpo(p = FALSUM) < (p = FALSUM = FALSUM = FALSUM). The
theorem is a consequence of (101), (102), and (83).

(104) Frpcp = FALSUM = ¢ = (p = FALSUM = FALSUM = FALSUM =
q). The theorem is a consequence of (66), (102), (65), (26), (54), and (53).

(105) Frpcp = q = (p = FALSUM = FALSUM = (¢ = FALSUM =
FALSUM)). The theorem is a consequence of (69), (80), and (68).

(106) tFrpcp A (¢ = FALSUM) = (p = ¢ = FALSUM). The theorem is
a consequence of (66), (19), (26), (20), (54), and (53).

(107) Frpep = g = FALSUM = FALSUM = (p = FALSUM = FALSUM =
(¢ = FALSUM = FALSUM)). The theorem is a consequence of (66), (21),
(26), (106), (80), (36), (65), (56), (55), (54), and (53).

(108) Fipep = FALSUM = FALSUM = (¢ = FALSUM = FALSUM) =
(p = ¢ = FALSUM = FALSUM). The theorem is a consequence of (66),
(79), (80), (36), (65), (26), (96), (19), (20), (54), and (53).

(109) Frpc(p = q¢ = FALSUM = FALSUM) <(p = FALSUM = FALSUM =
(¢ = FALSUM = FALSUM)). The theorem is a consequence of (107),
(108), and (83).

(110) F7pepAq = FALSUM = FALSUM = (p = FALSUM = FALSUM) A
(¢ = FALSUM = FALSUM). The theorem is a consequence of (29), (30),
(80), (36), and (68).

(111) Frpe(p = FALSUM = FALSUM) A (¢ = FALSUM = FALSUM) =
(p A g = FALSUM = FALSUM). The theorem is a consequence of (66),
(21), (26), (56), (19), (55), (20), (54), and (53).

(112) Frpe(p A ¢ = FALSUM = FALSUM) < (p = FALSUM = FALSUM) A
(g = FALSUM = FALSUM). The theorem is a consequence of (110),
(111), and (83).

(113) Frpcp = g = FALSUM = FALSUM = (p = (¢ = FALSUM =
FALSUM)). The theorem is a consequence of (66), (107), (65), (26), (71),
(54), and (53).

(114) If Frper and {r}trpc(q), then Frpe g. The theorem is a consequence
of (53) and (36).

(115) If X+Frpo(r) and X U {r}Frpc(q), then X Frpc(q). The theorem is
a consequence of (52) and (26).

(116) If X krpeo(r) and Y U{r}trpc(q), then X UY Frpe(q). The theorem is
a consequence of (52), (65), and (26).
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(117) IfFrpep and {r}Frpc(q), then {p = r}Frpc(q). The theorem is a con-
sequence of (65), (64), (26), and (115).

(118) If Xtrpo(p) and X U {r}trpc(q), then X U {p = r}Frpc(q). The
theorem is a consequence of (65), (66), (26), and (115).

(119) {q}Frpc(qV ). The theorem is a consequence of (64), (22), and (26).
(120) {r}rrpc(qV r). The theorem is a consequence of (64), (23), and (26).

(121) If {p}tFrpc(r) and {q}Frpc(r), then {p V ¢} Fipc(r). The theorem is
a consequence of (34), (53), (36), (65), (26), and (64).

(122) If Xu {p} F[pc(T‘) and X U {q} F[pc(T‘), then X U {p V q} F]pc(?“). The
theorem is a consequence of (52), (24), (26), (64), and (65).

(123) If XU{p}ripc(r) and Y U{q}Frpc(r), then (XUY)U{pVq}trpc(r).
The theorem is a consequence of (52), (65), (24), (26), and (64).

(124) Frpecp=qV (p=r1) = (p = qVr). The theorem is a consequence of
(120), (65), (64), (118), (119), (122), (52), and (53).

(125) Frpcp = (p = FALSUM = q). The theorem is a consequence of (66),
(26), (25), (54), and (53).

(126) Frpcp = q= (¢Nr = FALSUM = (p Ar = FALSUM)). The theorem
is a consequence of (66), (20), (26), (19), (21), (55), (54), and (53).

(127) Frpcp=q= (¢Vr = FALSUM = (pVr = FALSUM)). The theorem
is a consequence of (66), (68), (65), (26), (55), (54), and (53).

Let p be an element of MC-w.f.f.. Note that the functor neg(p) yields an ele-
ment of MC-w.f.f. and is defined by the term

(Def. 10) p = FALSUM.

The functor neg?(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 11) p = FALSUM = FALSUM.

The functor neg?(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 12) p = FALSUM = FALSUM = FALSUM.

The functor neg*(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 13) p = FALSUM = FALSUM = FALSUM = FALSUM.

The functor neg®(p) yielding an element of MC-w.f.f. is defined by the term
(Def. 14) p = FALSUM = FALSUM = FALSUM = FALSUM = FALSUM.

Now we state the propositions:

128) trpcp = neg(neg(p)).
) Fipcp = neg?(p).
130)  Frpc(p = q) A (p = neg(q)) = neg(p).
) Fipcneg(p) = (p = q).
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Frpc p = neg(neg(neg(neg(p)))).

Frpeneg(p) Vg = (p = q).

Frpcp = q = (neg(q) = neg(p)).

Frpcneg(p) V neg(q) = neg(p A q).

Frponeg(p A q) = (p = neg(q)).

Frpcp = neg(q) = neg(p A q).

Frpcneg(p A q) <(p = neg(q)).

Frponeg(p A q) = (q = neg(p)).

Frpe g = neg(p) = neg(p A q).

Frpc(q = neg(p)) < neg(p A q).

Frpep = (¢ = neg(neg(p A q))).

Frpc g = (p = neg(neg(p A q))).

Frpop = (neg(p A q) = neg(q))

Frpc g = (neg(p A q) = neg(p))

Frpcneg(p V g) = neg(p) A neg(q).

Frpcneg(p) A neg(q) = neg(p Vv q).

Frpcneg(p V q) < neg(p) A neg(q).

Frpc p A neg(p) = FALSUM.

Frpc FALSUM < pA neg( )

Frpc neg(p) = neg(neg(neg(p))).

F1pc neg(neg(neg(p))) = neg(p).

F1pc neg(p) < neg(neg(neg(p))).

Frpcneg(p) = ¢ = (neg(neg(neg(p))) = q).
Frpep = q = (neg(neg(p)) = neg(neg(q))).
Frpep A neg(q) = neg(p = q).

Frpco neg(neg(p = q)) = (neg(neg(p)) = neg(neg(q))).
Frpc neg(neg(p)) = neg(neg(q)) = neg(neg(p = q)).
Frpc neg(neg(p = q)) < (neg(neg(p)) = neg(neg(q))).
Frpc neg(neg(p A q)) = neg(neg(p)) A neg(neg(q)).
F1pc neg(neg(p)) A neg(neg(q)) = neg(neg(p A q))-
Frpcneg(neg(p A q)) < neg(neg(p)) A neg(neg(q)).
Frpcneg(neg(p = q)) = (p = neg(neg(q))).
Frpep = (neg(p) = q).

Frpep = ¢ = (neg(q A 7’) = neg(p A r)).

Frpop = ¢ = (neg(q V) = neg(pVr)).
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