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Abstract.  Bat algorithm is an effective swarm intelligence optimization algorithm which 
is widely used to solve continuous optimization problems. But it still has some limitations in 
VHDUFK�SURFHVV�DQG�FDQ¶W�solve discrete optimization problems directly. Therefore, this paper 
introduces an unordered pair and proposes an unordered pair bat algorithm (UPBA) to make 
it more suitable for solving symmetric discrete traveling salesman problems. To verify the 
effectiveness of this method, the algorithm has been tested on 23 symmetric benchmarks and 
compared its performance with other algorithms. The results have shown that the proposed 
UPBA outperforms all the other alternatives significantly in most cases. 

Keywords: symmetrical traveling salesman problem, discrete bat algorithm, unordered 
pair bat algorithm. 

1. Introduction 

Combinatorial optimization problem is an important academic field and an important branch 
of modern operational research. Currently, the typical combinatorial optimization problems 
include traveling salesman problem (TSP) [15], vehicle routing problem (VRP) [28], bin 
packing problem[26], 0-1 knapsack problem[25], clustering problem[5], and so on. Most of 
the combinatorial optimization problems mentioned above are NP-hard, and the solutions are 
often difficult to find. In view of this, various of appropriate methods can be found in the 
literature to solve such problems effectively. It can be said that the most successful techniques 
are exact algorithm, approximation algorithm, heuristics algorithm, and metaheuristics 
algorithm.  

$Q�H[DFW�DOJRULWKP�FDQ�ILQG�WKH�RSWLPDO�VROXWLRQ�WR�WKH�SUREOHP��:KHQ�WKH�VFDOH�RI�WKH�
SUREOHP�LV�VPDOO��WKH�H[DFW�DOJRULWKP�FDQ�JHW�WKH�RSWLPDO�VROXWLRQ�LQ�DQ�DFFHSWDEOH�WLPH��7KH�
FRPPRQO\� XVHG� DOJRULWKPV� DUH� EUDQFK� DQG� ERXQG� PHWKRG�� FXW� SODQH� PHWKRG�� G\QDPLF�
SURJUDPPLQJ�PHWKRG��$SSUR[LPDWH�DOJRULWKPV�DUH�XVHG�WR�VROYH�RSWLPL]DWLRQ�SUREOHPV�E\�
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DSSUR[LPDWH� PHWKRGV�� ZKLFK� DUH� XVXDOO\� UHODWHG� WR� 13�KDUG� SUREOHPV�� /RFDO� VHDUFK�
DOJRULWKP��UHOD[DWLRQ�DOJRULWKP�DQG�G\QDPLF�SURJUDPPLQJ�PHWKRG�FDQ�EH�XVHG�WR�FRQVWUXFW�
DSSUR[LPDWH�DOJRULWKPV��+HXULVWLF�DOJRULWKP�LV�DQ�DOJRULWKP�EDVHG�RQ�LQWXLWLRQ�RU�H[SHULHQFH��
,W�JLYHV�D�IHDVLEOH�VROXWLRQ�RI�WKH�FRPELQDWRULDO�RSWLPL]DWLRQ�SUREOHP�WR�EH�VROYHG�XQGHU�DQ�
DFFHSWDEOH� FRVW�� +HXULVWLF� DOJRULWKPV� LQFOXGH� ORFDO� VHDUFK� DOJRULWKP�� UHOD[DWLRQ� PHWKRG��
VROXWLRQ�VSDFH�UHGXFWLRQ�DOJRULWKP��HWF��0HWDKHXULVWLF�DOJRULWKP�PDLQO\�UHIHUV�WR�D�NLQG�RI�
JHQHUDO� KHXULVWLF� DOJRULWKP�� ,W� LPSURYHV� WKH� KHXULVWLF� DOJRULWKP� DQG� LV� WKH� SURGXFW� RI� WKH�
FRPELQDWLRQ� RI� UDQGRP� DOJRULWKP� DQG� ORFDO� VHDUFK� DOJRULWKP�� 0HWDKHXULVWLF� DOJRULWKP�
PDLQO\�LQFOXGHV�WDEX�VHDUFK�DOJRULWKP��76��>��@��VLPXODWHG�DQQHDOLQJ�DOJRULWKP�6$��>��@��
JHQHWLF�DOJRULWKP��*$��>��@��DQW�FRORQ\�DOJRULWKP�>�@��SDUWLFOH�VZDUP�RSWLPL]DWLRQ�DOJRULWKP�
�362�� >�@�� FXFNRR� VHDUFK� DOJRULWKP� �&6�� >��@�� EDW� DOJRULWKP� �%$�� >��@�� DUWLILFLDO� QHXUDO�
QHWZRUN�DQG�VR�RQ��0RVW�RI�WKH�DERYH�DOJRULWKPV�EHORQJ�WR�VZDUP�LQWHOOLJHQFH�DOJRULWKPV��
6ZDUP�LQWHOOLJHQFH�DOJRULWKP�LV�D�UDQGRP�VHDUFK�DOJRULWKP�XVLQJ�VZDUP��%\�GHILQLQJ�JURXS�
EHKDYLRU�DQG�LQGLYLGXDO�EHKDYLRU��WKH�VZDUP�KDV�SRSXODWLRQ�HYROXWLRQ�GLYHUVLW\�DQG�EHKDYLRU�
RULHQWDWLRQ��7KHVH�SURSHUWLHV�FDQ�EH�XVHG�WR�DSSUR[LPDWHO\�VROYH�VRPH�RSWLPL]DWLRQ�SUREOHPV�
WKDW� DUH� GLIILFXOW� WR� VROYH� GLUHFWO\��:LWK� WKH� GHYHORSPHQW� RI� WKH�PHWDKHXULVWLF� DQG� VZDUP�
LQWHOOLJHQFH�DOJRULWKPV�LQ�WKH�SDVW�IHZ�GHFDGHV�� WKHVH�DOJRULWKPV�DUH�ZLGHO\�XVHG�WR�VROYH�
FRPELQDWRULDO�RSWLPL]DWLRQ�SUREOHPV� 

Therefore, this paper mainly uses a metaheuristic algorithm, called bat algorithm, to solve 
a typical combinatorial optimization problem. Here, the TSP is used for the experimentation. 
It is one of the typical NP-hard combinatorial optimization problems applied in many fields 
[6,9] and is difficult to solve. How to solve the TSP quickly and accurately has been the focus 
of scientific researchers. Bat algorithm (BA) was proposed by Yang in 2010 [32], and it 
simulates the process that bats use sonar to find prey and avoid obstacles in nature. The 
algorithm is used primarily for solving different optimization problems in most cases. With 
the development of the algorithm, it is also used to solve discrete problems and practical 
engineering problems in recent years. However, the BA is still in its early stage for solving 
the routing problems such as TSP and VRP. Therefore, in recent years, many scholars have 
been attracted to this kind of problem, which is also the focus of this paper.  

To sum up, the main research of this paper is to propose an improved discrete BA, which 
is called unordered pair bat algorithm, to solve the symmetric TSP. In the process of 
algorithm improvement, an unordered pair is proposed to improve the updating of velocity 
of bats. In addition, a new definition of pulse emission rate and loudness is proposed to 
implement the algorithm more efficiently.  

In order to verify the UPBA is an effective method for TSP, the improved algorithm has 
been tested on 23 symmetric benchmarks and compared its performance with the ones 
obtained by bat algorithm without improved parameters, and with the ones obtained by other 
algorithms: genetic simulated annealing ant colony system with particle swarm optimization 
techniques algorithm (GSA-ACS-PSOT) [4], Real-valued antibody network algorithm 
(RABNET-TSP) [20] and the Improved BA[22]. 

The remaining part of this paper is organized as follows: Section 2 introduces a literature 
review of BA and TSP. Section 3 focuses on the details of basic BA. Section 4 briefly 
describes the TSP model. In section 5, an improved unordered pair bat algorithm is proposed 
according to the symmetric TSP. Section 6 presents a set of experimentation of symmetric 
TSP benchmarks from the TSPLIB library. Finally, summaries and future work are explained 
in Section 7. 
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2. Related work 

Swarm intelligence algorithm has been widely used to solve optimization problems in recent 
years, such as PSO, ACO, BA, artificial fish swarm, bee colony optimization, and so on. 
Most of these DOJRULWKPV� DUH� LQVSLUHG� E\� QDWXUDO� JURXSV¶� ODZV�� DQG� XVH� WKH� LQGLYLGXDO�
interaction information to form the regular motion.  

Bat algorithm is one of the metaheuristic search algorithms based on swarm intelligence. 
The algorithm is based on iterative optimization techniques. The initial random solution is 
searched iteratively and the local solution is generated by a random flight. Compared with 
other algorithms, BA does not have many parameters to be adjusted, and it is more accurate 
and effective. 

In the initial period, BA was applied primarily for solving large-scale continuous 
problems. Since differential-evolution supports differential mutation, crossover and 
selection, Fister et al. [10]  proposed to use differential-evolution strategies to solve higher-
dimensional continuous problems. He et al. [14] proposed simulated annealing and Gaussian 
perturbations into the standard bat algorithm. These methods are used to improve the search 
performance, and the results show that the proposed algorithm can improve global 
convergence. Because chaos is easier to jump out of local optimum and improve global 
convergence, it is extended to solve optimization problems. Afrabandpey et al. [2] introduced 
chaotic sequences to initialize the algorithm parameters of bats and improved their ability to 
jump out of the local optimum. Gandomi and yang [12] used different chaotic systems to 
replace the parameters in BA to increase its global search mobility. Zhou Y et al. [33] 
LQWURGXFHG�D�FORXG�PRGHO�WR�GHSLFW�WKH�TXDOLWDWLYH�FRQFHSW��³EDWV�DSSURDFK�WKHLU�SUH\�´��DQG�
added random Levy flight in the algorithm to improve the ability of escape the local optimum. 
These papers solve continuous problems by replacing the parameters in BA and changing the 
solution strategy, which can speed up the convergence and find feasible solutions.  

Most of the practical optimization problems are considered discrete problems. Currently, 
the basic bat algorithm has not been able to solve discrete optimization problems directly. 
Therefore, many scholars have researched the solution to adaptive BA of optimization 
problems. Marichelvam et al. [18,19] introduced the smallest position value (SPV) rule to 
transform the continuous position into discrete process sequences in BA for solving mixed 
flow shop scheduling problem. Abdel-Raouf et al. [1] proposed an improved chaotic bat 
algorithm for solving integer programming problems. They use a chaotic map to replace the 
random number ߚ, and change the velocity function. Mirjalili et al. [21] constructed a binary 
bat algorithm by constructing the V shape transfer function, and conducted a comparative 
study with binary PSO and GA. The results proved that the proposed algorithm was able to 
outperform others significantly. 

As a standard test problem, TSP is mainly used in performance analysis of combinatorial 
optimization problems. A lot of work had been done to analyze discrete TSP problems in 
recent years. 

Pedro O et al. [24]proposed a simple, but efficient tabu search approach to solve the Prize 
Collecting Traveling Salesman Problem. Lin Y et al. [16]combined tabu search with 
simulated annealing algorithm to solve the TSP. Fully considering the characteristics of the 
hybrid algorithm, they develop a dynamic neighborhood structure and adaptive parameters. 
The experimental results demonstrate the improved accuracy and efficiency of the proposed 
algorithm. Wang J et al. [30] provided a multi-offspring genetic algorithm (MO-GA) and 
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illustrated its application in the TSP. The MO-GA increased the probability of producing 
excellent individuals, and also made the population more competitive. Ouaarab A et al. [23] 
extended and improved Cuckoo Search (CS) by reconstructing its population and introducing 
a new category of cuckoos to solve TSP. Mahi M et al. [17] proposed a new hybrid method 
to optimize parameters that affect performance of the ACO algorithm using Particle Swarm 
Optimization (PSO). And the hybrid method was compared to the performance of some well-
known algorithms.  

In recent years, BA has been successfully and widely used to solve TSP problems due to 
its advantages. Al-Sorori et al. [3] constructed an improved hybrid variant of discrete bat 
algorithm to solve traveling salesman problem. Saji and Riffi [27] proposed a discrete BA 
algorithm to solve the symmetric TSP by using the 2-exchange crossover mechanism, and 
the results revealed the discrete algorithm performs all compared algorithms. Osaba et al. 
[22]  adapted ݒ௜௧ using the well-known Hamming Distance to present a discrete bat algorithm 
to solve the well-known symmetric and asymmetric TSP, and compared its performance in 
37 instances. These papers solve discrete problems by changing the velocity and position of 
individual, and these methods have been proved to be effective.  

However, BA still has some limitations including stagnation in the early stages, loss of 
exploration as the iteratLRQV� ÀRZ�� SUHPDWXUH� FRQYHUJHQFH�� HWF�� 7KHUHIRUH�� WKLV� SDSHU�
introduces the concept of unordered pair to update the speed and position of bats, and 
proposes an unordered pair bat algorithm (UPBA) to make it more suitable for solving 
symmetric discrete traveling salesman problems. 

3. Bat algorithm 

The BA is a random search algorithm that simulates the sonar system of bats to detect prey, 
avoid obstacles and locate their roosting crevices in the dark. The implementation process is 
described as follows [32]: 

6WHS���3RSXODWLRQ�LQLWLDOL]DWLRQ��7KH�EDWV�JHQHUDWH�D�VHW�RI�LQLWLDO�VROXWLRQV�UDQGRPO\�LQ�
'�GLPHQVLRQDO�VHDUFK�VSDFH��7KH�SDUDPHWHUV�DUH�GHILQHG�DV�IROORZV��WKH�QXPEHU�RI�EDWV�L��WKH�
LWHUDWLRQ� QXPEHU� W�� WKH� ORXGQHVVܣ�௜��� WKH� UDWH� RI� SXOVH� HPLVVLRQݎ�௜��� ORXGQHVV� DWWHQXDWLRQ�
FRHIILFLHQWߙ���� HPLVVLRQ� HQKDQFHPHQW� FRHIILFLHQWߛ���� ZKHUH� WKHߙ���DQGߛ���DUH� FRQVWDQWV��$QG�
HDFK�EDW�LV�UDQGRPO\�DVVLJQHG�D�IUHTXHQF\� ௜݂ א ሾ ௠݂௜௡ǡ ௠݂௔௫ሿ� 

Step2: Randomly initialize the bat position ݔ௜��� ILQG� WKH� FXUUHQW� JOREDO� EHVW� ORFDWLRQ�
�VROXWLRQ�כݔ�� 

6WHS���7KH�PRYHPHQW�RI�HDFK�EDW�LV�JLYHQ�E\�XSGDWLQJ�WKHLU�YHORFLWLHVݒ�௜௧ �DQG�positions 
�௜௧�XVLQJ�(TV���WR���DV�IROORZVݔ 

 ௜݂ ൌ ௠݂௜௡ ൅ ሺ ௠݂௔௫ െ ௠݂௜௡ሻ כ  ��� ߚ
௜௧ݒ  ൌ ௜௧ିଵݒ ൅ ሺݔ௜௧ିଵ െ ሻכݔ כ ௜݂ ��� 
௜௧ݔ  ൌ ௜௧ିଵݔ ൅  ��� ௜௧ݒ
:KHUHߚ�� א ሾͲǡͳሿ�GHQRWHV�D�XQLIRUPO\�GLVWULEXWHG�UDQGRP�QXPEHUכݔ����GHQRWHV�WKH�FXUUHQW�

JOREDO�EHVW�ORFDWLRQ��ZKLFK�LV�ORFDWHG�DIWHU�FRPSDULQJ�DOO�WKH�EDWV� 
6WHS���$�UDQGRP�QXPEHU�LV�JHQHUDWHG��LI�WKH�UDQGRP�QXPEHU݀݊ܽݎ� ൐ ௜ݎ ��6HOHFW�D�VROXWLRQ�

DPRQJ�WKH�EHVW�RQHV��DQG�JHQHUDWH�D�ORFDO�VROXWLRQ�DURXQG�WKH�VHOHFWHG�EHVW�VROXWLRQ��LW�FDQ�EH�
UHSUHVHQWHG�E\� 

௡௘௪ݔ�  ൌ ௢௟ௗݔ ൅ ௜ܣߝ
௧ ሺͶሻ 
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ZKHUHߝ�� א ሾͲǡͳሿ�GHQRWHV�D�UDQGRP�QXPEHU��DQGܣ�௜
௧�LV�WKH�DYHUDJH�ORXGQHVV�RI�DOO�WKH�EDWV�

LQ�WKH�FXUUHQW�JHQHUDWLRQ�� 
6WHS���$� UDQGRP� QXPEHU� LV� JHQHUDWHG�� LI� WKH� UDQGRP�QXPEHU݀݊ܽݎ� ൏ ௜ܣ

௧��DQG�݂ሺݔ௜ሻ ൏
݂ሺכݔሻˈWKH�DERYH�VROXWLRQ�LV�DFFHSWHG�DQG ܣ௜ DQGݎ�௜ DUH�XSGDWHG�E\�(TV���DQG���DV�IROORZV� 

௜ܣ 
௧ାଵ ൌ ௜ܣߙ

௧ ��� 
௜௧ାଵݎ  ൌ ܴ଴ሾͳ െ ݁ିఊ௧ሿ ��� 
ZKHUH�5��LV�WKH�LQLWLDO�HPLVVLRQ�UDWH� 
6WHS���5DQN�WKH�EDWV�DQG�ILQG�WKH�FXUUHQW�EHVWכݔ�� 
6WHS���5HSHDW�6WHS�a6WHS��XQWLO�WKH�PD[LPXP�LWHUDWLRQV�DUH�DFKLHYHG� 
6WHS���2XWSXW�WKH�EHVW�VROXWLRQ��SRVW�SURFHVV�WKH�UHVXOWV�DQG�YLVXDOL]DWLRQ� 
,Q�FRQFOXVLRQ��WKH�SVHXGR�FRGH�RI�WKH�EDVLF�EDW�DOJRULWKP�LV�VKRZQ�LQ�$OJRULWKP�� 
$OJRULWKP��3VHXGR�FRGH�RI�WKH�EDVLF�%$ 
��'HILQH�WKH�REMHFWLYH�IXQFWLRQࢌ�ሺ࢞ሻ� 
��,QLWLDOL]H�WKH�EDW�SRSXODWLRQ�; �[��[��««�[Q� 
��IRU�HDFK�EDW�࢞࢏�LQ�WKH�SRSXODWLRQ 
�����,QLWLDOL]H�WKH�UDWH�RI�SXOVH�HPLVVLRQ�࢘࢏��YHORFLW\�࢜࢏�DQG�ORXGQHVV࢏࡭�� 
�����'HILQH�WKH�SXOVH�IUHTXHQF\࢏ࢌ��DW�࢞࢏� 
��HQG�IRU 
��:KLOH��W�0D[�QXPEHU�RI�LWHUDWLRQV� 
�������*HQHUDWLRQ�QHZ�VROXWLRQV�WKURXJK�(TV������DQG��� 
�������LI�UDQG!࢘࢏ 
���������6HOHFW�D�VROXWLRQ�DPRQJ�WKH�EHVW�RQHV� 
���������*HQHUDWH�D�ORFDO�VROXWLRQ�DURXQG�WKH�VHOHFWHG�EHVW�VROXWLRQ� 
�������HQG�LI 
�������JHQHUDWLRQ�D�QHZ�VROXWLRQ�E\�IO\LQJ�UDQGRPO\� 
�������LI�UDQG�࢏࡭�DQGࢌ�ሺ࢞࢏ሻ ൏  ሻכሺ࢞ࢌ
���������$FFHSW�WKH�QHZ�VROXWLRQ� 
���������,QFUHDVH�࢘࢏�DQG�UHGXFH࢏࡭��WKURXJK�(TV���DQG��� 
�������HQG�LI 
�����5DQN�WKH�EDWV�DQG�ILQG�WKH�FXUUHQW�EHVW�࢞כ 
���HQG�ZKLOH 
���3RVW�SURFHVV�UHVXOWV�DQG�YLVXDOL]DWLRQ� 

4. Traveling salesman problem 

The traveling salesman problem (TSP) is a classic NP-hard combinatorial optimization 
problem in computer science and routing selection. It can be described as a problem to find 
the shortest closed tour which visits all the cities in given coordinates. In other words, its 
mathematical description can be abstracted as: given a set of n cities, named (C1, C2,«��&n) 
and the Euclidean distance d of any two cities is known in advance. The Euclidean distance 
of cities with coordinate ሺݔଵǡ ଶǡݔଵሻ and ሺݕ  :ଶሻ is calculated byݕ

 ݀ ൌ ඥሺݔଵ െ ଶሻଶݔ ൅ ሺݕଵ െ  ��� ଶሻଶݕ
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For a given order T=(t1,t2�«tn) , and record tn+1= t1ˈthe goal of traveling salesman 
problem is to find several permutations that minimize the total distance between cities. It can 
be represented as ݉݅݊ ݂ሺܶሻ. The mathematical model can be formulated as Eq.8: 

 ݂ሺܶሻ ൌ σ ݀௧ሺ௜ሻ௧ሺ௜ାଵሻ௡ିଵ
௜ୀଵ ൅ ݀௧ሺ௡ሻ௧ሺଵሻ ��� 

Generally speaking, the traveling salesman problem can be divided into symmetric TSP 
and asymmetric TSP. In the symmetric TSP, the movement from vertex i to vertex j, has the 
same distance as moving from vertex j to vertex i, and it can be expressed as ݀௜௝ ൌ ௝݀௜ .  

Lots of complex problems, such as air route arrangement, printed-circuit board turnhole, 
human gene sequencing, can be simplified as traveling salesman problems. Traditional 
methods such as linear programming and integer programming cannot solve the problem 
effectively. Therefore, how to solve TSP quickly and effectively has important theoretical 
value and high practical value. 

5. The improved unordered pair bat algorithm 

In this paper, an unordered pair bat algorithm (UPBA) for solving symmetric TSP is 
proposed. The improved algorithm preserves the basic bat algorithm and corrects it in some 
aspects. Specifically, the concept of unordered pair is introduced to update the speed and 
position of bats, which makes it more suitable for solving symmetric discrete traveling 
salesman problems. 

5.1. The concept of unordered pair 

Unordered pair is a set of two elements. For any two elements u and v, set (u, v) = (v, u) is 
called unordered pair of them. For TSP of n cities, it can be defined that: any two cities (C1 
and C2) in the solution space may be connected together to form an ordered pair, called (C1, 
C2). As the distance between any two fixed connected cities is the same in the symmetrical 
TSP, we define the unordered pair of TSP, which is called (C1, C2) = (C2, C1). That is, the 
unordered pair does not have the concept of sequence. 

Take the symmetric TSP of 7 cities (number 1 to 7) as an example. The TSP contains 7-
node and the paths called [5,3,7,6,1,2,4] =כݔ ,[5,3,6,7,1,4,2] =ݔ (כݔis optimal),�which are 
shown in %áąG�� 1LH� PRĪQD� RGQDOHĨü� ĨUyGáD� RGZRáDQLD�. For ݔ  , it can be regarded as 
unordered pairs of (3,5) (3,6) (6,7) (1,7) (1,4) (2,4) and (2,5). Here, by default, numbers are 
arranged from small to big, which is convenient for expression. The unordered pairs between 
cities mean the connection of cities. We see that the same unordered pairs of ݔ�and כݔare 
represented by red color as: (3,5) (6,7) (2,4), and the different unordered pairs are shown by 
black color as (3,6) (1,7) (1,4) (2,5) and (3,7) (1,6) (1,2) (4,5). The difference between ݔ and 
 depends on the number of different unordered pairs. That is, if the different unordered כݔ
pairs of ݔ are turned into the same as כݔ, then ݔ becomes identical with כݔ, the two paths 
coincide completely and reach the best solution כݔ. 
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Figure 1.  An example of TSP with 7-node and feasible solutions 

5.2. Velocity and position updating 

In basic bat algorithm, the position updating is only suitable for solving continuous problems, 
and it FDQ¶W�EH�XVHG�GLUHFWO\�WR�VROYH�V\PPHWULF�GLVFUHWH�763��&RQVHTXHQWO\��WKLV�SDSHU�ZLOO�
search a new set of relationships to update the velocity and position of bats. 

The velocity is defined as the distance between the bat's current position and the current 
best bat, the functional relationship is established to express the updating of velocity of bats 
by introducing the concept of unordered pair. In a word, the velocity ݒ௜௧  can be described as 
Eq.9˖ 

௜௧ݒ  ൌ ݀݊ܽݎ���ሾܥ כ �� ሿܭ� 
where, K represents the number of different unordered pairs between ݔ௜௧ିଵ  and כݔ௧ିଵ . 

Thus, ݒ௜௧ is a random integer between 1 and K.  
For symmetric discrete TSP, the position is expressed by exchange process between ݒ௜௧ 

and ݔ௜௧ିଵ, which is shown by: 
௜௧ݔ  ൌ ʹǦݐ݌݋ሺݒ௜௧ǡ  ���� ௜௧ିଵሻݔ
Where, 2-opt ሺݒ௜௧ǡ  ௜௧ିଵሻ presents functional relations for the position of next momentݔ

using the velocity and position of the bat. The 2-opt is used to express the random search. 
Specifically, each bat generates random velocity ݒ௜௧  by Eq.9. Then, the position ݔ௜௧ିଵ of each 
bat is transformed by 2-opt for ݒ௜௧  times. Finally, the results of each transformation are 
compared, and the current best one is selected as the final result.  

Here is a simple example in  %áąG��1LH�PRĪQD�RGQDOHĨü�ĨUyGáD�RGZRáDQLD�. 

5.3. Velocity and position updating 

In basic BA, it can be seen that the rate of pulse emission ݎ௜ increases, while the loudness ܣ௜  
decreases once a bat has found its prey. At the initial stage of iteration, because of the smaller 
௜ݎ , each bat has a greater probability of local search. At the same time, larger loudness 
increases the search area of bats so that they can find better positions. With the iterative 
generation increasing, the probability of local search is reduced while the global search is 
increased. Finally, the current best solution is obtained. Therefore, how to optimizeݎ௜ and ܣ௜ 
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become the focus of the research, which reflects the probability and effectiveness of bat 
optimization. 

 
Figure 2. An example of velocity and position updating 

It can be considered that the ݎ௜ and ܣ௜ are affected by the number of iterations. In basic 
BA, the loudness is only related to the previous iteration, which may lead to some limitations. 
Hence, this paper proposes an improved bat algorithm in which the effect of iteration is taken 
into account. Here, a new definition of ݎ௜  and ܣ௜  is proposed to further improve the 
performance of the algorithm. 

௜ܣ 
௧ାଵ ൌ ௜ܣ

௧ כ ሺ௜௧௘௥̴௠௔௫ି௧Ȁ଼ሻ
௜௧௘௥̴௠௔௫ି௜௧௘௥̴௠௜௡

 ���� 

௜௧ାଵݎ  ൌ ሺͳ ൅ ����ሺ ଼
௜௧௘௥̴௠௔௫

כ ሺ௜௧௘௥̴௠௔௫
ଶ

െ �ሻሻሻିଵ� ���� 
As Eqs.11 and 12, the define of ݎ௜ and ܣ௜ are related to the number of iterations. Where, 

 .represent the maximum and minimum iterations of the algorithm ̴݊݅݉ݎ݁ݐ݅ and ݔ̴ܽ݉ݎ݁ݐ݅
By using the above-mentioned equations, each bat has a greater probability of local search at 
the early stage of iteration, which will accelerate the convergence of the algorithm. At the 
same time, it effectively prevents the algorithm from falling into a local optimum solution. 

5.4. Unordered pair bat algorithm 

An unordered pair bat algorithm (UPBA) for solving the symmetric TSP is presented below. 
Step1˖Initialize the size of bat population. The bats generate a set of initial solutions 

randomly in D-dimensional search space. Here, to obtain a better initial solution, a 2-opt 
method is proposed to optimize the initial position. For TSP with n cities, the initial solution 
is transformed n/2 times (integer) by 2-opt, and the feasible solution of all is chosen as the 
current initial position of each individual. Meanwhile, in order to improve the exploration 
capability of the algorithm, set the initialize pulse emission rate ݎ௜ א ሾͲǡͲǤ͵ሿ and the initialize 
loudness ܣ௜ א ሾͲǤ͹ǡͳሿ. 

Step2˖Find the current global best location (solution) כݔ and the initial fitness value. 
The fitness value is defined as the total distance in symmetric TSP. 

Step3˖The movement of each bat is given by updating their velocities ݒ௜௧  and positions 
   .௜௧ using Eqs.9 and 10ݔ
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Step4˖A random number is generated, if the random number ݀݊ܽݎ ൐ ௜ݎ , Select a 
solution among the best ones, and generate a local solution by using the 2-opt around the 
selected best solution. 

Step5˖ Evaluate the fitness value. 
Step6˖A random number is generated, if the random number ݀݊ܽݎ ൏ ௜ܣ

௧ and ݂ሺݔ௜ሻ ൏
݂ሺכݔሻ, the above solution is accepted and ܣ௜ and ݎ௜ are updated by Eqs.11 and 12. 

6WHS�˖5HSHDW�6WHS�a6WHS��XQWLO�WKH�PD[LPXP�LWHUDWLRQV�DUH�DFKLHYHG� 
6WHS���2XWSXW�WKH�EHVW�VROXWLRQ��SRVW�SURFHVV�WKH�UHVXOWV�DQG�YLVXDOL]DWLRQ� 

6. Numerical results and performance comparison 

To demonstrate the performance, the proposed UPBA has been tested on 23 symmetric 
benchmarks of TSP taken from the TSPLIB library. 7KH�EHQFKPDUNV�UDQJLQJ�IURP����WR�����
FLWLHV��DQG each instance is run for 20 times independently. The UPBA is coded in MATLAB 
R2016a, and performed on an Intel Core i5 laptop, with 2.9GHz and 8GB RAM. 

For the update of pulse emission rate and loudness, to verify that Eqs.11 and 12(UPBA) 
are better than Eqs.5 and 6 (UPBA1), a contrast test is designed in this paper.�At the same 
time, the comparison between UPBA and UPBA2 is shown below to prove the performance 
for unordered pair modification. 

7KH�FRPSDULQJ�UHVXOWV�DUH�VKRZQ�LQ�Tables 3��WKH�WKLUG�WR�HOHYHQWK�FROXPQV���$�QXPEHU�
VKRZQ�LQ�EROG�LQGLFDWHV�WKDW�WKH�YDOXH�KDV�UHDFKHG�WKH�RSWLPDO�VROXWLRQ�RI�WKH�LQVWDQFH� And 
the second column indicates the optimal solutions obtained by TSPLIB. Best = the best 
solutions, Std = the standard deviation of solutions. PDbest represents a relative error when 
comparing algorithms to the best solution.� 7DEOH� �� VKRZV� WKH� SDUDPHWHU� VHWWLQJV� RI� WKH�
SURSRVHG�PHWKRGV� 

ሺΨሻݐݏܾ݁ܦܲ  ൌ ୠୣୱ୲�ୱ୭୪୳୲୧୭୬ି୭୮୲୧୫ୟ୪�ୱ୭୪୳୲୧୭୬�
୭୮୲୧୫ୟ୪�ୱ୭୪୳୲୧୭୬

ൈ ͳͲͲ� ���� 
As can be seen from the 83%$ results, 22 of the current 23 standard problems can find 

the optimal solutions. In other words, the 83%$ can reach the optimal solutions of 95.65% 
from the test instances. By contrast, there are 18 and 19 instances can reach the optimal 
solutions by using the 83%$1 and 83%$2. The percentage of the optimal solutions is 
78.26% and 82.61%, which is obviously weaker than the 83%$. For 83%$, 100.00% of the 
values of  PDbest(%) are less than 0.10%, which means that the solutions found by proposed 
algorithm are close to the optimal solutions after 20 runs. Furthermore, the standard 
deviations of the UPBA1 and UPBA2are larger than the UPBA. In conclusion, the UPBA is 
superior to UPBA1 and UPBA2, that is to say, the adjustment of the pulse emission rate and 
the loudness proposed in this paper is effective, and the proposed unordered pair method is 
also available. 

To evaluate the performance of the above solutions, we compare the UPBA with other 
algorithms. Tables 3�WKH�WZHOIWK�WR�WZHQWLHWK�FROXPQV� show the test results which compare 
UPBA with GSA-ACS-PSOT algorithm, RABNET-TSP algorithm and Improved BA. The 
optimal solutions obtained by these algorithms are shown in bold. Tables 1� DQG�Tables 2�
VKRZ�WKH�SDUDPHWHU�VHWWLQJV�RI�WKH�SURSRVHG�PHWKRGV� 
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Table 1. Parametrization of the 83%$��83%$���83%$��and Improved BA for the 
TSP 

 UPBA UPBA1 UPBA2 Improved BA 
Parameter Value Value Value Value 
Population size 50 50 50 50 
Velocity ݒ௜௧ Unordered pair Unordered pair Random Hamming Distance 
Movement functions 2-opt&A&r 2-opt 2-opt&A&r 2-opt&3-opt 
Initial ܣ௜ [0.7-1.0] [0.7-1.0] [0.7-1.0] [0.7,1.0] 
Initial ݎ௜  [0.0-0.3] [0.0-0.3] [0.0-0.3] [0.0-0.4] 
 0.98 0.9 0.9 0.9 ߛ�and ߙ

Table 2. Parametrization of the GSA-ACS-PSOT and RABNET-TSP for the TSP 
 GSA-ACS-PSOT  RABNET-TSP 
Parameter Value Parameter Value 
Population size 4 groups, 30 ants 

each group 
Initial value for³ ³(0) = 16 

Pheromone evaporation parameter 0.1 Initial learning rate ¢(0) = 0.1 
Parameter for crossover strategy 0.33 Cooperation threshold  k= 0.01 
The number of GA generations 100 learning rate 0.6 
Crossover rate 1 Convergence threshold ¬=0.01*smallest distance 
Route mutation rate 0.3 Cloning threshold ¦=0.2* smallest distance 
Pheromone mutation rate 0.2 - - 

Cycles for pheromone 
communication 

30 - - 

According to the twelfth to seventeenth columns, among the selected 13 tested instances, 
the UPBA can acquire the optimal solutions for 13 instances, while the GSA-ACS-PSOT 
algorithm and RABNET-TSP algorithm find the optimal solutions for 9 and 2 instances 
respectively. Moreover, the average standard deviations of the three algorithms are 60.54, 
79.95 and 123.92. The smaller the average standard deviation, the better the stability of the 
instances results. According to the eighteenth to WZHQWLHWK columns, for the 16 tested 
instances, the UPBA acquires the optimal solutions for 15 instances, while the Improved BA 
finds the optimal solutions for only 12 instances. Besides, the average standard deviations of 
the two algorithms are 102.16 and 172.15. In summary, the UPBA has maximum optimal 
solutions instances and minimum average standard deviations, it gets better solutions among 
the above algorithms. 

%áąG�� 1LH� PRĪQD� RGQDOHĨü� ĨUyGáD� RGZRáDQLD� shows the standard deviation of the 
algorithms. Figures (a) to (d) show the comparison of the average solution and standard 
deviation of the algorithms under different instances. It can be seen that the UPBA algorithm 
is always in a better solution. %áąG��1LH�PRĪQD� RGQDOHĨü� ĨUyGáD� RGZRáDQLD� shows the 
relative error between the best solution and the TSPLIB optimum solution obtained by each 
algorithm. As can be seen from the figure, the relative error of UPBA is the smallest, which 
is indicated in red at the bottom of the plot. That is to say, the UPBA is closer to the optimal 
solution and has the best performance. %áąG�� 1LH� PRĪQD� RGQDOHĨü� ĨUyGáD� RGZRáDQLD�  
expresses the different running times of the UPBA, RABNET-TSP and Improved BA 
algorithms. As can be seen from the figure, the running time of the UPBA algorithm is also 
excellent. 
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(a) 
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(d) 

Figure 3. Average solution and standard deviation of algorithms 

 

 
Figure 4. Relative error of algorithms 

 
Figure 5. Running time of algorithms 
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7. Conclusion 

This paper has proposed an improved bat algorithm to solve the symmetric TSP. In the course 
of improvement, the concept of unordered pair is introduced to update the velocity and 
position of bats. Moreover, a new definition of  ݎ௜ and ܣ௜ is proposed. Finally, an unordered 
pair bat algorithm is presented. The algorithm has been evaluated through solving 23 
instances of the symmetric TSP, and its performance has been compared with GSA-ACS-
PSOT algorithm, RABNET-TSP algorithm and the Improved BA. Among the selected tested 
instances from cities 51 to 150, the UPBA acquires the optimal solutions for all 13 instances, 
while the GSA-ACS-PSOT and RABNET-TSP algorithms for 9 and 2 instances respectively. 
Similarly, from cities 30 to 152, the UPBA finds the optimal solutions for 15 instances, while 
the Improved BA for only 12 instances. Moreover, the UPBA has minimum average standard 
deviations. So, the results show that the UPBA proposed in this paper is superior to all of the 
above algorithms.  For future research, the UPBA can be considered to solve larger-scale 
TSP. And the algorithm can also be considered to solve other combinatorial optimization 
problems, such as vehicle routing problems, bin packing problems, clustering problems, and 
so on. 
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