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1 Introduction 

 
Continuous are the widely used type of beams, which are utilized in the girder concrete bridges 

and also in the structures located in severe environments or in zones subjected to high levels of seismic. 
This may be related to exploiting the reserve strength due to the moments redistribution that occurs in 
case of the continuous beams, because of its structural redundancy. As the other structural concrete 
elements, the reinforced concrete beams need repair or strengthening during the serviceability life to 
improve their ability in supporting additional loads and enhance the deformation capacities. The reasons 
of requirement to this repairment including; insufficient reinforcement, utilizing low strength concrete, 
deteriorating the used materials in the reinforced concrete members, updating the initial design, and 
enhancing of the structure strength as a result of accidents, or earthquakes. At the few latest years, 
particularly since 2000s, the strengthening with external fiber reinforced polymer (FRP) plate/sheets can 
be utilized as a one of the available strengthening techniques. The FRP composites are available in 
many types, where the most common one is CFRP sheets, which can significantly enhance the flexural 
and shear load capacity of strengthened members[1]–[5]. 

In case of using the externally bonded reinforcement (EBR) as strengthening technique, the FRP 
sheets debonding was noted as the most common failure mode of strengthening members, that happens 
into two different forms; either end debonding or intermediate crack (IC) debonding[6]–[9] as in Figure 
(1). In the end debonding mode, the failure firstly occurs at the end of the FRP sheets due to highly 
concentration of bending and shear stresses, which then extends to the middle of the sheets[10]. In 
other hand, creating of flexural-shear cracks in the beam leads to initiating of IC debonding [11]. So that, 
a new technique had been proposed to overcome of de-bonding of FRP sheets. Externally bonded 
reinforcement on grooves (EBROG) technique has been developed by Mostofinejad & Mahmoudabadi 
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(2010) [12] to delay or sometime eliminate the FRP debonding because of the good contact between 
FRP and concrete surface [13]–[15]. 

 

  
a) End Debonding. b) Intermediate Crack (IC) Debonding 

Fig. 1: Types of Debonding Mode of Failure.[16], [17]. 
 

Many experimental studies in which the tested specimens failed with debonding mode of failure, 
were presented by the researchers [18]–[22]. But, most of these researches investigated only load-
displacement curves, while very limited ones interested to study the distribution of FRP strain during the 
testing duration and the sudden changes in the strain value of FRP sheets at the initiating cracks, in 
spite of the importance of them in the predicting of the loading capacity of RC members strengthened 
with FRP sheets. It seems difficult to locate the strain gauges along the FRP sheets length to collect the 
comprehensive strain data. So that, the finite element (FE) models are more applicable for this purpose. 
Up to now, large numbers of introduced studies used the FE models to more understand of the 
distribution of debonding strain of RC members strengthened with FRP sheets [23], [24]. 

Many of analytical models were presented and adopted by design codes [10];[23], [25]–[29], 
based on the available experimental and FE data. These models can be divided into two groups; the 
first one is an empirical formula, in which the needed parameters are corrected using experimental 
results, for this, it cannot reveal the behavior of debonding. The second group depends on the strain 
distribution along the FRP sheets that are collected from testing and FE data, these models seem 
inaccurate enough because of limitations of the testing data and the imperfections in the FE models 
[25], [28]. 

Generally, most of the design codes and previous analytical studied [30], [31] focused on simply 
supported beams strengthening with external FPR laminates although the many applications of this 
types of concrete members in situ. So that, much additional research is still necessary to have a full 
understanding on the structural behavior of continuous beams strengthening with external reinforcement 
under the effects of different factors. In this research, the comparison between the tested and predicted 
load carrying capacity using different analytical models to check the validity of these model to estimate 
the flexural load capacities of two-span continuous beams strengthening with CFRP sheets using 
ERPOG technique these tested in this study. 
 
2 Debonding Strain of FRP System 

 
The external bonding reinforcement can be used in enhancing of either flexural or shear strength 

of RC beams. In bending strengthening, the CFRP sheets bond on the tension face of RC beam, while 
the sheets lay along the beams sides in case of shear strengthening. In case of flexural strengthening, 
the beams fail in many different modes based on the combination of many factors as; member size, 
concrete compressive strength, tension reinforcement bars ratio, FRP characteristics, and strengthening 
techniques. The failure happens either due to the concrete crushing as a result to reaching the concrete 
strain (ɛc) at the extreme compression fiber to its ultimate value (ɛc = ɛcu = 0.0035), or the strain of CFRP 
sheets (ɛf) at the extreme tension fiber reaches to ultimate stress (ɛf = ɛfu) and CFRP rupture happen. 
But the most dominant failure mode usually is debonding of the FRP sheets [32]–[34]. Most proposed 
models assume that the bond capacity of FRP system as a function of the maximum transferable load 
[35]–[37]. The IC debonding strains can be predicted using plane sections analysis, which consider that 
the plane section remains plane after bending and also there is a full bond between composite materials. 
According to ACI 440.2R-17 [27], the effective strain in FRP sheets should be limited to that at the 
debonding. 

 
3 The Analytical Models of RC Beams Flexural Strengthening with CFRP sheets 

 
The bearing capacity of RC beam strengthening with FRP system, can be calculated by 

superimpose the contribution of the CFRP sheets to that of tension steel bars, Figure (2). 
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Fig. 2: (a) Cross section of RC with CFRP Sheets; (b) Strain Distribution; (c) Stress Distribution [38]. 

 
The flexural capacity, Mu, can be estimated by taking moments of internal forces about the level 

of tensile reinforcement bars as in Eq. (1): 
 

𝑀𝑀𝑢𝑢 = 𝑘𝑘1𝑘𝑘2𝑓𝑓𝑐𝑐′𝑏𝑏𝑏𝑏 �𝑑𝑑 −  𝑘𝑘2𝑥𝑥
2
� + 𝐴𝐴𝑠𝑠′ 𝑓𝑓𝑠𝑠′(𝑑𝑑 − 𝑑𝑑′) + 𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓(𝑑𝑑𝑓𝑓 − 𝑑𝑑) (1) 

 
In which: 
k1 and k2 are two factors define the concrete block. 
 

However, the RC beams strengthening with FRP sheets can be analyze and designed using 
different analytical models. The load of failure of these types of RC beams can be easily predicted by 
the analytical methods, which based on the analysis of cross section. 
 
3.1 ACI-440.2R-17 Analytical Model 

 
The ACI 440.2R-17 [27] presented two approaches to estimate the RC beams strengthened with 

CFRP sheets using either EBR or NSM FRP reinforcement. The flexural moment capacity of RC beams 
strengthening with FRP sheets depends on the type of failure. The ultimate moment can be predicted 
using Eq. (2), when the beams show a FRP debonding failure mode. 

 

𝑀𝑀𝑢𝑢 = 𝐴𝐴𝑠𝑠𝑓𝑓𝑠𝑠 �𝑑𝑑 −
𝛽𝛽1𝑐𝑐
2
� + 𝜓𝜓𝑓𝑓𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 �𝑑𝑑𝑓𝑓 −

𝛽𝛽1𝑐𝑐
2
� + 𝐴𝐴𝑠𝑠′ 𝑓𝑓𝑠𝑠′ �

𝛽𝛽1𝑐𝑐
2
− 𝑑𝑑′� (2) 

 
Where: 
Mn is the nominal bending moment, and ψf is the reduction parameter that is created by FRP, that is 
taken to equal to 0.85. β1 is the ratio of rectangular stress block depth to the that to the neutral axis, β1 
is considered equal to 0.85 for concrete compressive strength (f'c) ranged from 17 MPa to 27 MPa In 
case of concrete compressive strength greater than 27 MPa, then it should be reduced the β1 factor by 
0.05 for each 7 MPa increasing value. Generally, β1 must not be more than 0.65. *The effective FRP 
stress (ffe) given by: 
 
𝑓𝑓𝑓𝑓𝑓𝑓 = 𝐸𝐸𝑓𝑓𝜀𝜀𝑓𝑓𝑓𝑓 (3) 
 
In which: 
the effective strain (ɛfe) can be calculated from: 
 

𝜀𝜀𝑓𝑓𝑓𝑓 = 𝜀𝜀𝑐𝑐𝑐𝑐 �
𝑑𝑑𝑓𝑓−𝑐𝑐

𝑐𝑐
� − 𝜀𝜀𝑏𝑏𝑏𝑏 ≤ 𝜀𝜀𝑓𝑓𝑓𝑓 (4) 

 
εcu is the ultimate concrete strain (εcu = 0.003),, εbi is the initial strain which can be calculated from an 
elastic analysis of the strengthening member, due to the effect of the loads applied at the duration of 
installation of the FRP sheets. 
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𝜀𝜀𝑓𝑓𝑓𝑓 = 0.41� 𝑓𝑓𝑐𝑐′

𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓
≤ 0.9𝜀𝜀𝑓𝑓𝑓𝑓 (5) 

 
Also, the concrete and steel strain can be calculated from: 

 

𝜀𝜀𝑐𝑐 = (𝜀𝜀𝑓𝑓𝑓𝑓 − 𝜀𝜀𝑏𝑏𝑏𝑏) �
𝑐𝑐

𝑑𝑑𝑓𝑓−𝑐𝑐
�, and (6) 

 

𝜀𝜀𝑠𝑠 = (𝜀𝜀𝑓𝑓𝑓𝑓 − 𝜀𝜀𝑏𝑏𝑏𝑏) �
𝑐𝑐

𝑑𝑑𝑓𝑓−𝑐𝑐
� (7) 

 
The design process for structural members enhanced using the NSM-FRP technology is also 

provided by this guidance. The maximum value of the FRP strain is suggested by the guideline to be: 
 

𝜀𝜀𝑓𝑓𝑓𝑓 = 0.7𝜀𝜀𝑓𝑓𝑓𝑓 (8) 
 
3.2 Said and Wu Analytical Model 

 
A new analytical model was proposed by Said and Wu [31], to predict the flexural capacity of RC 

beams externally strengthening with FRP sheets. It was assumed that the analytical specimens fail with 
de-bonding mode after reaching to the yield point of main longitudinal steel reinforcement. In this model, 
the maximum strain of FRP sheets which was considered that one corresponding to the ultimate load 
(𝜺𝜺𝒇𝒇𝒇𝒇), is given by: 

 
𝜀𝜀𝑓𝑓𝑓𝑓 =  0.23 (𝑓𝑓′𝑐𝑐)0.2/(𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)0.35 (9) 

 
Again, the ultimate moment (Mu) of analytical beams which occurs at de-bonding failure, can be 

estimated by: 
 

𝑀𝑀𝑢𝑢 = 0.9𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦𝑑𝑑 + 0.23 𝑏𝑏𝑓𝑓(𝑓𝑓′𝑐𝑐)0.2(𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)0.65 (0.9𝑑𝑑 + 𝑐𝑐∗) (10) 
 
In which: 
c* is the distance from the centroid of the tensile steel bars to that FRP sheets. In case of structural 
design, a strength reduction parameter of 0.75 is used as a safety factor. 
 
3.3 Toutanji et. al. Analytical Model 

 
The purposed model by Toutanji et. al. (2005) [39], consists of three stages to estimate the 

moment-deflection curve; crack, yield and ultimate phase. The ultimate moment is given by: 
 

𝑀𝑀𝑢𝑢 = 𝑘𝑘1𝑘𝑘2𝑓𝑓𝑐𝑐′𝑏𝑏𝑐𝑐2 + 𝐴𝐴𝑠𝑠′ 𝐸𝐸𝑠𝑠𝜀𝜀𝑠𝑠(𝑐𝑐 − 𝑑𝑑′) + 𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦(𝑑𝑑 − 𝑐𝑐) + 𝐴𝐴𝑓𝑓𝐸𝐸𝑓𝑓𝜀𝜀𝑓𝑓𝑓𝑓(ℎ − 𝑐𝑐) (11) 
 
where: 
ɛff is effective strain of FRP sheets which is assumed to equal to ultimate value (ɛfu) in case of beams 
fail with yield of FRP sheets, but for beams fail with de-bonding mode the effective strain is given by: 
 
𝜀𝜀𝑓𝑓𝑓𝑓 = 𝑘𝑘𝑚𝑚𝜀𝜀𝑓𝑓𝑓𝑓 (12) 
 
where: 
km is a reduction factor of the ultimate strain: 
 

𝑘𝑘𝑚𝑚 = �

1
60𝜀𝜀𝑓𝑓𝑓𝑓

�1 − 𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓
360000

� ≤ 0.90𝜀𝜀𝑓𝑓𝑓𝑓        𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓 ≤ 180000

1
60𝜀𝜀𝑓𝑓𝑓𝑓

�1 − 90000
𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

� ≤ 0.90𝜀𝜀𝑓𝑓𝑓𝑓        𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓 > 180000 
 (13) 
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Again, k1 and k2 in Eq. (11), are two parameters define the concrete block: 
 

𝑘𝑘1 = 1
𝑓𝑓𝑐𝑐′𝜀𝜀𝑐𝑐

∫ 𝑓𝑓𝑐𝑐(𝜀𝜀) 𝑑𝑑𝑑𝑑𝜀𝜀𝑐𝑐
0 = 𝜀𝜀𝑐𝑐

𝜀𝜀0
 �1 − 𝜀𝜀𝑐𝑐

3𝜀𝜀𝑜𝑜
�, and (14) 

𝑘𝑘2 = 1
𝜀𝜀𝑐𝑐

 ∫
𝑓𝑓𝑐𝑐(𝜀𝜀)𝜀𝜀 𝑑𝑑𝑑𝑑𝜀𝜀𝑐𝑐

0
∫ 𝑓𝑓𝑐𝑐(𝜀𝜀) 𝑑𝑑𝑑𝑑𝜀𝜀𝑐𝑐
0

= 2
3
�
1−38(𝜀𝜀𝑐𝑐 𝜀𝜀0)⁄

1−13(𝜀𝜀𝑐𝑐 𝜀𝜀0)⁄
� (15) 

 
Usually, ɛo equal to 0.002 then: 

 
𝑘𝑘1 = 500𝜀𝜀𝑐𝑐(1 − 166.7𝜀𝜀𝑐𝑐), and (16) 
 
𝑘𝑘2 = 2−375𝜀𝜀𝑐𝑐

3−500𝜀𝜀𝑐𝑐
 (17) 

 
The trial procedure is used to calculate the unknown parameters; k1, k2, c. Where: 

 
𝐴𝐴𝑐𝑐2 + 𝐵𝐵𝐵𝐵 + 𝐶𝐶 = 0 (18) 
 

In which: 
 
𝐴𝐴 = 𝑘𝑘1𝑓𝑓𝑐𝑐′𝑏𝑏,     𝐵𝐵 = 𝜀𝜀𝑐𝑐�𝐴𝐴𝑠𝑠′ 𝐸𝐸𝑠𝑠 + 𝐴𝐴𝑓𝑓𝐸𝐸𝑓𝑓� − 𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦,     𝐶𝐶 = −𝜀𝜀𝑐𝑐�𝐴𝐴𝑠𝑠′ 𝐸𝐸𝑠𝑠𝑑𝑑′ + 𝐴𝐴𝑓𝑓𝐸𝐸𝑓𝑓ℎ� 
 

Finally, the concrete strain given by: 
 

εc = � c
h−c

� εff ≤ 0.003 (19) 
 
3.4 Zhao Analytical Model 

 
Analytical model was developed by Zhao (2005) [40], to calculate the FRP debonding strain in 

which the effect of the concrete in the compression zone, tensile reinforcement, and the FRP sheets 
were taken into consideration. 

 

𝜀𝜀𝑓𝑓𝑓𝑓 =

⎩
⎪
⎨

⎪
⎧𝑤𝑤𝑤𝑤𝑤𝑤 𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑢𝑢𝑢𝑢 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏                     �

0.35𝑓𝑓𝑐𝑐′(𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)−0.65              𝑓𝑓𝑐𝑐′ < 31.5 𝑀𝑀𝑀𝑀𝑀𝑀
11.1(𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)−0.65            𝑓𝑓𝑐𝑐′ ≥ 31.5 𝑀𝑀𝑀𝑀𝑀𝑀 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏           �
0.08𝑓𝑓𝑐𝑐′(𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)−0.50              𝑓𝑓𝑐𝑐′ < 31.5 𝑀𝑀𝑀𝑀𝑀𝑀

2.51(𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓)−0.50            𝑓𝑓𝑐𝑐′ ≥ 31.5 𝑀𝑀𝑀𝑀𝑀𝑀 

 (20) 

 
As in (3.3), the trial procedure is used to obtain the unknown parameters, k1, k2, c, and then the 

ultimate moment of strengthened beams predicated using Eq. (11). 
 
3.5 Elsanadedy et. al. Analytical Model 

 
The most important assumptions that were taken into consideration in Elsanadedy et. al. (2004) 

[23] model are; all beams and slabs are considered to be provided with longitudinal steel bars and 
externally strengthened with CFRP sheets. Also, the adopted mode of failure is IC debonding. The IC 
de-bonding strain of FRP-externally strengthened RC beams and slabs according to developed model 
is given by: 

 

𝜀𝜀𝑓𝑓𝑓𝑓 = �2−𝑏𝑏𝑓𝑓 𝑏𝑏⁄

1+𝑏𝑏𝑓𝑓 𝑏𝑏⁄
�
0.1
� 𝑓𝑓𝑦𝑦
𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

�
0.4
�6.5 + 𝑛𝑛𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

135000
� 𝜌𝜌𝑠𝑠0.05𝑓𝑓𝑐𝑐

′(0.1) (21) 

 
Again, the moment capacity of RC members can be calculated from Eq. (11) using the trail 

procedure. 
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3.6 Lu et. al. Analytical Model 
 
A simple strength model was presented by Lu et. al.[28] to obtain the IC debonding strain of FRP 

sheets *, which depends on the distribution of interfacial shear stress using new smeared crack FE 
model: 

 

𝜀𝜀𝑓𝑓𝑓𝑓 = 𝑇𝑇
𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓𝑏𝑏𝑓𝑓

= (1−𝛼𝛼)𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿𝑒𝑒𝑒𝑒+𝛼𝛼𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿𝑑𝑑
2𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

 (22) 

 
In which, the unknown α is given by; 𝛼𝛼 = 3.41𝐿𝐿𝑒𝑒𝑒𝑒/𝐿𝐿𝑑𝑑, whereas, 𝐿𝐿𝑒𝑒𝑒𝑒 = 0.228�𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓, Ld is the 

distance from the loaded section to the end of the FRP sheets. While the max shear bond stress (𝜏𝜏max) 
given by: 

 
𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚 = 1.5𝛽𝛽𝑤𝑤𝑓𝑓𝑡𝑡 (23) 
 
where: 
 
𝛽𝛽𝑤𝑤 = ��2.25 − 𝑏𝑏𝑓𝑓/𝑏𝑏� �1.25 + 𝑏𝑏𝑓𝑓/𝑏𝑏�� , and 

 
the concrete tensile strength can be calculated from; 𝑓𝑓𝑡𝑡 = 0.58�𝑓𝑓𝑐𝑐′. 
 

Finally, the debonding strain can be calculated from: 
 

𝜀𝜀𝑓𝑓𝑓𝑓 = 0.114(4.41 − 𝛼𝛼)𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚/�𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓 (24) 
 
3.7 Teng et al. Analytical Model 

 
The formula of IC debonding strain which was proposed by Teng et al. (2003) [41] depend on the 

effect of many factors including; *as follow: 
 

𝜀𝜀𝑓𝑓𝑓𝑓 =

⎩
⎪
⎨

⎪
⎧0.48𝛽𝛽𝑤𝑤��𝑓𝑓𝑐𝑐′ 𝑛𝑛𝑛𝑛𝑓𝑓𝑡𝑡𝑓𝑓�                                                          𝑖𝑖𝑖𝑖 𝐿𝐿𝑑𝑑 ≥ �𝑛𝑛𝑛𝑛𝑓𝑓𝑡𝑡𝑓𝑓 �𝑓𝑓𝑐𝑐′⁄

0.48 𝑠𝑠𝑠𝑠𝑠𝑠 �𝜋𝜋𝐿𝐿𝑑𝑑 �2�
𝑛𝑛𝑛𝑛𝑓𝑓𝑡𝑡𝑓𝑓
𝑓𝑓𝑐𝑐′

�� � 𝛽𝛽𝑤𝑤�𝑛𝑛𝑛𝑛𝑓𝑓𝑡𝑡𝑓𝑓 �𝑓𝑓𝑐𝑐′⁄                𝑖𝑖𝑖𝑖𝐿𝐿𝑑𝑑 < �𝑛𝑛𝑛𝑛𝑓𝑓𝑡𝑡𝑓𝑓 �𝑓𝑓𝑐𝑐′⁄  
 (25) 

 
where: 
 

𝛽𝛽𝑤𝑤 = ��2 − 𝑏𝑏𝑓𝑓/𝑏𝑏� �1 + 𝑏𝑏𝑓𝑓/𝑏𝑏��  (26) 

 
The predicted moment capacity of RC beams can be calculated from Eq. (11). 

 
3.8 Li and Wu Analytical Model 

 
An empirical equation was proposed by Li and Wu [42], for estimating the debonding strain of 

FRP sheets, according to the net areas of the shear stress blocks predicted from FE analysis. 
 

𝜀𝜀𝑓𝑓𝑓𝑓 = 0.427𝛽𝛽𝑤𝑤
�𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

𝑓𝑓𝑐𝑐
′(0.25) + 1.28𝛽𝛽𝑤𝑤

�𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓

𝑓𝑓𝑡𝑡
𝑓𝑓𝑐𝑐
′(0.30) (27) 

 
In which: 

the tensile stress ft can be found from; 𝑓𝑓𝑡𝑡 = 0.395 � 𝑓𝑓𝑐𝑐
0.76

�
0.55

 and βw is given by Eq. (26). 
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So that: 
 
𝜀𝜀𝑓𝑓𝑓𝑓 = 𝛽𝛽𝑤𝑤

�𝐸𝐸𝑓𝑓𝑡𝑡𝑓𝑓
(0.427𝑓𝑓𝑐𝑐

′(0.25) + 0.588𝑓𝑓𝑐𝑐
′(0.30)) (28) 

 
The same trial procedure in (3.3) is used to calculate the unknown parameters, and the ultimate 

moment of RC beam is estimated using Eq. (11). 
 

3.9 Shehata et al. Analytical Model 
 
In the model introduced by Shehata et al. (2001), the strengthened beam assumed to fail in flexure 

with FRP de-bonding mode, also, it was considered that the plane section remains plane after 
deformation. In the introduced model, a limitation on the concrete shear strength is taken to be (𝜏𝜏max) = 
0.3ft, while FRP strain must be less than or equal to 0.005. 

The moment capacity of RC strengthened beam can be achieved using: 
 

𝑀𝑀𝑢𝑢 = 𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦�𝑑𝑑 − 0.4𝑥𝑥𝑝𝑝� +  𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓�𝑑𝑑𝑓𝑓 − 0.4𝑥𝑥𝑝𝑝� + 𝐴𝐴𝑠𝑠′ 𝑓𝑓𝑠𝑠′�0.4𝑥𝑥𝑝𝑝 − 𝑑𝑑′� (29) 
 
In which: 
 

𝑥𝑥𝑝𝑝 = 𝐴𝐴𝑠𝑠𝑓𝑓𝑦𝑦+ 𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓+𝐴𝐴𝑠𝑠′𝑓𝑓𝑠𝑠′

0.85𝑓𝑓𝑐𝑐′𝑏𝑏
  

 
4 Experimental Program 

 
Ten RC beams continuous over two equal spans are designed based on the 318-ACI [43] and 

tested under the effect of one point load at middle of each span, to investigate the effect of external 
strengthening on the ultimate load,, failure modes and load-deflection of tested specimens. All 
specimens have a 2300 mm as overall length with a (130 ×200) mm rectangular cross section, Figure 
(3). A (2φ8 mm) steel bars, were used as longitudinal reinforcement at the tension and compression 
zones. While, Ф8mm rebars distribute at 60mm along the beam length as shear reinforcement. The 
beams geometric and distributed of the reinforcement bars are illustrated in Figure (3). 

 

 
Fig. 3: The geometry of the beams and distributed of the reinforcement. 

 
The first beam specimen (CB) has no CFRP sheets, which is selected as a control beam. The 

other nine beams were externally strengthened using CFRP sheets by two strengthening techniques 
(EBR and EBROG). In EBROG beams, the formed grooves were constructed with different length and 
number which located with varied directions in both sagging and hogging zones. The effect of the length 
and the layer numbers of CFRP sheets were also investigated. Table (1) and Figure (4) illustrate the 
strengthening details of all specimens. 
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Table 1: Details of Tested beam specimens. 

Specimen 
Groove Properties 

CFRP sheet Configuration 
Strengthening 

Technique 
Sagging Zones Hogging Zone 

Direction Number No. of 
layers 

Length 
[L1] cm 

Length 
[L3] cm 

No. of 
layers 

Length 
[L2] cm 

CB - - - - - - - - 

E1L - - 1 85 85 1 76 EBR 

E2L - - 2 85 85 2 76 EBR 

O1L3G Long. 3 
 1 85 85 1 76 EBROG 

O2L3G Long. 3 2 85 85 2 76 EBROG 

O1L2G Long 2 1 85 85 1 76 EBROG 

O1LVD 
Long. 3 

1 85 85 1 76 EBROG Transverse 
(90°) 5 

O1L2D 
Long. 3 

1 85 85 1 76 EBROG 
Inclined 5 

O1LDG Long. 
(45 cm) ** 3 1 85 85 1 76 EBROG 

O1LDL Long. 3 1 85 45* 1 76 EBROG 

L1: Length of CFRP in Right Sagging zone, L2: Length of CFRP in Hogging zone, L3: Length of CFRP in Left Sagging zone. 
* Length of grooves and CFRP sheets is 45 cm in O1LDL beam. 
** Length of grooves only is 45 cm for all strengthening zones. 

 

 
a) External Strengthening Using CFRP Sheets. 

  
b) Three Longitudinal Grooves in Sagging and Hogging Zone. 

  
c) Two Longitudinal Grooves in Sagging and Hogging Zone. 

  
d) Longitudinal and Transverse Grooves in Sagging and Hogging Zones. 

  
e) Longitudinal and Inclined Grooves in Sagging and Hogging Zones. 

  
f) Different Length Grooves in Sagging Zones. 

Fig. 4: Grooves Configuration in the Tested Beams. 
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The used materials; cement, sand, gravel, steel bars, CFRP, and Epoxy, in the cast of tested 
specimens, were tested at the laboratories of the university of Thi-Qar, according to ASTM 
specifications. The properties of materials are shown in Table 2. 

 
Table 2: The properties of the used Materials in Tested Beam Specimens. 

Material Property Title Magnitude 

Concrete Compressive strength of normal concrete [MPa] 
Tensile strength of normal concrete [MPa] 

37 
2.7 

Steel rebar 

Bar diameter [mm] 
Yield stress [MPa] 

Ultimate stress [MPa] 
Elongation [%] 

8 
455 
665 
15.5 

CFRP 
Thickness [mm/ply] 

Tensile strength [MPa] 
Modulus of elasticity [GPa] 

0.167 
3500 
220 

Epoxy Resin 
Tensile strength [MPa] 
Tensile modulus [MPa] 
Flexural modulus [MPa] 

30 
4500 
3800 

 
5 Experimental and Analytical Results 

 
The test results in term of load carrying capacity and deflection and also the predicted load using 

some of selected analytical models which were presented by standard codes and researchers, lists in 
Table (3). 

 
Table 3: The experimental and Analytical results. 

Specime
n 
ID 

Pexp 
[kN] 

Defex
p 

[mm] 

Ppre/ Pexp Mode 
of 

Failure
* 

ACI-
EB
R 

ACI-
NS
M 

Sai
d 

and 
Wu 

Toutanj
i et. al. 

Lu 
et. 
al. 

Elsanaded
y et. al. 

Zha
o 

Shehat
a el. al. 

Ten
g et 
al. 

Li 
and 
Wu 

CB 125.
4 31.1 - - - - - - - - - - F 

E1L 143.
2 11.5 0.98 0.94 1.03 1.19 1.0

1 0.97 1.05 0.77 0.86 1.1
8 CD 

E2L 153.
9 7.6 1.08 1.22 1.25 1.59 1.2

9 1.21 1.43 0.94 0.89 1.5
7 CD 

O1L3G 178.
1 8.6 0.79 0.76 0.83 0.96 0.8

2 0.78 0.85 0.62 0.69 0.9
5 CR 

O2L3G 234.
8 7.7 0.71 0.80 0.82 1.05 0.8

4 0.80 0.94 0.61 0.58 1.0
3 CCS 

O1L2G 162.
6 10.0 0.86 0.83 0.91 1.05 0.9

0 0.85 0.93 0.68 0.76 1.0
4 CR 

O1LVD 190.
3 8.6 0.74 0.71 0.78 0.90 0.7

6 0.73 0.79 0.58 0.65 0.8
9 CR 

O1L2D 189.
7 8.6 0.74 0.71 0.78 0.90 0.7

7 0.73 0.79 0.58 0.65 0.9
0 CR 

O1LDG 164.
1 8.6 0.86 0.82 0.90 1.04 0.8

8 0.84 0.92 0.67 0.75 1.0
3 CCS 

O1LDL 145.
4 14.1 0.97 0.93 1.02 1.17 1.0

0 0.95 1.03 0.76 0.85 1.1
6 CCS 

*F: Flexural, CD: CFRP De-bonding, CR: CFRP Rupture, CCS: Concrete Cover Separation. 
 

In this study, many types of the failure modes of strengthened continuous beams are observed; 
flexural (F), CFRP rupture (CR), CFRP debonding (CD), and concrete cover separation (CCS), as listed 
in Table (3) and presented in Figure (5). It can be said that the EBROG strengthening technique 
eliminate the debonding failure mode. According to that, the tested beams named; E1L and E2L, that 
were strengthened with single and double layers of CFRP sheets respectively using EBR strengthening 
method showed a CFRP debonding at failure. All other EBROG strengthened beams appeared either 
FRP rupture or concrete cover separation mode. There is also significant increasing in the ultimate load 
of tested beams when the EBROG is adopted as strengthening method. 
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a) Flexural Mode of Failure (CB). 

  
b) De-bonding Mode of Failure (E1L and E2L). 

  
c) Concrete Cover Separation (O2L3G, O1LDG and O1LDL). 

 

  
d) CRFP Rupture Mode of Failure (O1L3G, O1L2G, O1LVD and O1L2). 

Fig. 5: Failure Modes of Tested Beams. 
 

To check the validity of the selected analytical models that are including; ACI440.2R, Said and 
Wu, Toutanji et. al., Lu et. al., Elsanadedy et. al., Zhao, Shehata el. al., Teng et al., and Li and Wu.; in 
estimating the load carrying capacity of continuous RC beams strengthening with CFRP sheets using 
both strengthening methods, the predicted ultimate load (Ppre) is compared with that resulted from the 
test (Pexp). The ultimate load of beam, E1L, which was strengthened with single layer of CFRP sheets 
using EBR method, successfully estimated by most of variated analytical models with low divergence 
ratio. Lu et. al. model is the closest one where the variation ratio between the calculated and tested load 
equal to (1%), while the ACI440.2R, Said and Wu, Elsanadedy et. al., and Zhao models also show have 
less than (5) % difference ratio. It is clear that the Toutanji et. al., and Li and Wu. Models overestimate 
the applied load with (19 and 18) %, respectively, while a (23 and 14) % are decreasing ratios in the 
predicted load using Shehata el. al. and Teng et al. models. Using two layers of CFRP sheets with EBR 
strengthening method in E2L specimens, leads to increase the difference between the calculated and 
tested results for most models. The best predicted load is achieved with adopted the models presented 
by ACI440.2R, Shehata el. al., and Teng et al., which have only (8, -6 and -11) % as variation ratio. 

However, the highest difference between experimental and predicted load is noted for beams 
strengthening with one layer of CFRP sheets using the EBROG method, where three longitudinal 
grooves were formed in O1L3G, and also five transverse grooves in additional to three longitudinal 
grooves were used in O1LVD specimen beam and five inclined with 30o angle grooves with three 
longitudinal grooves were presented in O1L2D beam. The ACI440.2R, Said and WuLu et. al., 
Elsanadedy et. al., Zhao, Shehata el. al., and Teng et al. models underestimated the ultimate load with 
divergence ratio ranged from 15 to 42%. The models proposed by Toutanji et. al. and Li and Wu give 
the closer predicted values. The same trend with less variation ratio is observed in case of (O2L3G) 
which is provided with two layers of CFRP sheets along three longitudinal grooves. It is noted that the 
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Toutanji et. al., Zhao, and Li and Wu models are the appropriate ones to predicted the ultimate load of 
this type of beams, where a (5, -6, 3) % are the difference ratio, respectively for the three models. 

The beam strengthened with single layer of CFRP along two longitudinal grooves, O1L2G, and 
that in which the length of grooves in the sagging zone reduced from (85 to 45) mm, O1LDG, show a 
Ppre/Pexp ranged from (0.84 to 1.03) for all the selected models excepted Shehata el. al., and Teng et 
al. model which highly underestimated the ultimate load with (33 and 25) %. Finally, the used models 
accurately estimated the load carrying capacity of O1LDL specimen in which the length of CFRP in 
sagging zone reduced from 85 cm to 45 cm, where Lu et al. model show 100% agreement with the 
testing load. But Shehata el. al. model still has farthest predicted load that reaches to (0.76) from 
experimental load. 

 
6 Conclusion 

 
A comparison between the experimental ultimate load of continues RC beams strengthening with 

CFRP sheets using two different strengthening techniques; EBR and EBROG and that predicated using 
the analytical models proposed by standard codes and many researchers, is presented in this paper to 
evaluate the effectiveness and validity of these models. The results can be summarized in the following: 

1) The formula introduced by the ACI 440.2R-17 and other checked models are appropriating to 
estimate the ultimate load of the RC beams which are externally strengthened with single layer of CFRP 
sheets using EBR method, excepted Shehata el. al. model that underestimates the ultimate load by 
23%. 

2) Most of the used analytical model significantly underestimate the load carrying capacity of 
tested beams that were strengthened with one layer of CFRP sheets using grooving method that were 
layout in different directions, whereas Shehata el. al. model gave the larger difference ratio which 
reaches to 42%. But both Toutanji et. al., and Li and Wu models are preferred to use in estimating the 
ultimate load of these types of beams because it shows close predicted load to the experimental ones. 

3) The ultimate load of RC beams strengthening with two layers of CFRP sheets using EBR 
method, that are predicted using ACI, Shehata el. al., and Teng et al. models are close to that collected 
from test program, while the other models show a greater than 20% divergence ratio. In other hand, 
Toutanji et. al., Zhao, Shehata el. al., and Li and Wu models are recommended to use in prediction the 
ultimate load of beams strengthening with two layers of CFRP sheet using EBROG method. 

4) Most of the analytical models excepted Shehata el. al., and Teng et al. models, are assumed 
to be good in estimated the ultimate load of beams that are have less number and length of grooves. 

5) ACI440.2R, Said and Wu, Lu et. al., Elsanadedy et. al., Zhao models accurately estimated the 
ultimate load of RC beams with shorter CFRP sheets length, with difference ratio don’t exceed (5) %. 
 
Notation 
Many symbols are used in this article, included: 
ɛcu, ɛfu, ɛsu are ultimate strain of concrete, FRP, and streel bars respectively, 
ɛfd is FRP de-bonding strain, 
fc’and fct are compressive strength and tensile strength of concrete, respectively, 
Fy is yield stress of steel rebars, 
ρs is main reinforcement ratio, 
n is number of FRP layers, 
Ec, Ef and Es are modulus elasticity of concrete, FRP, and streel, respectively, 
As, Af and As’ are tensile steel, compression steel, and FRP sheets area, respectively, 
c is the distance between the neutral axis and beam compression fiber, 
d is the distance from compression fiber and centroid of tensile steel bars, 
h and b are height and width of beam cross-section, respectively, 
df refers to the effective depth of FRP sheets, and, 
bt and tf are width and thickness of FRP sheet, respectively. 
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