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SUMMARY

In this paper we present properties of an algorithm to determine the max-
imum likelihood estimators of the covariance matrix when two processes
jointly affect the observations. Additionally, one process is partially mod-
eled by a compound symmetry structure. We perform a simulation study
of the properties of an iteratively determined estimator of the covariance
matrix.
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1. Introduction

In experiments with high-dimensional data, one alternative to reduce the
number of parameters to be estimated is the use of a model with a given
covariance structure. For example, it is natural to use a model with a separa-
ble covariance structure in two-level experiments: Dutilleul and Pinel-Alloul
(1996) use this model for spatio-temporal data, and the authors determine
maximum likelihood estimators iteratively. Moreover, Lu and Zimmerman
(2005) and Naik and Rao (2001) formulate a test to verify the separable
covariance structure. Roy and Khattree (2005) and Filipiak et al. (2018)
analyze the problem of testing the covariance structure, assuming addition-
ally that one matrix has the compound symmetry structure. Manceur and
Dutilleul (2013) and Nzabanita et al. (2015) consider estimation in the ten-
sor normal model and present a simulation study concerning the properties
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of the determined estimators. Moreover, Werner et al. (2008) present two
methods for obtaining estimators in models with the separable covariance
structure without an iterative algorithm. Geton (2007) discusses separable
approximations of space-time covariance matrices.

The assumption about the structure of the covariance matrix decreases
the number of unknown parameters in the model, but the obtained estima-
tors of these parameters usually do not have an explicit form. The estimators
depend on one another and need to be determined iteratively. For example,
to find the maximum likelihood estimators in a model with the separable
covariance matrix structure, a two-stage algorithm has to be used. The
properties of this algorithm are studied by Dutilleul (1999).

In this paper, we present the properties of iteratively determined maxi-
mum likelihood estimators in a model with a separable covariance structure
where one component has a partially assumed structure. This structure can
appear in an experiment where two processes jointly affect the observa-
tions. Moreover, one process is partially modeled by the compound symme-
try structure. The considered covariance structure can be expected in an
experiment where the characteristics are observed over time (for example,
during a year) and for time points (during some season) there is the same
dependence between the characteristics. We are interested in how much
the assumption about the structure of the second component influences the
properties of the estimators. We consider the cases where 25%, 50% and 75%
parts of the covariance matrix have the compound symmetry structure. We
study the convergence of the algorithm and the bias of estimators in this
model.

The paper is organized as follows: In Section 2 we present the model and
the maximum likelihood estimators, in Section 3 we provide the algorithms
and the considered properties, in Section 4 we describe the simulation study
and its results, and we formulate conclusions in Section 5.

2. Model

Consider an experiment where p characteristics are measured at ¢ time
points and observations are repeated n times. Moreover, the observations
are independent and identically matrix normally distributed X; ~
Npo(M;®:3), X;: px g, ¢ = 1,...,n, (in vector notation: vec(X;) ~
Npg(vec(M); X @ W), vec(x) denotes the vec-operator from RP*Y to RP,
putting columns underneath) where M is the mean matrix, and the matri-
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ces X2 : gxqgand W : pxp describe the unknown covariance matrix between
the columns of X; and between the rows of X;, respectively. Moreover, we
assume that the matrix ¥ is unstructured and the matrix ¥ has a block
structure of the following form:

_( Al6) B

where A(f): r x r, 1 < r < p is the unknown matrix which has compound
symmetry structure, i.e. A(f) = (1 — 0)I, + 01,1, , where 1, denotes the
column vector of size r with all elements equal to 1, and the matrices B:
r X (p—r)and Q: (p—7r) X (p —r) are unknown. In the general case, the
matrices 3 and W are not jointly identifiable, but because of the form of
W, the matrix X ® ¥ is assumed to be identifiable.
Let us write Y;) = X; — M, Yip X ¢, ¢ = 1,...,n then Y: p X ng,
Y =(Y)Y@) - Y() = (%;) , where Y1: 7xnq,Ys: (p—r)xnq. Moreover,
let Y: np x g, ?/1 q X nr, ?/2 gxn(p—r).

The maximum likelihood estimators in the above model can be written

1 a1 1
§ = ————tr(1,1.Y (I ¥ )Y) - —
ngr(r —1) (1LY (I @ Y1) r—1’

no= i;xu
A() = (1-0)1,+061,1,
e = Yi(LoA@G) )Y+ (Y — Y1, 8))(L, @ Tyur)
x(Yy = Y11, ©39)),
§ = MiLeS Y 'ViTes )Y,

where
§ - <A£?) ’§>,
B O
where
B = A®0), O = Uy +6A0)d, (1)
nPae = (Yo—3Y1)(L, @S 1) (Ys—38Y), (2)

(for details see Szczepaniska-Alvarez et al. (2017)).
In the considered case no explicit form of the maximum likelihood esti-
mators exists, and the above estimators can be determined iteratively.
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3. Algorithms and their properties

To find numerically the maximum likelihood estimators of the covariance
matrix given in the previous section, we study the performance of two algo-
rithms based on different concepts. Algorithm 1 investigates the properties
of estimators determined iteratively. It studies whether the solution con-
verges and how far it is from the assumed real matrices 3 and W. The
determined estimators are based on different samples from the same dis-
tribution, but the procedure always starts from the same initial solution
3o = I. Algorithm 2 searches the properties of solutions depending on the
choice of the initial matrix 3 based on the same sample. The two algorithms
can be outlined as follows:

Algorithm 1:

step 1: generate symmetric, positive definite matrices: the unstructured 3
and the structured ¥ (according to the assumptions given in Section 2)
step 2: generate the sample vecY (;), i = 1,2, ...,n from the vector normal
distribution vecY ;) ~ Np(0; X ® ¥), and create the matrix Y ;

step 3: start from the initial solution ¥ = I, and determine the estimators
of equations 1 to 2 using the schema given by Figure 1.

We run the algorithm 5000 times for the given sample (I = 5000). Moreover,
we assume the maximum number of iterations to be equal to 500. If in 500
iterations we do not get a solution, we will say that the algorithm does not
converge.

Algorithm 2:

step 1: generate symmetric, positive definite matrices: the unstructured 3
and the structured ¥ (according to the assumptions given in Section 2)
step 2: generate the sample vecY (;), i = 1,2,...,n from the vector normal
distribution vecY ;) ~ Np(0; X ® ¥), and create the matrix Y ;
step 8: calculate estimators (equations 1 to 2) using the algorithm for the
given sample Y (;); 4 = 1,2, ...,n (determined in step 2). Start from the vari-
ous initial solutions from the set of positive definite matrices (see Figure 1).
In this algorithm the number of starting matrices is 300. The maximum
number of iterations for the algorithm to converge is 500.

In addition, in both algorithms we seek the convergence and bias of the
solution.
We define the convergence by:

HEt—Et_1HF<e and H‘I’t—\I’t_1HF<€ (3)



Properties of an MLE algorithm for the multivariate linear model... 73

[\eld
=

J

e

| !
A0) =
— B |
el
— P & l
Ek+1 «

Figure 1. Schema of the algorithms

where € = 0.00001 is the convergence criterion, || * || means the Frobenius
norm and matrices X;, ¥; are calculated in the i-th step. Similar criteria
were used, among others, by Dutilleul and Pinel-Alloul (1996).

According to Manceur and Dutilleul (2013) and Nzabanita et al. (2015),
we analyze the standardized empirical bias of the solution, determined as
follows:

Hgsym 0y ‘i’sym - 2true ® \Iltrue‘ ‘F (4)
Hztrue & \I’true‘ ‘F ’

where 33 sym @ N sym 18 the mean of the estimators obtained from the simula-
tions, and e, Pirue are the generated matrices assumed at the beginning
of the simulations as the true covariance matrices.

Moreover, we calculate the bias for each matrix 3 and W separable as

||2sym - ZJt7"ue||F and H‘ilsym - q’true”F) (5)
”EtrueHF H\IltrueHF
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Y é’:l D 2:1 ¥ ;
where Xy, = ————, Wy, = l and [ is the number of runs of

the algorithm.

4. Simulation study

4.1. Simulation parameters

We perform a simulation study assuming the dimensions of matrices X : ¢xg¢
and ¥ : pxpasq= {510,15} and p = {12,24,36}. Moreover, we are
interested in how the structure of ¥ impacts the properties of the solutions,
so we consider the cases when 25%, 50%, and 75% of the structure of the
matrix W is assumed. We choose r as follows: r = {3,6,9} for p = 12,
r = {6,12,18} for p = 24, r = {9,18,27} for p = 36. We also determine
po et  (p-r)ptr+l)

+ 2, which is larger than the number of

unknown parameters. The calculations were performed using Microsoft R
Open 3.5.1.

4.2. Results

In the tables below we present the results of the simulation. First we show
the properties of Algorithm 1. In Table 1 we observe the maximum, min-
imum and mean number of iterations when Algorithm 1 converges. The
number of iterations decreases when a greater percentage of the structure
of the matrix ¥ is known. Moreover, the number of simulations is more
stable when 75% of the structure of W is assumed. In Table 2 we get the
bias for matrices 3 and W separably. We notice that the bias is small for
both matrices but slightly smaller for the matrix 3. Table 3 gives results for
the standardized empirical bias of the solution. We observe that the bias is
not large, and for given g, if p increases the bias becomes smaller. Moreover,
from both tables (Table 2 and Table 3) we observe that for fixed ¢ in each
group (25%, 50%, 75%), when the number of observations increases, the bias
of both matrices 3, ¥ and the standardized empirical bias decrease. This is
related to the size of p, which influences the sample size. Similar conclusions
are obtained for Algorithm 2, but the results in that case are larger because
of the smaller number of runs (see Tables 4-6).
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Table 1. The maximum, minimum and mean number of iterations in

Algorithm 1

n p r 25 % 50 % 5 %

min mean max min mean max min mean max
q=235
{89, 74,50} 12 {3,6,9} 54 64.53 106 19 27.40 48 1314.81 24
{296,239,146} 24 {6,12,18} 44 47.92 50 719.52 22 81242 13
{638, 512,305} 36 {9,18,27} 48 48.49 49 23 23.06 24 13 13.00 14
q=10
{129, 114,90} 12 {3,6,9} 65 72.34 117 25 26.71 31 71295 14
{336,279,186} 24 {6,12,18} 63 67.83 97 22 24.29 31 6 11.57 13
{678,552,345} 36 {9,18,27} 45 46.78 48 23 23.00 23 13 14.00 14
q=15
{194,179,155} 12 {3,6,9} 66 72.72 114 24 2543 28 14 14.00 15
{401,344,251} 24 {6,12,18} 11 40.54 48 918.97 21 12 12.41 13
{743,617,410} 36 {9,18,27} 48 48.06 49 23 23.00 23 12 12.83 13

Table 2. The bias of matrices 3 and ¥ in Algorithm 1, where || X||, | ¥|| are

given in Eq. (5)

n p r 25 % 50 % 75 %
10 (el 0= el 1=l (e
q=>3
{89, 74, 50} 12 {3, 6,9} 0.0011 0.0028 0.0010 0.0023 0.0008 0.0031

{296, 239, 146}
{638, 512, 305}
q=10

{129, 114, 90}
{336, 279, 186}
{678, 552, 345}
q=15

{194, 179, 155}
{401, 344, 251}
{743, 617, 410}

24 {6, 12, 18} 0.0003 0.0015
36 {9, 18, 27} 0.0002 0.0013

12 {3, 6, 9}

0.0011 0.0014

24 {6, 12, 18} 0.0005 0.0011
36 {9, 18, 27} 0.0003 0.0009

12 {3, 6, 9}

0.0012 0.0073

24 {6, 12, 18} 0.0006 0.0008
36 {9, 18, 27} 0.0003 0.0007

0.0004 0.0017
0.0002 0.0012

0.0010 0.0013
0.0005 0.0010
0.0003 0.0008

0.0013 0.0006
0.0006 0.0008
0.0003 0.0007

0.0005 0.0021
0.0004 0.0014

0.0016 0.0013
0.0006 0.0011
0.0004 0.0009

0.0012 0.0006
0.0008 0.0008
0.0004 0.0006
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Table 3. The standardized empirical bias (SEB) of a solution in Algorithm 1

n p r 25 % 50 % 75 %
SEB SEB SEB
q=>5

{89, 74,50} 12 {3,6,9} 0.0027 0.0028 0.0033
{296,239,146} 24 {6,12,18} 0.0016 0.0017 0.0022
{638, 512,305} 36 {9,18,27} 0.0013 0.0013 0.0014

q=10
{129, 114,90} 12 {3,6,9} 0.0017 0.0017 0.0023
{336,279,186} 24 {6,12,18} 0.0012 0.0011 0.0009
{678,552,345} 36 {9,18,27} 0.0010 0.0009 0.0010

q=15
{194,179,155} 12 {3,6,9} 0.0014 0.0015 0.0014
{401,344,251} 24 {6,12,18} 0.0010 0.0009 0.0011
{743,617,410} 36 {9,18,27} 0.0007 0.0007 0.0008

Table 4. The maximum, minimum and mean number of iterations in

Algorithm 2

n p r 25 %

50 %

75 %

min mean max min mean max

min mean max

q=>5
{89, 74,50} 12 {3,6,9} 73101.03 110
{296,239,146} 24 {6,12,18} 67 87.59 94

{638, 512,305} 36 {9,18,27} 66 87.53 94
=10
{129, 114,90} 12 {3,6,9} 72 98.14 105

(336,279,186} 24 {6,12,18} 68 88.43 95

{678,552,345} 36 {9,18,27} 68 86.53 92
q=15
{194,179,155} 12 {3,6,9} 71 96.16 104

{401,344251} 24 {6,12,18} 70 88.88 94
{743,617,410} 36 {9,18,27} 69 86.37 92

31 39.43
30 38.08
30 37.63

29 38.03
31 38.74
30 37.99

29 37.56
29 38.85
31 38.03

42
40
40

41
41
40

40
41
40

18 22.21
17 21.36
17 20.50

18 21.84
17 21.44
17 20.67

17 21.51
17 21.28
17 21.14

24
23
22

23
23
22

23
22
22
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Table 5. The bias of matrices ¥ and W in Algorithm 2, where ||X]|, ||[¥]| are

given in Eq. (5)

25 %

50 %

75 %

=] e

=] el

I=] 1wl

q=235
{89, 74,50}
{296,239,146}

{638, 512,305}

q=10

{129, 114,90}
{336,279,186}
{678,552,345}
q=15

{194,179,155}
{401,344,251}
{743,617,410}

12 {3,6,9}
24 {6,12,18}
36 {9,18,27}

12 {3,6,9}
24 {6,12,18}
36 {9,18,27}

12 {3,6,9}
24 {6,12,18}
36 {9,18,27}

0.1005 0.1277
0.0238 0.1103
0.0185 0.0904

0.0989 0.0932
0.0308 0.0693
0.0229 0.0640

0.0661 0.0542
0.0319 0.0481
0.0248 0.0484

0.0800 0.1624
0.0465 0.1079
0.0263 0.0857

0.0783 0.0763
0.0453 0.0664
0.0212 0.0630

0.0633 0.0526
0.0399 0.0477
0.0260 0.0473

0.0995 0.0979
0.0354 0.1121
0.0265 0.1010

0.0959 0.0785
0.0435 0.0874
0.0253 0.0586

0.0858 0.0510
0.0534 0.0524
0.0245 0.0447

Table 6. The standardized empirical bias (SEB) of a solution in Algorithm 2

n p r 25%  50% 75 %
SEB SEB SEB
q=>5

{89, 74,50} 12 {3,6,9} 0.0027 0.0028 0.0033
{296,239,146} 24 {6,12,18} 0.0016 0.0017 0.0022
{638, 512,305} 36 {9,18,27} 0.0013 0.0013 0.0014

q=10
{129, 114,90} 12 {3,6,9} 0.0017 0.0017 0.0023
{336,279,186} 24 {6,12,18} 0.0012 0.0011 0.0009
{678,552,345} 36 {9,18,27} 0.0010 0.0009 0.0010

q=15
(194,179,155} 12 {3,69}  0.0014 0.0015 0.0014
(401,344,251} 24 {6,12,18} 0.0010 0.0009 0.0011
{743,617,410} 36 {9,18,27} 0.0007 0.0007 0.0008
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5. Conclusions

We observe that the algorithms for the maximum likelihood estimators given
by Szczepariska-Alvarez et al. (2017) converge.

The number of iterations in which the algorithm converges depends
on the structure, so the larger is the percentage of the structure of the
matrix ¥ that is assumed, the faster the algorithm converges. The number of
iterations is quite stable, especially for the model where 75% of the structure
of ¥ is assumed.

The obtained estimators in both algorithms have small bias. More-
over, it was shown in Algorithm 2 that the choice of the initial point
does not influence the convergence. In all cases the algorithm converges,
but for some sets of parameters (p = 36,9 = {10,15},r = {9,18} and
p = 24,q = {10,15},7 = 6) the simulations were time-consuming. These
cases occurred when 25% and 50% of the structure of ¥ was assumed as
compound symmetry. Moreover, for these parameters n increases, and it
also influences the calculation time.
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