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1 Introduction

The concept of dichotomy was introduced by O. Perron (see [20]), while studying the
connection between the conditional stability of an equation ẋ(t) = A(t)x and the existence
of bounded solutions of the equation ẋ(t) = A(t)x+ f(t, x). The property of exponential
dichotomy for linear differential equations has gained importance since the appearance
of two fundamental monographs due to J. L. Massera & J. J. Schäffer in 1966 (see [14])
and J. L. Daleckii & M.G. Krein in 1974 (see [9]).

The exponential dichotomy in a stochastic setting was discused by many authors, such
as A. M. Ateiwi in [2] or T. Caraballo et al. in [7].

The notion of skew-evolution semiflow introduced by M. Megan and C. Stoica in [18],
is a generalization of the notions of: evolution operators, semigroups of operators and
skew-product semiflows (see [1, 8, 10,16,17,21]).

The asymptotic behaviours of evolution cocycles have been treated from various per-
spectives by many authors and we emphasize the papers [8, 10, 15–17,19,24,25].
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Another line of research regarding the topics on dichotomies is represented by the
relationship between dichotomy and admissibility. Some of the most recent results in this
direction were obtained by D. Dragičević, A. L. Sasu and B. Sasu (see [11]) who give new
admissibility criteria for polynomial dichotomies of discrete nonautonomous systems.

For the study of the asymptotic behaviours in mean of stochastic skew-evolution
semiflows we mention the works of D. Stoica (see [26–28]) for uniform exponential stability
in mean, uniform exponential instability in mean and P. V. Hai (see [13]) for uniform
polynomial stability in mean and uniform polynomial instability in mean.

A general framework for the property of splitting that includes, as a particular case,
the dichotomy is studied by C. Stoica in [23] and R. Boruga and M. Megan (see [6]) give
in their work some characterizations for the uniform exponential dichotomy respectively
uniform polynomial dichotomy using new techniques to prove the theorems in polynomial
case.

The main aim of this paper is to give characterization theorems for the concept of
uniform dichotomy in mean of stochastic skew-evolution semiflows in Banach spaces.

The paper is organized as follows. In Section 2, we recall some basic notions and
the concept of a uniform dichotomy in mean for stochastic skew-evolution semiflows. In
Section 3 we prove some characterizations of uniform exponential dichotomy in mean.
In Section 4 we consider the concept of uniform h-dichotomy in mean, where h : R+ →
[1,∞) is a growth rate (more precisely h is a nondecreasing and bijective function with
lim
t→∞

h(t) = ∞) for stochastic skew-evolution semiflows in Banach spaces and we prove

some characterizations of uniform dichotomy with growth rates and also we present the
connection between uniform exponential dichotomy in mean and uniform h-dichotomy in
mean. In Section 5 we use the obtained results from Section 2 to prove the characteriza-
tion theorems for uniform polynomial dichotomy in mean.

2 Preliminaries

Let (Ω,B,P) be a probability space. We denote by ∆ = {(t, s) ∈ R2
+ : t ≥ s ≥ 0} and

T = {(t, s, t0) ∈ R3
+ : t ≥ s ≥ t0}. We also denote by X a real or complex Banach space

and by B(X) the Banach algebra of all bounded linear operators on X.

Definition 2.1. A measurable random field ϕ : ∆×Ω→ Ω is called a stochastic evolution
semiflow on Ω if

(s1) ϕ(t, t, ω) = ω for all (t, ω) ∈ R+ × Ω,

(s2) ϕ(t, s, ϕ(s, t0, ω)) = ϕ(t, t0, ω) for all t ≥ s ≥ t0 ≥ 0 and all ω ∈ Ω.

Definition 2.2. A map Φ : ∆ × Ω → B(X) is called a stochastic evolution cocycle
associated to the stochastic evolution semiflow ϕ : ∆× Ω→ Ω if

(c1) Φ(t, t, ω) = I (the identity operator on X) for all (t, ω) ∈ R+ × Ω,

(c2) Φ(t, s, ϕ(s, t0, ω))Φ(s, t0, ω) = Φ(t, t0, ω) for all t ≥ s ≥ t0 ≥ 0 and all ω ∈ Ω.
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If Φ is a stochastic evolution cocycle over a stochastic evolution semiflow ϕ, then the
pair C = (Φ, ϕ) is called a stochastic skew-evolution semiflow.

Example 2.1. If Φ : ∆× Ω→ B(X) is a stochastic evolution cocycle associated to the
stochastic evolution semiflow ϕ : ∆ × Ω → Ω and h : R+ → [1,∞) is a growth rate (i.e.
h is bijective and nondecreasing), then

ϕh : ∆× Ω→ Ω, ϕh(t, s, ω) = ϕ(h−1(et), h−1(es), ω)

is a stochastic evolution semiflow on Ω, and

Φh : ∆× Ω→ B(X), Φh(t, s, ω) = Φ(h−1(et), h−1(es), ω)

is a stochastic evolution cocycle associated to the stochastic evolution semiflow ϕh.

Example 2.2. If Φ : ∆× Ω→ B(X) a is stochastic evolution cocycle associated to the
stochastic evolution semiflow ϕ : ∆× Ω → Ω and h : R+ → [1,∞) is a growth rate (see
Example 2.1), then

ψh : ∆× Ω→ Ω, ψh(t, s, ω) = ϕ(h−1(t+ 1), h−1(s+ 1), ω)

is a stochastic evolution semiflow on Ω, and

Ψh : ∆× Ω→ B(X), Ψh(t, s, ω) = Φ(h−1(t+ 1), h−1(s+ 1), ω)

is a stochastic evolution cocycle associated to the stochastic evolution semiflow ψh.

Remark 2.1. Interesting examples of stochastic skew-evolution semiflows are given in
[13], [28] and [29].

Definition 2.3. The mapping P : R+×Ω→ B(X) is said to be a family of projectors if

P 2(s, ω) = P (s, ω),

for all (s, ω) ∈ R+ × Ω.

Remark 2.2. If P : R+ × Ω → B(X) is a family of projectors for C = (Φ, ϕ), then
Q : R+ × Ω→ B(X) defined by

Q(s, ω) = I − P (s, ω)

is also a family of projectors, called the complementary family of projectors P.

Definition 2.4. The family of projectors P : R+ × Ω → B(X) is invariant to the
stochastic skew-evolution semiflow C = (Φ, ϕ) if

Φ(t, s, ω)P (s, ω) = P (t, ϕ(t, s, ω))Φ(t, s, ω),

for all (t, s, ω) ∈ ∆× Ω.
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Example 2.3. If P : R+ × Ω→ B(X) is a family of projectors invariant to C = (Φ, ϕ),
then Ph : R+ × Ω → B(X), where Ph(s, ω) = P (h−1(es), ω) is a family of projectors
invariant to C = (Φh, ϕh), and

Ph(s, ω) · Ph(s, ω) = P (h−1(es), ω) · P (h−1(es), ω)

= P (h−1(es), ω)

= Ph(s, ω).

Example 2.4. If P : R+ × Ω→ B(X) is a family of projectors invariant to C = (Ψ, ψ),
then Ph : R+×Ω→ B(X), Ph(s, ω) = P (h−1(t+ 1), ω) is a family of projectors invariant
to C = (Ψh, ψh), and

Ph(s, ω) · Ph(s, ω) = P (h−1(s+ 1), ω) · P (h−1(s+ 1), ω)

= P (h−1(s+ 1), ω)

= Ph(s, ω).

We denote by L(Ω, X, P ) the Banach space of all Bochner measurable functions f :
Ω→ X with

E(f) =

∫
Ω

‖f(ω)‖dP (ω) <∞.

where E(f) represents the mean of stochastic process f and P is the probability measure.

3 Characterizations for uniform exponential dichotomy in mean

Let C = (Φ, ϕ) be a stochastic skew-evolution semiflow on ∆×Ω and P : R+×Ω→ B(X)
be a family of projectors invariant to C = (Φ, ϕ). Then, the pair (C,P ) is called a
dichotomic pair.

Definition 3.1. The pair (C,P ) is called uniformly exponentially dichotomic in mean
(u.e.d.m.) if there exist N > 1 and ν > 0 with

(ued1m) E‖Φ(t, s, ω)P (s, ω)x‖ ≤ Ne−ν(t−s)E‖P (s, ω)x‖,

(ued2m) E‖Q(s, ω)x‖ ≤ Neν(t−s)E‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Definition 3.2. The pair (C,P ) has uniform exponential growth in mean (u.e.g.m.) if
there exist M ≥ 1 and α > 0 with

(ueg1m) E‖Φ(t, s, ω)P (s, ω)x‖ ≤Meα(t−s)E‖P (s, ω)x‖,

(ueg2m) ME‖Φ(t, s, ω)Q(s, ω)x‖ ≤ e−α(t−s)E‖Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).
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Theorem 3.1. If the pair (C,P ) has uniform exponential growth in mean (u.e.g.m.) then
the pair (C,P ) is uniformly exponentially dichotomic in mean (u.e.d.m.) if and only if
there exist r > 1 and c ∈ (0, 1) with

(ueH1m) E‖Φ(r + s, s, ω)P (s, ω)x‖ ≤ cE‖P (s, ω)x‖,

(ueH2m) E‖Q(s, ω)x‖ ≤ cE‖Φ(r + s, s, ω)Q(s, ω)x‖,

for all s ≥ 0 and x ∈ L(Ω, X,P).

Proof. Necessity. If (C,P ) is u.e.d.m. then there are constants N > 1 and ν > 0

with r
def
= 1 +

[
lnN
ν

]
where [·] denotes the integer part and c

def
= Ne−νr ∈ (0, 1) because

eνr > elnN = N .
From (ued1m) we obtain

E‖Φ(r + s, s, ω)P (s, ω)x‖ ≤ Ne−νrE‖P (s, ω)x‖ = c · E‖P (s, ω)x‖.

From (ued2m), we have

c · E‖Φ(r + s, s, ω)Q(s, ω)x‖ ≥ Ne−νr
e(r+s)ν

Neνs
E‖Q(s, ω)x‖ = E‖Q(s, ω)x‖.

Sufficiency. We suppose that there exist r > 1 and c ∈ (0, 1) such that (ueH1m)
and (ueH2m) are satisfied for all (s, ω) ∈ R+ × Ω and x ∈ L(Ω, X,P). If (t, s) ∈ ∆ then
there exist n ∈ N and δ ∈ [0, r) such that t− s = nr + δ.
We have

E‖Φ(t, s, ω)P (s, ω)x‖ = E‖Φ(t, s+ nr, ϕ(s+ nr, s, ω))Φ(s+ nr, s, ω)P (s, ω)x‖
= E‖Φ(t, s+ nr, ϕ(s+ nr, s, ω))P (s+ nr, ϕ(s+ nr, s, ω))Φ(s+ nr, s, ω)P (s, ω)x‖
≤MeαrE‖P (s+ nr, ϕ(s+ nr, s, ω))Φ(s+ nr, s, ω)P (s, ω)x‖
= MeαrE‖Φ(s+ nr, s, ω)P (s, ω)x‖
= MeαrE‖Φ(s+ nr, s+ (n− 1)r, ϕ(s+ (n− 1)r, s, ω))Φ(s+ (n− 1)r, s, ω)P (s, ω)x‖
≤MeαrcE‖Φ(s+ (n− 1)r, s, ω)P (s, ω)x‖
≤ · · · ≤MeαrcnE‖P (s, ω)x‖
= Meαren ln cE‖P (s, ω)x‖

= Meαre
t−s+δ
r

ln cE‖P (s, ω)x‖

= M
eαr

c
δ
r

e−ν(t−s)E‖P (s, ω)x‖

= Ne−ν(t−s)E‖P (s, ω)x.‖

Making a similar computation we have

E‖Φ(t, s, ω)Q(s, ω)x‖ =

= E‖Φ(t, s+ nr, ϕ(s+ nr, s, ω))Q(s+ nr, ϕ(s+ nr, s, ω))Φ(s+ nr, s, ω)Q(s, ω)x‖

≥ 1

M
e−αrE‖Q(s, ω)x‖

≥ 1

Mceαr
E‖Φ(s+ (n− 1)r, s, ω)Q(s, ω)x‖
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≥ · · · ≥ 1

M
· 1

eαren ln c
E‖Q(s, ω)x‖

=
1

M
· 1

eαre
t−s−δ
r

ln c
E‖Q(s, ω)x‖

=
1

M
· 1

eαr−
δ ln c
r

· 1

e(t−s) ln c
r

E‖Q(s, ω)x‖

=
1

N
· 1
eαr

c
δ
r

e−(t−s) ln c
r E‖Q(s, ω)x‖

=
1

N
eν(t−s)E‖Q(s, ω)x‖,

where N = Meαr

c
δ
r

> 1 and ν = − ln c
r

, for all s ≥ 0 and x ∈ L(Ω, X,P).

It follows that the pair (C,P ) is uniformly exponentially dichotomic in mean, so the
proof is complete.

Theorem 3.2. If the pair (C,P ) has uniform exponential growth in mean (u.e.g.m.) then
the pair (C,P ) is uniformly exponentially dichotomic in mean (u.e.d.m.) if and only if
there exist L > 1 with

(uel1m) (t− s)E‖Φ(t, s, ω)P (s, ω)x‖ ≤ LE‖P (s, ω)x‖,

(uel2m) (t− s)E‖Q(s, ω)x‖ ≤ LE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. Necessity. Using the inequality u
eνu
≤ 1

νe
for all u ≥ 1 and (ued1m) we have that

(t− s)E‖Φ(t, s, ω)P (s, ω)x‖ ≤ (t− s)Ne−ν(t−s)E‖P (s, ω)x‖

=
N(t− s)
eν(t−s) E‖P (s, ω)x‖

≤ N

νe
E‖P (s, ω)x‖

≤ LE‖P (s, ω)x‖

where L = 1 + N
νe

.
Similarly, from (ued2m) we obtain

(t− s)E‖Q(s, ω)x‖ ≤ (t− s)Ne−ν(t−s)E‖Φ(t, s, ω)Q(s, ω)x‖

=
N(t− s)
eν(t−s) E‖Φ(t, s, ω)Q(s, ω)x‖

≤ N

νe
E‖Φ(t, s, ω)Q(s, ω)x‖

≤ LE‖Φ(t, s, ω)Q(s, ω)x‖

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).
Sufficiency. Let c = L

r
and r = L+ 1.
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By (uel1m) we have

E‖Φ(r + s, s, ω)P (s, ω)x‖ ≤ L

r
E‖P (s, ω)x‖ = cE‖P (s, ω)x‖

which implies (ueH1m).
Respectively, by (uel2m) we have

c · E‖Φ(r + s, s, ω)Q(s, ω)x‖ =
L

r
E‖Φ(r + s, s, ω)Q(s, ω)x‖ ≥ c · E‖Q(s, ω)x‖

which implies (ueH2m).

Theorem 3.3. If the pair (C,P ) has uniform exponential growth in mean (u.e.g.m.) then
the pair (C,P ) is uniformly exponentially dichotomic in mean (u.e.d.m.) if and only if
there exists g : [1,∞)→ R+ with lim

t→∞
g(t) =∞ and

(ueM1m) g(t− s)E‖Φ(t, s, ω)P (s, ω)x‖ ≤ E‖P (s, ω)x‖,

(ueM2m) g(t− s)E‖Q(s, ω)x‖ ≤ E‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. Necessity. It follows from Theorem 3.2 for g(t) = s
L

.
Sufficiency. By (ueM1m) we have that

E‖Φ(r + s, s, ω)P (s, ω)x‖ ≤ 1

g(r)
E‖P (s, ω)x‖ ≤= c · E‖P (s, ω)x‖

where c = 1
g(r)

. Thus (ueH1m) is satisfied.

Similarly, by (ueM2m) we obtain

c · E‖Φ(r + s, s, ω)Q(s, ω)x‖ ≥ c · g(r)EQ(s, ω)x‖ = c · E‖Q(s, ω)x‖

which implies (ueH2m), for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Remark 3.1. Theorem 3.1, Theorem 3.2 and Theorem 3.3 are generalizations of some
results presented by C. Stoica in [22] but also A. Găină, M. Megan and C. F. Popa in [12]
present the variant of these theorems for discrete-time case when Φ is an evolution cocycle
on a Banach space.

4 Characterizations for uniform h- dichotomy in mean

Let Φ : ∆ × Ω → B(X) be a stochastic evolution cocycle associated to the stochastic
evolution semiflow ϕ : ∆×Ω→ Ω and let P : R+ ×Ω→ B(X) be a family of projectors
invariant to C = (Φ, ϕ). Let h : R+ → [1,∞) be a growth rate (i.e. h is bijective and
nondecreasing).
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Definition 4.1. The pair (C,P ) is called uniformly h-dichotomic in mean (u.h.d.m.) if
there exist N > 1 and ν > 0 with

(uhd1m) h(t)νE‖Φ(t, s, ω)P (s, ω)x‖ ≤ Nh(s)νE‖P (s, ω)x‖,

(uhd2m) h(t)νE‖Q(s, ω)x‖ ≤ Nh(s)νE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Definition 4.2. The pair (C,P ) has uniform h-growth in mean (u.h.g.m.) if there exist
M ≥ 1 and α > 0 with

(uhg1m) h(s)αE‖Φ(t, s, ω)P (s, ω)x‖ ≤Mh(t)αE‖P (s, ω)x‖,

(uhg2m) Mh(t)αE‖Φ(t, s, ω)Q(s, ω)x‖ ≥ h(s)αE‖Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

The next theorem presents the connection between uniform h-dichotomy in mean
and uniform exponential dichotomy in mean and extends the results obtained by T. M.
Személy Fülöp, M. Megan and D. I. Borlea (Pătraşcu) in [29] for uniform stability in
mean to uniform dichotomy in mean.

Theorem 4.1. The dichotomic pair (C,P ) is uniformly h-dichotomic in mean if and
only if the pair (Ch, Ph) where

Φh : ∆× Ω→ B(X), Φh(t, s, w)
def
= Φ(h−1(et), h−1(es), ω)

ϕh : ∆× Ω→ B(X), ϕh(t, s, w)
def
= ϕ(h−1(et), h−1(es), ω)

Ph : R+ × Ω→ B(X), Ph(s, ω)
def
= P (h−1(es), ω)

is uniformly exponentially dichotomic in mean.

Proof. Necessity. If (C,P ) is uniformly h-dichotomic in mean and (t, s, ω) ∈ ∆×Ω then
there exist the constants N > 1 şi ν > 0 such that

eνtE‖Φh(t, s, ω)Ph(s, ω)x‖ = eνtE‖Φ(h−1(et), h−1(es), ω)P (h−1(es), ω)x‖

≤ eνtN

(
h(h−1(es))

h(h−1(et))

)ν
E‖P (h−1(es), ω)x‖

= eνtN · e
νs

eνt
E‖P (h−1(es), ω)x‖

= N · eνsE‖P (h−1(es), ω)x‖
= N · eνsE‖Ph(s, ω)x‖,

eνtE‖Qh(s, ω)x‖ = eνtE‖Q(h−1(es), ω)x‖

≤ eνtN

(
h(h−1(es))

h(h−1(et))

)ν
E‖Φ(h−1(et), h−1(es), ω)Q(h−1(es), ω)x‖

= eνtN · e
νs

eνt
E‖Φ(h−1(et), h−1(es), ω)Q(h−1(es), ω)x‖

= N · eνsE‖Φ(h−1(et), h−1(es), ω)Q(h−1(es), ω)x‖
= N · eνsE‖Φh(t, s, ω)Qh(s, ω)x‖,
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for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).
It follows that (Ch, Ph) is uniformly exponentially dichotomic in mean, so the necessity

is proved.
Sufficiency. We suppose that (Ch, Ph) is uniformly exponentially dichotomic in mean

and (t, s, ω) ∈ ∆× Ω. Let N > 1 and ν > 0. Then for (uhd1m) we have

h(t)νE‖Φ(t, s, ω)P (s, ω)x‖ = h(t)νE‖Φ(h−1(h(t)), h−1(h(s)), ω)P (h−1(h(t))x‖
= h(t)νE‖Φ(h−1(elnh(t))), h−1(elnh(s)), ω)P (h−1(elnh(t)))x‖
≤ Nh(t)νe−ν(lnh(t)−lnh(s))E‖P (s, ω)x‖
= Nh(s)νE‖P (s, ω)x‖.

Also, for (uhd2m) via similar computation we obtain

h(t)νE‖Q(s, ω)x‖ = h(t)νE‖Q(h−1(h(t))x‖
= h(t)νE‖Q(h−1(elnh(t)))x‖
≤ Nh(t)νeν(lnh(t)−lnh(s))E‖Φ(t, s, ω)Q(s, ω)x‖
= Nh(s)νE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆ × Ω and x ∈ L(Ω, X,P). It follows that (C,P ) is uniformly h-
dichotomic in mean, so the proof is complete.

Theorem 4.2. If the pair (C,P ) has uniform h-growth in mean (u.h.g.m.) then the pair
(C,P ) is uniformly h dichotomic in mean (u.h.d.m.) if and only if there exist r > e and
c ∈ (0, 1) with

(uhH1m) E‖Φ(h−1(rs), h−1(s), ω)P (h−1(s), ω)x‖ ≤ cE‖P (h−1(s), ω)x‖,

(uhH2m) E‖Q(h−1(s), ω)x‖ ≤ cE‖Φ(h−1(rs), h−1(s), ω)Q(h−1(s), ω)x‖,

for all s ≥ 0 and x ∈ L(Ω, X,P).

Proof. It follows from Theorem 3.1 and Theorem 4.1.

Theorem 4.3. If the pair (C,P ) has uniform h-growth in mean (u.h.g.m.) then the pair
(C,P ) is uniformly h dichotomic in mean (u.h.d.m.) if and only if there exists L > 1
with

(uhl1m) E‖Φ(t, s, ω)P (s, ω)x‖ ln h(t)
h(s)
≤ LE‖P (s, ω)x‖,

(uhl2m) E‖Q(s, ω)x‖ ln h(t)
h(s)
≤ LEΦ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. It follows from Theorem 3.2 and Theorem 4.1.

Theorem 4.4. If the pair (C,P ) has uniform h-growth in mean (u.h.g.m.) then the
pair (C,P ) is uniformly h dichotomic in mean (u.h.d.m.) if and only if there exists
g : [1,∞)→ R+ with lim

t→∞
g(t) =∞, g(e) = 1 and there exists L > 1 such that:
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(uhM1m) g
(
h(t)
h(s)

)
E‖Φ(t, s, ω)P (s, ω)x‖ ≤ LE‖P (s, ω)x‖,

(uhM2m) g
(
h(t)
h(s)

)
E‖Q(s, ω)x‖ ≤ LE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. It follows from Theorem 3.3 and Theorem 4.1.

Remark 4.1. Theorem 4.2, Theorem 4.3 and Theorem 4.4 are generalizations of some
results presented by R. Boruga (Toma), D. I. Borlea (Pătraşcu) and D. M. M. Toth in [5]
and extend the results obtained by T. M. Személy Fülöp, M. Megan and D. I. Borlea
(Pătraşcu) in [29] for uniform stability in mean to uniform dichotomy in mean.

5 Characterizations for uniform polynomial dichotomy in mean

Let Φ : ∆ × Ω → B(X) be a stochastic evolution cocycle associated to the stochastic
evolution semiflow ϕ : ∆×Ω→ Ω and let P : R+ ×Ω→ B(X) be a family of projectors
invariant to C = (Φ, ϕ).

Definition 5.1. The pair (C,P ) is called uniformly polynomially dichotomic in mean
(u.p.d.m.) if there exist N > 1 and ν > 0 with

(upd1m) (t+ 1)νE‖Φ(t, s, ω)P (s, ω)x‖ ≤ N(s+ 1)νE‖P (s, ω)x‖,

(upd2m) (t+ 1)νE‖Q(s, ω)x‖ ≤ N(s+ 1)νE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Definition 5.2. The pair (C,P ) has uniform h-growth in mean (u.p.g.m.) if there exist
M ≥ 1 and α > 0 with

(upg1m) (s+ 1)αE‖Φ(t, s, ω)P (s, ω)x‖ ≤M(t+ 1)αE‖P (s, ω)x‖,

(upg2m) M(t+ 1)αE‖Φ(t, s, ω)Q(s, ω)x‖ ≥ (s+ 1)αE‖Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

The next theorem presents the connection between uniform polynomial dichotomy in
mean and uniform exponential dichotomy in mean.

Theorem 5.1. The dichotomic pair (C,P ) is uniformly polynomially dichotomic in mean
if and only if the dichotomic pair (C1, P1) where C1 = (Φ1, ϕ1) with

Φ1 : ∆× Ω→ B(X), Φ1(t, s, ω)
def
= Φ(et − 1, es − 1, ω)

ϕ1 : ∆× Ω→ B(X), ϕ1(t, s, ω)
def
= ϕ(et − 1, es − 1, ω)

and
P1 : R+ × Ω→ B(X), P1(s, ω)

def
= P (es − 1, ω)

is uniformly exponentially dichotomic in mean.
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Proof. The proof follows immediately from Theorem 4.1 if we take h(t) = t+ 1.

Theorem 5.2. If the pair (C,P ) has uniform polynomial growth in mean (u.p.g.m.) then
the pair (C,P ) is uniformly polynomially dichotomic in mean (u.p.d.m.) if and only if
there exist r ∈ R∗ and c ∈ (0, 1) with

(upH1m) E‖Φ(rs, s, ω)P (s, ω)x‖ ≤ cE‖P (s, ω)x‖,

(upH2m) E‖Q(s, ω)x‖ ≤ cE‖Φ(rs, s, ω)Q(s, ω)x‖,

for all s ≥ 1 and x ∈ L(Ω, X,P).

Proof. It follows from Theorem 4.2 by taking h(t) = t+ 1.

Theorem 5.3. If the pair (C,P ) has uniform polynomial growth in mean (u.p.g.m.) then
the pair (C,P ) is uniformly polynomially dichotomic in mean (u.p.d.m.) if and only if
there exists L > 1 with

(upl1m) E‖Φ(t, s, ω)P (s, ω)x‖ ln t+1
s+1
≤ LE‖P (s, ω)x‖,

(upl2m) E‖Q(s, ω)x‖ ln t+1
s+1
≤ LE‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. It follows immediately from Theorem 4.3 if we take h(t) = t+ 1.

Theorem 5.4. If the pair (C,P ) has uniform polynomial growth in mean (u.p.g.m.) then
the pair (C,P ) is uniformly polynomially dichotomic in mean (u.p.d.m.) if and only if
there exists a nondecreasing function g : [1,∞) → R+ with lim

t→∞
g(t) = ∞. Then there

exists L > 1 with:

(upM1m) g
(
t+1
s+1

)
E‖Φ(t, s, ω)P (s, ω)‖ ≤ LE‖P (s, ω)x‖,

(upM2m) g
(
t+1
s+1

)
E‖Q(s, ω)x‖ ≤ E‖Φ(t, s, ω)Q(s, ω)x‖,

for all (t, s, ω) ∈ ∆× Ω and x ∈ L(Ω, X,P).

Proof. It follows from Theorem 4.4 by taking h(t) = t+ 1.

Remark 5.1. Theorem 5.2, Theorem 5.3 and Theorem 5.4 are generalizations to the
uniform polynomial dichotomy in mean of the results from the theory of uniform poly-
nomial dichotomy obtained by R. Boruga and M. Megan in [3], and R. Boruga in [4] for
evolution operators in Banach spaces. These theorems extend the results obtained by
A. Găină, M. Megan and C. F. Popa in [12] for discrete-time skew-evolution cocycles in
Banach spaces.
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