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1 Introduction

The notion of finite type immersion of submanifolds of a Euclidean space has been widely
used in classifying and characterizing well known Riemannian submanifolds [5]. An Eu-
clidean submanifold is said to be of Chen finite type if its coordinate functions are a
finite sum of eigenfunctions of its Laplacian A [5]. B.-Y. Chen posed the problem of
classifying the finite type submanifolds in the 3-dimensional Euclidean space E3. These
can be regarded as a generalization of minimal submanifolds.

The notion of finite type immersion has played an important role in classifying and
characterizing the submanifolds in Euclidean space.

Since then the theory of submanifolds of finite type has been studied by many geome-
ters.

A well known result due to Takahashi [17] states that minimal surfaces and spheres

are the only surfaces in E? satisfying the condition
Ar=Xr, A e R.
In [9] Ferrandez, Garay and Lucas proved that the surfaces of E? satisfying
AH = AH, A € Mat(3,3)

are either minimal, or an open piece of sphere or of a right circular cylinder.
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In [8] F. Dillen, J. Pas and L. Verstraelen proved that the only surfaces in E? satisfying
Ar=Ar+ B, A€ Mat(3,3), B € Mat(3,1),

are the minimal surfaces, the spheres and the circular cylinders.

In [3], the authors classified the factorable surfaces in the three-dimensional Euclidean
and Lorentzian spaces, whose component functions are eigenfunctions of their Laplace op-
erator. The authors in [4] studied the translation surfaces in the 3-dimensional Euclidean
and Lorentz-Minkowski space under the condition

Ay, = wiri, pi € R,

where Al denotes the Laplacian of the surface with respect to the third fundamental
form [II. In [11], the authors proved that every homothetical (factorable) lightlike
hypersurface in a semi-Euclidean space is minimal. Aydin et al. [2] investigated the
homothetical surfaces in pseudo-Galilean space with null Gaussian and mean curvature.

In this paper, we study THA-surfaces in the Galilean space G?, which has finite type
immersion.

A submanifold M? of a 3-dimensional Euclidean space E3? is said to be of finite type
if each component of its position vector field y can be written as a finite sum of eigen-
functions of the Laplacian A of M?, that is, if

k
X = Xo + Z Xis
i=1
where x; are E3 — valued eigenfunctions of the Laplacian of (M2 r) [5]:
Axi = AiXi,

where \; € R,i = 1,2,.., k. If \; are different, then M? is said to be of k-type.

The Laplace-Beltrami operator of a smooth function ¥ : M?* — R, (s,t) = (s, 1)
with respect to the first fundamental form of the surface M? is the operator A, defined
in [16] as follows:

B S B B e O W L e S
VIEG — 2| |0s \ \/IEG — F2| ) " 0t \ \/IEG — F?|

The second differential parameter of Beltrami of a function

Adp = (1.1)

VM2 =R, (s,t) — (s, 1)
with respect to the second fundamental form of M? is the operator A! which is defined
by [16]
-1 9 (N =My \ 0 L My, 1.9
VLN — M?| |05 \ \/|LN — M?] ot \ \/JLN —M?|) |’ '
where LN — M? # 0 since the surface has no parabolic points.

In this article, we study THA-surfaces in the Galilean space G3, which has finite type
immersion.

AIIQ/} —
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2 Preliminaries

Let G® be the three-dimensional Galilean space. We recall some well-known formulas for
the surfaces in G?.

The Galilean space G* is a Cayley-Klein space equipped with the projective metric of
signature (0,0,+,4). The absolute figure of the Galilean space consists of an ordered
triple w, f, I, where w is the ideal (absolute) plane, f is the line (absolute line) in w and
I is the fixed elliptic involution of points of f.

In Galilean space a vector p = (1, p2, i3) is called a isotropic (non-isotropic) if 3 = 0
(1 # 0). All unit non-isotropic vectors are of the form (1, ua, p3)

Let V' = (v1,v2,v3) and W = (wy,ws,ws) be vectors in Galilean space. The Galilean
scalar product of V and W is defined by

VW if vy 20 o0r wy #0
VaWsg + V3ws if vy =0 and w; = 0.

e (VW) = { (2.1)
The Galilean norm of a vector & in G? is given by || € |lg,= /9g2(&, €). In particular, if
| € |lgs= 1, the vector & is called a unit vector.

The cross product of the vectors & = (£1,&2,&3) and ¢ = ({1, (2, (3) is defined as follows:

0 €y €3
ENgs (=1 & & & | = (60— &G)er + (LG — &G )es,
G G G

where e; and e are Euclidean standard basis.
The group of motions of 3 is a six-parameter group given by

0/1 1 0 0 (0%} ﬁl
7 (g, q0,03) = (o), ab,a3): | o | = p cosf sind ay |+ B2 |,
as v —sinf cos6 o3 B3

where (aq, ag, a3) denote the affine coordinates and 6, 5;, v, € R. More information
about Galilean space can be found in [1,6,7,10, 14, 15].

In this paper, we describe, THA-surfaces (Translation and homothetical affine sur-
faces) in the Galilean space G* having constant Gaussian and mean curvatures and
completely classify minimal or flat THA-surfaces. Also, we classify linear Weingarten
THA-surfaces in the Galilean space G>.

Let M2 be a surface given by the parametrization

X(S,t) = (X1(3>t)7 XQ(S?t)a X3(57t))7

where X1<87t>7 X2(57t>7 X3(S7t) € 63'
The first fundamental form of the surface is given by

ds? = (&1du + &dv)? + e(ndu® + 2n19dudv + neado?),

where 68 = X1,s0 Mlst = X2,sX2;t + X3,sX3,ty Xk,1 = %7 Xk,2 = %a Svt = 1727 k= 17 2a37
and
c_ { 0 if the direction dwu : dv is non-isotropic

1 if the direction du : dv is isotropic.
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A surface is called admissible if it has no Euclidean tangent planes, i.e., £ # 0 for some
s = 1,2. The isotropic normal vector field is given by

N(Sa t) = Xs /\G3 Xt

where Y, and y; are partial differentiations with respect to s and t, respectively.
The isotropic unit normal vector NN is defined by

Xs N\G3 Xt
N = XsfG Xt
W Y

where W =|| xs Az Xt || g3
The coefficients of the second fundamental form are given by

0i; = gg (Xin1,1 - Xl,ins)N) — g3 <Xin1,2 — Xl,ijxt7N) '
X1,1 X12

The mean curvature H and the Gaussian curvature K are, respectively, defined by [10]

i (92)%011 — 29192012 + (g1)%02 011097 — 0%
2H = Z gJO'U W2 and KG = TH’

i,7=1

X1 2 X1

where g1 = x11, g2 = X122, §9 = ¢'¢’, ' = and ¢? Sl
We can see that || xsAgs Xt |G, is the area of the parallelogram determined by y, and y; [6].

3 THA-surfaces in G?

Definition 3.1. [12,13] A surface M? in the Galilean space G is called a THA-surface
if it can be locally written as

X(s, t) = (s, t, Af(s)g(as+t)+ B(f(s) + glas+1))) (3.1)
X(s, t) = (s, Af(s)glas+t)+ B(f(s) + glas+1)), t) (3.2)
x(s, t) = (Af(s)glas +1t) + B(f(s) + glas + 1)), s, t), (3.3)

where f,g € €3 and A, B are non-zero real numbers.

The surfaces given by (3.1), (3.2) and (3.3) are called the THA-surfaces of the first,
the second and the third type, respectively.

We see that the first type (3.1) and the second type (3.2) THA-surfaces have up to a
sign similar first fundamental form, so we will only discuss first type and the third type
THA-surfaces.
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3.1 THA-surfaces of first type in G*

By a transformation

From (3.1) and (3.1) we have

x(z, y) = (z, y —ax, Af(x)g(y) + B(f(r) + g(y))),

The coefficients of the first fundamental form of M? are given by
E=1, F=0,G=A7(a7)"+47),

where « = Af + B and v = Ag + B.
The unit normal vector is given by

1 )
N = W(OJ —Qry, A)7

where W2 = A72((ay')? + A?).
The coefficients of the second fundamental form are given by

,Ya// O/’Y’ a,y//
Oy =091 =M =——, 099=N = .
12 21 22 AW

= A

0'11:L

A surface in Galilean space G* parameterized by (3.4) has Gaussian curvature

"l 12 12

aya'y" — "«
Ka = A2WV4

The expression of mean curvature H is

B C(,.Y/l
2AWE

Then M? is a minimal surface if and only if ay” = 0.

3.2 THA-surfaces of third type in G*

By a transformation
rT=3s, y=as+1t.

From (3.9) and (3.3) we have

X(z, y) = (A" (ay = B?), @, y — ax),
The coefficients of the first fundamental form of M? are given by
()/2’727 [ 0470/7’
A? A?

(1’2')//2

E= o

, G =

89

(3.4)

(3.5)

(3.6)

(3.9)

(3.10)

(3.11)
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The unit normal vector is given by

1
N - - _ / / _ /
a0 —(@v+aya), —va),
where W2 = A72((y'a)? + (a’y + ay'@)?), ay # 0.
The coefficients of the second fundamental form are given by

"

i
ﬂ, 099 = N = ay .
AW AW

,.)/Oé//
s

011 =1L 012 = 0921 =M= (312)

A surface in Galilean space G* parameterized by (3.10) has Gaussian curvature

Oé”)/Oé”"}/” _ 7/20/2
Kg = e . (3.13)
The expression of mean curvature H is
H _ C]{//042,>//2,)/ _+_ 7//,7205/20( _ 2a,ya/27/2
2A3W3 ‘

4 THA-surfaces satisfying Ay; = \;y; in G?

4.1 THA-surfaces of first type satisfying Ay; = \;y; in G*

In this section we explore the classification of the THA-surfaces of first type M? of G3
satisfying the condition
Axi = AiXi, (4.1)

where \; e R, 1 = 1,2, 3.

Lemma 4.1. The Laplacian A of M? can be expressed as follows:

A@ZJ = —Prz — Q1($, y)¢yy - QQ("L‘v y)¢x + Q3(xv y>¢y’ (42)
where 1 I A2 TA M 2
Ql('xay) = W? Q2($7y> = %7 QS(may) = LZM?; :

Applying (4.2) on the coordinate functions xi(z,y) = x, x2(z,y) = y — axr and
xs(z,y) = A7 (ay — B?) of the position vector x we find

112

Ao =g
10 100
Aly — ax) = o + Py (4.3)
A( (X’Y—B2 ) - Oé//,\/ . aa’ 7’7,2 _ ,Y//a
A - A ASW?2 AwW4

By using (4.1) and (4.3) we have the following equations
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112

[870%
—2—1}/2 = A\
aW ao/’y/2+’y/’y"oc2 .
AW - )‘Z(y - ax) (44)
_O//’y . aa/Q,y,Y/Q . ’YNOA _ A CM"}’*BQ
A A3W2 AW 3 A :

Therefore, the problem of classifying the THA-surfaces M? satisfying (4.1) is reduced to
the integration of this system of ordinary differential equations.
Case 1. Let A\ = Ay = A3 = 0. From (4.37), we obtain

ad/y? = 0 (4.5)
YY" = 0 (4.6)

o'y Vo
= 0. 4.7
A T ann (4.7)

In this case we have four possibilities:

a) If « =0. Then Kg = H = 0.

b) If @/ =0 (a # 0) equations (4.6) and (4.7) imply that v = 0. Then K¢ = H = 0.
c) If y=0. Then Kg = H =0.

d) If v/ =0 (v # 0), then from (4.7) we obtain o’ = 0. Then K¢ = H = 0.

Case 2. Let Ay # 0 and A\; = A3 = 0. From (4.37), we obtain

ad/y? = 0 (4.8)

GJWZCEQ/’}//Q + ’)//’7//042
A2V4

O/I’y &0/2’7’7/2 ’)/”(1/

A T ewr T aws

We discuss all possibilities.

a) If ay’ = 0. Then (4.9) gives Ay = 0, a contradiction.

b) If o =0 (o # 0). Then (4.10) gives v = 0. From (4.9), we get Ay = 0, a contradiction.
Case 3. Let A\ # 0 and Ay = A3 = 0. From (4.37), we obtain

= Ay — ax) (4.9)

= 0. (4.10)

()éOé/’)//2
ay (aW?a'y ++"a) = 0 (4.12)
Oé//,.y aa/27fyl2 ,}//Oé
= 0. 4.13
A T Tewr T ans (4.13)
We discuss all possibilities.
a) If @y’ = 0. Then (4.11) gives A\; = 0, a contradiction.
b) If ay’ # 0. Then from (4.12) we have
aW?d/y +9"a = 0. (4.14)

Since ay’ # 0, we divide (4.14) by (o) and differentiating with respect to x, we obtain

AT (N s
202 \ « -7
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Since a and ~ are functions of two independent variables, the above equation can be
written as

A% (o )

where £ € R.

Then from the second part of (4.15) we obtain v = 0. From (4.14), we have o/ = 0, then
it is a contradiction to A; # 0.

Case 4. Let A\3 # 0 and A\; = Ay = 0. From (4.37), we obtain

ad'y = 0 (4.16)
ay' (aW?d/y' ++"a) = 0 (4.17)
0//7 040/2’7’7/2 ,y//a ay — B2
— — — = M|—). 4.1
A AW AWt T\ A4 (4.18)

We discuss all possibilities.
a) If « = 0. Then (4.18) gives A3 = 0, a contradiction.
b) If « =0 (o = b # 0). Then (4.17) gives 4’7" = 0. From (4.18), we get A\3 = 0, a
contradiction.
c) If y =0. Then (4.18) gives A3 = 0, a contradiction.
d) If ¥/ =0 (y =0%#0). Then (4.18) gives

AsB2

o’ + Az — 0. (4.19)
We discuss two cases according to constant As.
(d—1i): A3 <0, from (4.19), we obtain
32
a=kie” + ke ™ + T; k}l, ko € R, r=1/—Ns. (420)
(d —ii): A3 > 0, from (4.19), we obtain
B2
a = ky cos(pz) + ko sin(px) + 5 ki,ko € R, p=1+/A3. (4.21)

Case 5. Let A\ = 0 and A\ A3 # 0. From (4.37), we obtain

ad'y = 0 (4.22)
aW2aa’ /2+’7/ //a2
1472W4 7 = Aoy — ax) (4.23)
O/I’y ao/277’2 ’}/”Oé ay — BQ
" owr T awi - A3 — ) (4.24)
We have two sub-cases:
a) If a = 0. Then (4.23) gives Ay = 0, a contradiction.
b) If &/ =0 (aw =b#0). Then (4.23) gives
A2b2 N/

LA Aoy — ax). (4.25)

(AQ + b2,yl2)2
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Differentiating (4.25) with respect to x, we get A\ya = 0, a contradiction.
Case 6. Let Ay =0 and A\ A3 # 0. From (4.37), we obtain

OéO/ 12
> VVV_Q - Az (4.26)
aW?ad/y* ++9'7"a? = 0 (4.27)
O/I’Y 040/277’2 7”04 ay — BQ
_ — — = — . 4.
A w2 AW M\ (4.28)

We have two sub-cases:
a) If @y’ = 0. Then (4.26) gives A\; = 0, a contradiction.
b) If ay’ # 0. Then from (4.27) we have

aW?a/y' +~"a = 0. (4.29)

Since ay’ # 0, we divide (4.29) by (o) and differentiating with respect to x, we obtain

AT (N s
202 \ « -7

Since « and ~ are functions of two independent variables, the above equation can be
written as

Ar (o
— —) =k A?=k 4.
2a/2<a)7x ? ”Y ) ( 30)
where k£ € R.

Then from (4.30) we obtain 74" = 0. From (4.29), we have o/ = 0, then it is a contradiction
to )\1 7é 0.

Case 7. Let A3 = 0 and A\ A2 # 0. From (4.37), we obtain

aa/,y&
aWzaa’7’2 +’)//’Y,/a2
YR = Ay — ax) (4.32)
" 2 2 "
e ) (4.33)

A A3 AW

We have two sub-cases:
a) If ay’ = 0. Then (4.32) gives Ay = 0, a contradiction.
b) If ay’ # 0. Equation (4.31) writes as

a O/ 7/2

A2 2472 = —A\iz.

Integration with respect to = leads to
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We use again the fact that each side of this equation depends only on y and only on x
respectively, hence there exists ¢ € R — {0} such that 7' = c.
Equation (4.32) can be rewritten as

actaa

A g el an).

Differentiating the previous expression with respect to y, we get Ao = 0, a contradiction.
Case 8. Let A\ A\2)\3 # 0. Following the similar steps as in Case 7, we arrive at similar
types of contradictions.
Consequently, we have:

Theorem 4.2. Let M? be a THA-surfaces given by (3.1) in G3. Then M? satisfies the
equation Ax; = \ixi (i = 1,2,3) if and only if the following statement is true:

1) M2 has zero mean curvature everywhere.

2) M? has zero Gaussian curvature everywhere.

3) M2 is parametrized as

X(Sv t) = (57 i, Z(S7 t))>
where
a) z(s, t) = k1eV 235 4 ke VA5 N5 < 0.

b) 2(s, t) = ks cos(v/Azs) + kysin(v/Azs), A3 > 0,
where ky e R, 1 =1,2,3,4.

4.2 THA-surfaces of third type satisfying Ay; = \;x; in G3

In this section we explore the classification of the THA-surfaces of third type M? of G*
satisfying the condition

Lemma 4.3. The Laplacian /A of M? can be expressed as follows:

Aqu) = Ql(xa y)wxx + QQ(ZE, y)wyy + Q3(5L‘7 y)qvba:yy (435)

where Qu(r,) = 1075, @u(r.y) =~ Qulry) = opy
Applying (4.35) on the coordinate functions xi(z,y) = A7 (ay — B?), x2(z,y) = z and
X3(x,y) =y — az of the position vector x we find
A(@Ey = —oHW
A(z)=0 (4.36)
Ay —ax) = 0.

By using (4.34) and (4.36) we have the following equations

—2HW = A (252
0= A3y — ax).
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Then from (4.37), we have

P2
—2HW =\ <¥> A ER. (4.38)

This means that M? is at most of 1-type.
Case 1. Let A =0. From (4.38), we obtain H = 0.
Case 2. Let A # 0. From (4.38), we obtain

o'y + 9"y a2 — 20702y = —Nay — B*)((Ya)* + (&/y +av'a)?).  (4.39)

We distinguish cases.
Case 2-a. Assume o =0. Then o =b, b € R — {0}, and (4.39) gives 7' = 0.
Case 2-b. Assume o =0. Then a = cx +d, ¢ € R — {0}. We write (4.39) as

(V"7 = 27)a 4+ Ay = B (120X (1 + @) + P + 2acor) = 0. (4.40)

This is a polynomial equation on z of degree 3. Then the leader coefficient, namely,
AAyy%(1 + a?), must vanish. This means 7/ = 0 and (4.39) gives now ¢ = 0, a contradic-
tion.

The other THA-surfaces of third type satisfying Ax; = \;jx; in G?® should satisfy the
equation (4.39).

Theorem 4.4. Let M? be a THA-surfaces given by (3.10) in G3. Then M? satisfies the
equation Ax; = Nix; (i = 1,2,3) if and only if the following statement is true:

1) M? has zero mean curvature everywhere.

2) M? is parametrized as

x(z, y) = (A" ay — B?), z, y — ax),

where a and vy satisfying the equation (4.39).

5 A— Harmonic THA-surfaces in G?

In this section we classify THA-surfaces in a Galilean 3-space G satisfying the equation
AM = 0, A = I,II. A surface of in the three dimensional space is said to be A—
Harmonic if it satisfies the condition A%y =0, A = I, 11 , where A" denotes the Laplace
operator with respect to the fundamental forms I and I1.

5.1 I— Harmonic THA-surfaces of first type in G3
From (4.3), Alx =0 if and only if H = 0 = Kg.

Theorem 5.1. Let y : M? — G® be an isometric immersion given by (3.4). Then
Alr =0 if and only if H =0 = K.
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5.2 II— Harmonic THA-surfaces of first type in G3

In this subsection we are concerned with non-degenerate THA-surfaces of first type M?
without parabolic points satisfying the condition Ay = 0.

By a straightforward computation, the Laplacian A!! of the second fundamental form 17
on M? with the help of (3.12) and (1.2) turns out to be

At = _AI/;D? <O‘7” aa; * W”aa_; 20 aj;y)
~5s (Pl w5+ Qe 03 )
where
Pz, y) = ﬁ(—a”y”(lﬂ\f +2M?) + 3y " MN + ay" ML — ya" N?),
Qz, y) = ﬁ(—a”v’(LN +2M?) + 3a/y"ML + va""MN — ay" L?)

and D? = LN — M?.
Accordingly, we get

All(@ _ B2
Al _ (f‘z x)
x(z, y) = A (z)
Al(y — az)
L[ AWD+ G (Y P(x, y) + ' Q(z, y))
= ~3pi P(z, y)
Q(l’, y) —GP(QE, y)
Ay =0, if and only if

Pz, y) =0
Q(z, y) =0 (5.1)
W pr—

From (5.1) we have W = 0, which is a contradiction. Consequently, there are no THA-
surfaces in G® without parabolic points, satisfying the condition Ay = 0.
Finally, we mention the following classification:

Theorem 5.2. Let M? be a THA-surface of first type given by (3.4), in G3. There are
no THA-surface in G® without parabolic points, satisfying the condition Ay = 0.

5.3 [— Harmonic THA-surfaces of third type in G3

From (4.38), A’x = 0 if and only if H = 0.

Theorem 5.3. Let x : M? — G? be an isometric immersion given by (3.10). Then
Al =0 if and only if H = 0.
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5.4 II— Harmonic THA-surfaces of third type in G3

In this subsection we are concerned with non-degenerate THA-surfaces of third type M?
without parabolic points satisfying the condition Ay = 0.

By a straightforward computation, the Laplacian A!! of the second fundamental form 17
on M? with the help of (3.12) and (1.2) turns out to be

1 02 92 o2
AU = — " "= 90
AW D2 <Oé’Y 922 + B)e 'y 8x8y)
1 0 o
— (P — il
where
1
Pz, y) = (=07 (LN +2M%) + 370" MN + ay" ML — a" N?),
1
Qr, y) = m(—a"v’(LN +2M?) + 30’y ML +~vo"MN — oy L*)
and D? = LN — M?2.
Accordingly, we get
All(@ _ B2
I - ( A A )
AVx(z, y) = AT ()
All(y _ CLZL‘)
L[ AWD + Sy P(z, y) +ay'Q(z, y))
= Topt Pz, y)
Q(z, y) —aP(z, y)
ATy =0, if and only if
P(z, y) =0
Qz, y) =0 (5.2)
W pr—

From (5.2) we have W = 0, which is a contradiction. Consequently, there are no THA-
surfaces in G® without parabolic points, satisfying the condition Ay = 0.
Finally, we mention the following classification:

Theorem 5.4. Let M? be a THA-surface of third type given by (5.10), in G*. There are
no THA-surface in G® without parabolic points, satisfying the condition Ay = 0.
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