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Abstract. Let R be a commutative ring with unity 1 # 0 and let R*
be the set of all unit elements of R. The unitary Cayley graph of R,
denoted by Gr = Cay(R,R*), is a simple graph whose vertex set is R and
there is an edge between two distinct vertices x and y of R if and only
if x —y € R*. In this paper, we determine the Laplacian and signless
Laplacian eigenvalues for the unitary Cayley graph of a commutative
ring. Also, we compute the Laplacian and signless Laplacian energy of
the graph Ggr and its line graph.

1 Introduction

We consider finite commutative rings R with unit element 1 # 0. Let R* be the
set of all unit elements of R. We know that an Artinian ring R can be written
as R = Ry x -+ x Ry, where R; is a finite local ring with maximal ideal 9;, for
all T <1< t. This decomposition is unique up to permutation of factors. We

Computing Classification System 1998: G.2.2

Mathematics Subject Classification 2010: 05C22, 05C50, 05C76

Key words and phrases: unitary Cayley graph, Laplacian spectrum, signless Laplacian
spectrum, Laplacian energy

251


http://maths.uok.edu.in/DrSPirzada.aspx
http://www.kashmiruniversity.net/
http://www.kashmiruniversity.net/
mailto:pirzadasd@kashmiruniversity.ac.in
https://scholar.google.com/citations?user=0igxlGAAAAAJ&hl=en
http://kub.ac.ir/
http://kub.ac.ir/
mailto:za.barati87@gmail.com
https://scholar.google.com/citations?user=_8XVlS4AAAAJ&hl=en
https://en.neyshabur.ac.ir/en/
https://en.neyshabur.ac.ir/en/
mailto:mojgan.afkhami@yahoo.com

252 S. Pirzada, Z. Barati, M. Afkhami

denote the (finite) residue field 9% by Ki and f; = [Ki| =
that f1 <fr <--- < 4.

A simple graph G consists of a vertex set V(G) = {vy,va,...,vn} and the edge
set E(G) = {ej,er,...,em}. We call [V(G) = n| and |E(G)| = m, respectively,
as the order and the size of the graph G. The complement of G, denoted by
G, is the graph whose vertex set is same as that of G and two vertices are
adjacent in G if and only if they are not adjacent in G. A complete graph
on n vertices is denoted by K;. A graph G is multipartite if its vertex set
can be partitioned into non-empty subsets, called partite sets, such that no
two vertices in the same part are adjacent. A multipartite graph is complete if
every vertex of a partite set is adjacent to each vertex of the other partite sets.
A complete multipartite graph with k parts is denoted by Ky, n,,..n, where
n; is the number of vertices in the i-th part of the graph.

The join of two graphs G; and G;, denoted by G7V Gy, is the graph with
vertex set V(G1) U V(G;) and edge set E(Gy) U E(G2) U{xy;x € V(G;),y €
V(G3)}. The direct product of G; and G», denoted by G ® G, is the graph
with vertex set V(Gi1) x V(G3) in which (u7,v7) and (up,v,) are adjacent if
u; and up are adjacent in G; and v; and v, are adjacent in G;. For other
undefined notations and terminology from graph theory and spectral graph
theory, the readers are referred to [6, 18].

The unitary Cayley graph of R, denoted by Gg = Cay(R,R*), is a (simple)
graph whose vertex set is R and two distinct vertices x and y of R are adjacent
if and only if x —y € R*. Some recent results on unitary Cayley graphs can be
seen in [16]. If G = Zy, is the finite cyclic group of order n and the set S consists
of two elements, the standard generator of G and its inverse, then the Cayley
graph is the cycle C;,. More generally, the Cayley graphs of finite cyclic groups
are exactly the circulant graphs. Some examples of unitary Cayley graphs are
given in Figure 1.

[Ri
- Also, assume

S
=Y/

Figure 1: The unitary Cayley graphs for Z¢, Z7, Zs
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The following proposition is a basic consequence of the definition and it was
illustrated in [1].

Proposition 1 Let R be a commutative ring.
(a) Then Gg is a |[R*|-regular graph.

(b) If R is a local ring with mazimal ideal M, then Gg is a complete multi-
partite graph whose partite sets are the cosets of 9 in R. In particular,
Gr s a complete graph if and only if R is a field.

(¢) If R is an Artinian ring and R = Ry X ... X Ry as a product of local
rings, then Gr = ®i_,Gg,. Hence, Gg is a direct product of complete
multipartite graphs.

The adjacency matrix A of a graph G is a (0, 1)-square matrix of order n
whose (1i,j)-entry is equal to 1, if v; is adjacent to vj and equal to 0, otherwise.
The eigenvalues of A are the eigenvalues of the graph G. The set of all eigen-
values of G is called the spectrum of G. If Ay > - -+ > Ay are the eigenvalues of

G with multiplicities 1,..., Tk, respectively, the spectrum of G is denoted by
Ao A .
Spec(G) = ( T1 Tk ) . The energy of a graph was introduced by Gut-
1 . k

man [13] and is defined as the sum of the absolute values of all the eigenvalues
of a graph G and it is denoted by E(G).

Kiani et al. [15] obtained the following result about the eigenvalues of the
unitary Cayley graph. Also, they computed the energy of the unitary Cayley
graph of a finite commutative ring R.

Theorem 2 [15] Let R be a finite ring.

(a) IfR is a finite local ring with the mazimal ideal MM of size m and % =f,
then

R* 0 —-m
Spec(Gr) = < | 1 | RI—f f—1 >

In particular, if Fq is the field with q elements, then

-1 -1
Spec(G]Fq)—<q1 q—1 >
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(b) Let R be a finite commutative ring, where R = Ry x Ry X ... x Ry and Ry
s a local ring with maximal ideal My of size my for all 1 <1< t. Then
the eigenvalues of Gr are:

1) (e RL_
[Tjec |ij /m
C of the set {1,2,...,t}.
(b-2) 0 with multiplicity |R| — HL] (14 RX|/my)

with multiplicity | | |ij |/my for all subsets

jec

Theorem 3 [15] Let R = Ry xRy X ... X Ry be a finite commutative ring where
Ry is a local ring for all 1 <i < t. Then E(GRr) = 2YRX]|.

Let D(G) = diag(dy, ds,...,dn) be the diagonal matrix associated to the
graph G, where d; = deg(v;) is the degree of the vertex v, for all 1 <1< n.
The matrices L(G) = D(G) — A(G) and |L|(G) = D(G) + A(G) are respec-
tively, called the Laplacian and the signless Laplacian matrices of G. Their
spectrum are respectively, the Laplacian spectrum and the signless Lapla-
cian spectrum of the graph G. We denote the Laplacian spectrum and the
signless Laplacian spectrum of the graph G by Spec; (G) and Specy; (G), re-
spectively. Both the matrices L(G) and |L|(G) are real symmetric, positive
semi-definite and therefore their eigenvalues are non-negative real numbers.
Let 0 =y < pp < -+ < pp and pf < u:_1 < - < HT be respectively,
the Laplacian spectrum and the signless Laplacian spectrum of G. It is known
that the smallest eigenvalue of L(G) is 0 with multiplicity equal to the number
of connected components of G. So, yuy > 0 if and only if G is connected. Also,
the least eigenvalue of the signless Laplacian matrix of a connected graph
is 0 if and only if the graph is bipartite. In this case, 0 is a simple eigen-
value. Furthermore, it is easy to see that tr(L(G)) = Y ', = 2m and
tr(—L—(G)) = > ", 1 = 2m. Recent work on Laplacian eigenvalues can
be seen in [2, 5, 9, 10, 11, 12]. The Laplacian energy of a graph G defined
by Gutman and Zhou [14] is LE(G) = Y I, lm — ZT"‘I. The Laplacian energy,
which is an extension of graph energy concept, has found remarkable chem-
ical applications (see [24]). For recent development on LE(G) see [7, 8] and
the references therein. The signless Laplacian energy |LIE(G) of G, in analogy
to LE(G), is defined as [LIE(G) = Y} I, qu — szL Recent work on Laplacian
eigenvalues can be seen in [19].

The rest of the paper is organized as follows. In Section 2, we determine the
Laplacian spectrum and the Laplacian energy of the unitary Cayley graph Gg.
Also, we completely obtain the signless Laplacian spectrum of the graph Gg
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and compute the signless Laplacian energy of Gg. Further, we compute the

Laplacian and signless Laplacian energy of the line graph of Gg.

2 Laplacian spectrum of unitary Cayley graphs

We begin with the following theorem, which gives the Laplacian spectrum of

the join of two graphs G; and Gj.

Theorem 4 [17] Let Gy and Gy be two graphs with Ny and n, wvertices, re-
spectively. Suppose that 0 =A1 <Ay < -+ <Ap, and 0= < pp < -+ < U,
are the Laplacian eigenvalues of Gy and Gy, respectively. Then the Laplacian

eigenvalues of the graph G1V Gy are

(i) O with multiplicity 1,

(i) A+ ny with multiplicity 1 for all 2 < i< ny,
(111) W +nq with multiplicity 1 for all 2 <j < ny,
(iv) "y + ny with multiplicity 1.

Now, we have the following observation.

Lemma 5 If G = Ky, n,,...n, where ny € N for all 1 < i < Kk, then the

Laplacian eigenvalues of G are
(i) O with multiplicity 1,
k
(ii) o = Z ny with multiplicity vy — 1 for all 1 <1<k,
A
(#3) "y + Ny + - - + ny with multiplicity k — 1.

Proof. We induct on k. For k = 2, we have G = Ky, VVKy,. So, by Theorem

4, we have that
SpeC]_(Km,nz) = < 1T no—1 ny—1 1

Assume that the hypothesis is true for Ky, n,,...n,-
We prove it for the graph Ky, n,,.ngni -
Clearly, Knyn,,.smgnir = Knyjngyemie V Ky

Now, by Theorem 4, it is easy to see that the Laplacian eigenvalues of K

are

0 n n, n +ny >

T2y Tl TR
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(i) 0 with multiplicity 1,

k+1
i n; with multiplicity ny — 1 for all 1 <i<k+1,
j
=1
j#
(iil) ny 4+ Ny + -+ - + Ny + Ny with multiplicity k. O

At first, we assume that R is a local ring.
Proposition 6 Let (R,9) be a local ring with |9M| = m and I%I =f. Then

0 R¥] R
Spect (Gr) = ( 1 |1|2| —|f f|—|1 )

In particular, if R =TFq is the field with q elements, then

0
SpeCL(GFq) - < -l qi] )

Proof. It is easy to see that Ggr is a complete multipartite graph in which
every partite set is a coset of 9. So, Gg is the join of f copies of the empty
graph Ky,. Now, by Lemma 5, we have

0 |IRl—m R
Spect (Gr) = < 1 ||R|f f|7|] >

Since |R| — m = |R*|, therefore

0 [RX R

O

The Laplacian spectrum of the direct product of graphs has been described
completely only when the factor graphs are regular. The Laplacian eigenvalues
of the direct product of two regular graphs are listed in the following theorem.

Theorem 7 [3] Let Gy be an r1-regular graph with ny vertices and G, be
an ra-regular graph with ny wvertices. Let Speci (G1) = (M, Az2y...,An,) and
Speci (G2) = (W1, M2y .-+ Un,). Then the eigenvalues of the graph G1 ® Gz are
T +T‘27\i—pj7\i forallT<i<ng and 1 <j < ny.
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In the following theorem, we obtain the Laplacian eigenvalues of Gg with
their multiplicities. Here, [R$| stands for RS, < RS ... X Rg |, where § =
{s1,...ys1) ©{1,2,...,t} (if S =0, then we define RS =1).

Theorem 8 Let R be a finite commutative ring such that R = Ry xRy x---xX Ry,
where (R, M) is a local ring with 19| = my and |9'3%| = f;. Then the Laplacian
eigenvalues of Gr are

(i) 0 with multiplicity 1,

(ii) |R*| with multiplicity |R| — H:Zl fi,
(iii) Aa with multiplicity | [ica (fi —1) for all A C{1,2,...,t}, where
IA|

A = R3] Z (=R, IRy, .. Ry, |

C={iy »iZ\"-vik}gA/
k=1

IRA/|
IRCI

and A’ is the complement of A.

Proof. We use induction on t. For t = 1 and the local ring R = Ry, by
Proposition 6, we have

0 R* R
specclGe = (7 iy ).

Note that () is the only proper subset of {1} and Ay = [R|. So, we are done in
this case. Now, assume that the Laplacian eigenvalues of Ry x Ry x -+ X Ry
are

(i) 0 with multiplicity 1,

(i) IR x R x --- x RX | with multiplicity [Ry x Ry x --- x Re_1| — [Tt} fi,

i=1
(iii) Aa with multiplicity [ [;ca.(fi —1) for all A C{1,2,...,t — 1}, where

A

A = IRX] > (=1 NR, IRy, .. Ry, |
C:{l] 1‘12v'")ik}gAl
=1

R

IREI
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Now, we determine the Laplacian eigenvalues of Gg when R = Ry x Ry x -+ X
Ri—1 X Ry. We know that Gr = Gg,xRr,x..xR,_; ® Gg,. Note that the graphs
GR, xR, x--xR,_; and Gg, are regular, so we can use Theorem 7. Since

C(m=0 w =Rl pz=I[Ry
speaton) = (70 R T)

we have the following cases to consider.
Case 1. For p; = 0, we have the following eigenvalues.

1.1. 0 with multiplicity 1,
1.2, [R{ xRS x -+ x R 4| x [R{| with multiplicity [Ry x Ry x - - x Re_1]|—
t—1
Hi:] fi,
1.3. Aa x [R{| with multiplicity [ [;ca/(fi—1) forall A € {1,2,...,t—1}.

Case 2. For w; = [R{‘|, we obtain the following eigenvalues.

2.1. Ry x RS x -+ x RIS IR with multiplicity [Re| — f,

2.2. R X Ry x -+ x R [IRY| with multiplicity (JRy X Ry X -+ x Re_1]—
[T ) (Rd —fo),

2.3. [R{ xRy x -+ x RIGIIRE| with multiplicity 3 xco, 1y [ Tieas (fi—
D (IR — fi).

Therefore, in this case, we see that the eigenvalue is equal to R} x R x
- x RGIIRY] and this implies that |[R* x R} x -+ x RX,[IR{] is an
eigenvalue with multiplicity |[R; X Ry X « -+ x Re_1](|R¢] — ft).

Case 3. For pu3 = |R¢], the following eigenvalues can be obtained.
3.1. IR x R} x -+ x R,IIR¢| with multiplicity fy —1,
3.2. [R;" x Ry x -+ x R,[IR{| with multiplicity (|Ry x Ry x -+ x Re_q|—
[T f(fe—1),

3.3. Ry XRY x- - - xR IR{HAAIRY [=AA[R¢| with multiplicity (] J;ca. (fi—
N)(fy—1) for all A C{1,2,...,t—1}

Thus, we conclude the following.

(i) By case (1.1), 0 with multiplicity 1 is a Laplacian eigenvalue of Gg.
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(ii) By cases (1.2),(2.1), (2.2),(2.3) and (3.2), [R{* x RY x --- x R*4[IR{' is a
Laplacian eigenvalue of Gg. Its multiplicity is equal to

1
<|R1 X Ry X oo X Rt—1|_Hfi> + <|R1 X Ry X -oe X Rt—1|(|Rt|_ft)>+
i

t—1 t
<|R1 szx---xRtﬂ—Hﬂ) (fe=1) =Ry xRy x - xR = [ [ i
i=1 i=1

(iii) For A C {1,2,...,t}, three cases (1.3), (3.1) and (3.3) cover all eigenval-
ues with the type Ag.

(a) From case (1.3), Aa x|R{| with multiplicity ] [;c5/(fi—1) is a Lapla-
cian eigenvalue of Gy for all A C {1,2,...,t— 1}. Note that if we
set A=A U{t}, then Ay = Ap X [R].

(b) From case (3.1), [R{ X Ry x - -+ x R 4[|R¢| with multiplicity fy —1 is
a Laplacian eigenvalue of Gg. By setting 2 ={1,2,,...,t — 1}, we
have Ag = [R{" x RS x -+ x R ,IIRy|.

(c) From case (3.3), IRy x Ry x -+ x RIIR¢| + Aa[R{| — Aa[R¢| with
multiplicity (] [;ca/(fi—1))(fi —1) is a Laplacian eigenvalue of Gg,
for all A C{1,2,...,t— 1}. This case covers all eigenvalues like Ag,
when 2l is a proper subset of the set {1,2,...,t} and t & 2. d

Now, we compute the Laplacian energy of the unitary Cayley graph, when
R is a finite commutative ring. We start with the local case.

Lemma 9 Let R be a finite local commutative ring. Then LE(Gg) = 2|R*|.

Proof. First, note that in the graph Gg, we have sz = [R*|. Since the Lapla-
cian spectrum of Gg is

0 R* R
SpeCL(GR) - ( 1 |]|z —|f f|—|1 ) )

we have LE(Ggr) = 2|R¥|. O

Lemma 10 Let R = Ry x Ry, where (Ry,9) and (Ry, M) are local rings.
Then
LE(Gg) = 24[R%|.
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Proof. We know that Gg = G, ®Gg,. Now, let Specy (Ggr,) = (A1, A2y ..., AR,|)
and Specy (Gr,) = (11, W2, ..+, r,|)- Then, by Theorem 7, we have

[R1] IRz]

LE(GRr) = Z Z IR Iy + [RF A — mjAi — [RYIIRY|
P

[R1] IRz
=3y — RN A= RYD)
i=1 j=1
= LE(Gg, )LE(Gr,) = (2IR{ N(2IR;]) = 2*[R*|. 0

Theorem 11 Let R be a finite commutative ring such that R = Ry X Ry x - - - X
R¢, where Ry is a local ring for all 1 <1i < t. Then LE(GR) = 2YR*].

Proof. This follows by using induction on t and in view of Lemmas 9 and 10.
O

The following results concern about the signless Laplacia spectrum of Gg.
The proofs are omitted since they are similar to the proofs on the Laplacian
spectrum.

Proposition 12 Let (R,9) be a local ring with |9 = m and |%| =f. Then

R*|—m [R¥]  2[R¥|
Specﬂ(GR):( f—1 [RI—f 1

In particular, if R = Fq is the field with q elements, then
_(a-2 2(q—1)
Specy|(Gr,) = < q—1 1 .

Theorem 13 Let R be a finite commutative ring such that R = Ry X Ry X
-+ X Ry, where (Ry, M) is a local ring with 9] = my and ID%I = f;. Then the
signless Laplacian eigenvalues of Gg are

(i) 2|R*| with multiplicity 1,
(i) [R¥| with multiplicity |R| — [Ti_; fi,
(iii) Aa with multiplicity | [iea (fi —1) for all A C{1,2,...,t} where
A =R+ (DAMTTRETT fmyle

icA jEA!
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If R be a local finite commutative ring, it is easy to see that the signless
Laplacian energy of Gy is given by |L|E(Gg) = 2|R*|. Further, if R = Ry x Ry,
where R; and R, are local rings, then |L|E(Gg) = 2%[R%.

Thus, we have the following observation.

Theorem 14 Let R be a finite commutative ring such that R = Ry X Ry x - - - X
Ri, (t > 2), where Ry is a local ring for all 1 <i<t. Then |LIE(GR) = 2YR*|.

Let G be a graph with n vertices and m edges. The line graph L(G) of G
is a simple graph whose vertex set is the set of edges of G and two vertices of
L(G) are adjacent if and only if the corresponding edges in G have a vertex in
common. So, Ny (g) (the number of vertices of L(G)) equals m. Also, it is easy
to see that if G is an r-regular graph, then L(G) is a (2r — 2)-regular graph.

Theorem 15 [4] Let G be an r-regular graph (v > 2) with n vertices and m
edges. Then

(a) The Laplacian eigenvalues of the graph L(G) are

(i) 2 —Ai, where A; is a Laplacian eigenvalue of G for all 1 <i< n,
(ii) v — 2 with multiplicity m —n.
(b) The signless Laplacian eigenvalues of the graph L(G) are

(i) A7+ 2r — 4, where A| is a signless Laplacian eigenvalue of G for
all1<i<n,

(ii) 2r —4 with multiplicity m —n.

Now, we compute the Laplacian energy of the line graph of the unitary
Cayley graphs. If |[R*| = 1, then L(Gg) is an empty graph. So in this case,
LE(L(Ggr)) = 0. Thus, we suppose that |[R*| > 2. Now, by Theorem 15, the
spectrum of L(G) consists of the following eigenvalues.

(i) 2 — A, where A; is a Laplacian eigenvalue of Gg for all T <1 < [R],

(ii) |R*|— 2 with multiplicity |R[|R*|/2 — |R|.

Proposition 16 Let R be a finite commutative ring with [R*| > 2. Then

_IRI(IR*]* + 4IR*| - 8)

LE(L(GR)) .
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Proof. Since Gy is [R*|-reqular, L(Gg) is a (2|R*| — 2)-regular graph. So,
2my(Gg)/Mi(Ge) = 2IR* =2,

where Ny (g,) and myg,) are the number of vertices and edges of L(Gg), re-
spectively. We have

RI IRIR* /2[R
LE(L(GR)) =) 2—AM—(2R*=2)[+ Y  [R¥|=2—(2R*|-2))]
i=1

i=1

IR| RIR /2[R
=Y [N 2R 44+ Y RN
i=1 i=1
IR| RIR /2[R
=Y AAH2R =4+ Y R (Since [R*| > 2)
i=1 i=1
IR|
=D A+ 2IRIR™| —4IR + ([RIR*|/2 — [R)IR¥|
i=1
= IRIR*[ + 2[RI[R™| — 4[R| + (IRI[R*|/2 — [R[)R*|
IR|
(Since Y A; = [RIR)
i=1
R (R*[* + 4[R*| — 8)
= 5 : O

The following result gives the signless Laplacian energy of the line graph of
unitary Cayley graphs. The proof is similar to the Laplacian case.

Proposition 17 Let R be a finite commutative ring with [R*| > 2. Then
(i) If f1 = 2, then |L|E(L(GR)) = 2<|R|(|RX| —-2)+ 1) )

(i) |LIE(L(GRr)) = 2IR|(|R*| — 2), otherwise.
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