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The conventional approach to the design of engineering 
structures is deterministic where all variables entering 
the mathematical model are given by a single value. The 
development of computers and new mathematical methods 
allows the transition to probabilistic methods where each 
variable in calculation is represented randomly. Such 
random calculation inputs better reflect the real behaviour 
of technical systems. Therefore, the probabilistic approach is 
currently a very promising trend of current mechanics. Input 
load, material properties and geometry is determined by 
a histogram, or using an appropriate probability distribution 
and its parameters. The result of computation tends to 
random variable again, mostly failure probability. Such 
a proposal described in general terms is the essence of the 
rapidly growing field Reliability of Structures. 

This approach is shown on a simple example of 
constantly loaded cantilever beam using the Monte Carlo 
method. In this article, we present a brief overview of the 
origin and use of this method.

Monte Carlo method
The Monte Carlo method is a general term describing 
a group of mathematical methods using random numbers 
for calculation (Melchers, 1987). The application of this 
method is not limited only to probabilistic problems but 
it enables solving deterministic problems as well. The 
only requirement is the problem solution described by 
probability density function. An example of probabilistic 
solution is generating stochastic processes directly related 
to probability density functions. Examples of deterministic 
tasks solved by the Monte Carlo method are evaluation of 
multidimensional integrals and solving systems of equations 
(Marek et al., 2003).

The solution itself consists in generating random 
numbers according to respective distribution densities of 
random variables and a multiple evaluation of function of 
such random variables (Frydrýšek, 2010). At a high number 

of repetitions, the evaluation of these simulation results 
based on the law of large numbers and based on the validity 
of central limit theorem converges to an exact solution. 
In many cases, it is possible to predict the statistical error 
of the result and to determine based on it the number of 
simulations to obtain the required accuracy.

The Monte Carlo method has become in many areas 
a  standard tool for solving various technical problems. 
Whereas when in use it is necessary to generate a huge 
amount of simulations (often millions), its application is 
closely related to the development of modern computers 
(Schneider, 1997). Their growth of calculation speed and 
capacity enables the progress of the method itself. The 
Monte Carlo simulation is useful not only for scientists 
and researchers but for its easy comprehension and high 
compatibility with the thinking of engineers, it is very suitable 
for teaching purposes. It is quite easy to demonstrate on it 
various theoretical methods.

Buffon‘s needle (Krejsa, 2012) is considered the first 
example of using this simulation method. An experiment 
from the 18th century estimated the value of Ludolf number 
p. Buffon was randomly throwing a needle of length l on the 
paper with row spacing d, and the number p was estimated 
using the expression p = (2 ⋅ l) / (p ⋅ d), where p was the 
proportion of trials in which the needle intersected lines to 
the total number of trials. The name of this method originated 
at the end of World War II in the production of atomic bomb 
among members of the Manhattan Project, who were Enrico 
Fermi, Robert Oppenheimer and Stanislav Marcin Ulam. It 
was named according to the world-famous casino in Monte 
Carlo in the Monaco principality. The principle of a ball in 
a roulette that chooses a random number into which it falls 
closely resembles the generation of random numbers.

The basic scheme of a simple or direct Monte Carlo 
method consists of several steps (Páleš, 1996):
1.	 Generation of individual random variables according to 

their respective probability distributions (for example: 
geometry of structure, material properties, load).

2.	 Evaluation of the mathematical function of limit state, 
which is formed by random variables.

Acta Technologica Agriculturae 3
Nitra, Slovaca Universitas Agriculturae Nitriae, 2014, pp. 80–82

CALCULATION OF FAILURE PROBABILITY OF CONSTANTLY LOADED 
CANTILEVER BEAM BY MONTE CARLO METHOD

Dušan PÁLEŠ*, Milada BALKOVÁ, Ingrid KARANDUŠOVSKÁ
Slovak University of Agriculture in Nitra, Slovak Republic

In this paper, we demonstrate a probabilistic approach to the design of structures on a cantilever beam with constant load. 
Individual variables in the mathematical model are not represented deterministically by their specific values but randomly by 
probability distributions. Normal distribution is used for all random variables. The resulting probability of failure is calculated using 
a simple Monte Carlo method, for which a brief overview is also provided in this article. Such a probabilistic proposal is the subject 
matter of newly emerging field Reliability of Structures.

Keywords: failure probability, constant load, cantilever beam, Monte Carlo method, reliability of structures

Material and methods

DOI: 10.2478/ata-2014-0018



81

Acta Technologica Agriculturae 3/2014 Dušan PÁLEŠ, Milada BALKOVÁ, Ingrid KARANDUŠOVSKÁ

3.	 Determination of the failure probability of structure as 
a proportion of the number of simulations for which 
the limit state is less than zero to the total number of 
simulations.

The advantage of the method is its easy 
understandability, possibility to work with the function of 
limit state as a random variable, and to compile for it for 
example a histogram. The disadvantage is in the necessity 
of a large number of simulations in the evaluation of small 
failure probability, which can lead to a significant slowdown 
of calculation for complicated mathematical functions.

Application of Monte Carlo method
First, we present the required mathematic relationships for 
using the Monte Carlo method (Beck and Da Rosa, 2006). 
In case of a simple direct simulation, random variables X 
(indication in bold letters represents the vector of random 
variables) are generated according to the distribution of 
probability density function fX(x). We introduce the so-called 
indicator function I[g(x)] that for each evaluation of limit state 
takes value 1 for failure and value 0 for reliability, thus:

I[g(x)] = 1 for g(x) < 0
	 I[g(x)] = 0 for g(x) ≥ 0	 (1)

Then, the probability of failure is calculated by multiple 
integration over the area of all random variables:

	 Pf = ∫all x I[g(x)] ⋅ fx(x) dx	 (2)

Its mean value is computed using the summation of 
indicator function:

	 E(Pf) = 
∑ I[g(x)]	 (3)

where:
n	 –	 the number of performed simulations

Simulation result is loaded with statistical error, which 
can be expressed by the variance of estimated mean value 
of failure probability:

	 Var (Pf) = 
∑ (I[g(x)] - E(Pf))

	 (4)

Building structures mostly have a low probability of 
failure. Therefore, with the simple Monte Carlo method, it is 
usually necessary to perform a large number of simulations 
in order to keep the variance within the required limits. 
Variance (4) decreases with increasing the number of 
simulations.

We apply the Monte Carlo method to a simple model of 
the cantilever beam loaded constantly. Figure 1 shows the 
calculated beam with indication of its parameters, too.

As known from mechanics and the theory of elasticity, 
bending moment for this case of constraint and load is 
given by the formula:

	 m = 
q ⋅ l2 

	 (5)

Section modulus of the rectangle in Figure 1.

	 w = 
b ⋅ h2

	 (6)

Table1	 Distribution parameters of random variables 

Variable Mark Distribution Mean Standard deviation Unit

X1 q normal 1.15 0.03335 kg cm-1

X2 l normal 60 0.6 cm

X3 b normal 4 0.12 cm

X4 h normal 1 0.03 cm

X5 R normal 3,600 298.8 kg cm-2

Source: Liu and Kiureghian, 1997

Figure 1	 Cantilever beam and its parameters
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When R means the beam resistance, then the resulting limit 
state function may be written in the form:

	 G(X) = R - 
m

 = R - 
3 ⋅ q ⋅ l2

 = X5 - 
3 ⋅ X1 ⋅ X2  = 0	 (7) 

G(X) is entered with a capital letter here because it is 
a random variable, while the small letter g(x) in Equations 
(1)–(4) is a concrete implementation of limit state and 
thus being a deterministic variable. For individual random 
variables, we have chosen normal probability distributions 
according to Table 1.

We have simulated the individual variables X1 – X5 with 
the given parameters and we programmed Equations 
(3) and (4). Then, it was enough to change the number of 
simulations, and we ended with the results shown in Table 2.

Table 2	 Mean and variance of failure probability for 
different numbers of simulations

Simulations – n E (Pf) Var (Pf)

10 0.1 9 × 10-3

100 0.12 9.386667 × 10-4

1,000 0.114 8.957912 × 10-5

10,000 0.0997 8.081893 × 10-6

100,000 0.10286 8.278875 × 10-7

1,000,000 0.103045 8.29027 × 10-8

As can be seen from the second column of Table 2, 
the values of failure probability constantly refine with the 
number of simulations. With increasing order of simulations 
the number of decimal places of E(Pf) increases, which 
is consistent with the interpretation of Vacareanu et al. 
(2007). Having ten times the number of simulations in the 
first column of Table 2, the magnitude of Var (Pf) decreases 
sequentially in each row by one order, resulting in a more 
accurate value of failure probability (Frydrýšek, 2010; Krejsa, 
2012). The mean value of failure probability has stabilized 
at number 0.103. The result is the same as in the work of 
Beck and Da Rosa (2006); however, we have reached it 
with a  greater number of simulations only. These authors 
reported only n  =  10,000 to reach the result but does not 
mention the variance and statistical error of this value.

Conclusion
We have presented on the practical example the 
probabilistic approach to the design of the technical system. 

For the cantilever beam with a constant load, probability 
distributions of relevant random variables were input data. 
The mathematical model was evaluated using the simple 
Monte Carlo method. The result is failure probability the 
value of which is continuously refined through increasing 
number of simulations.

Acknowledgement
The research performed at the Department of Machine 
Design and at the Department of Structures of the Faculty 
of Engineering of the Slovak University of Agriculture in 
Nitra was supported by the Slovak Grant Agency for Science 
under the grant VEGA no. 1/0575/14 ’Minimizing the risks of 
environmental factors in animal production buildings’.

BECK, A. T. – DA ROSA, E. 2006. Structural reliability analysis using 
deterministic finite element programs. In Latin American Journal of 
Solids and Structures, vol. 3, 2006, pp. 197–222.
FRYDRÝŠEK, K. 2010. Pravděpodobnostní výpočty v  mechanice 
1. Ostrava : VŠB – Technická univerzita Ostrava, 2010. ISBN 
978-80-248-2314-0.
KREJSA, M. – KONEČNÝ, P. 2012. Spolehlivost a bezpečnost staveb. 
Ostrava, Plzeň : VŠB – Technická univerzita Ostrava, Západočeská 
univerzita v Plzni. Projekt Matematika pro inženýry 21. století. 2012.
LIU, P. L. – KIUREGHIAN, A. D. 1997. Finite element reliability 
of geometrically nonlinear uncertain structures. In Journal of 
Engineering Mechanics, vol. 117, 1997. no. 8, pp. 1806–1825.
MAREK, P. – BROZZETTI, J. – GUŠTAR, M. – TIKALSKY, P. 2003. 
Probabilistic assessment of structures using Monte Carlo 
simulation: background, exercises and software. Prague : Institute 
of Theoretical and Applied Mechanics. 2003. ISBN 80-86246-19-1. 
MELCHERS, R. E. 1987. Structural reliability: analysis and prediction. 
Ellis Horwood Ltd. 1987. ISBN 0-85312-930-4.
PÁLEŠ, D. 1996. Odolnosť a  overenie spoľahlivosti centricky 
tlačeného prúta s uvážením vzperu (kandidátska dizertačná práca). 
Bratislava : Slovenská akadémia vied. 1996. 
SCHNEIDER, J. 1997. Introduction to safety and reliability of 
structures. Zurich : IABSE. 1997. ISBN 3-85748-093-9.
VACAREANU, R. – ALDEA, A. – LUNGU, D. 2007. Structural reliability 
and risk analysis (lecture notes). Technical University of Civil 
Engineering of Bucharest, Reinforced Concrete Department. 2007.

Contact address:
Dušan Páleš, Slovak University of Agriculture in Nitra, Faculty 
of Engineering, Department of Machine Design, Tr. Andreja 
Hlinku 2, 949 76 Nitra, Slovak Republic, e-mail: dusan.pales@
uniag.sk

References

w

2

b ⋅ h2 x3 ⋅ x2
2


