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Abstract
Let G = G(n,m) be a rectangular solid grid graph and A(G) be a

minimum length Eulerian augmentation of G. Let l0, . . . , lt ∈ N such
that

∑t
i=0 li = |E(A(G)|, where 2(n + m) ≤ li = 2ki. In this paper, we

exhibit a constructive procedure providing an edge-disjoint decomposition
of A(G) into closed trails T0, . . . , Tt such that |E(Ti)| = li.

Mathematics Subject Classifications (2015). 05C70, 05C85
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1 Introduction
For many real life problems, such as vehicle routing, surveillance of an area,
design of telecommunication networks, the underlying mathematical model re-
quires that the edges of a graph G are covered with closed trails such that each
edge of the graph is contained in at least one trail, the length of each trail is
bounded above by a given number called its capacity and the total length of
trails is minimized. The graph obtained by taking the union of capacitated trails
will be Eulerian. Thus, the minimum length Eulerian augmentation A(G) of G
gives a strict lower bound to this optimisation problem. It is therefore natural
to investigate whether the edges of A(G) can be decomposed into closed trails
of given lengths.

Decompositions of graphs into fixed length trails are difficult to find in gen-
eral and most known results relate to complete multipartite graphs. Complete
graph were investigated in [1], bipartite graphs in [4], [7] and tripartite graphs
in [2], [6]. More recently, complete equipartite graphs were discussed in detail
in [4], [3]. Other graphs for which this problem was considered closely relate to
these graphs and include pseudographs in [5] and regular graphs in [9].

In this paper, we consider edge-disjoint decomposition into fixed length
closed trails of A(G), where G is a rectangular solid grid graph G = G(n,m).
These graphs are finite node-induced subgraphs of the infinite two-dimensional
grid. As such graphs appear in many interesting applications, for example in
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VLSI-design [8], in chromosome analysis and image segmentation [10], and in
planning and designing buildings and cities, it is natural to investigate such
decomposition problems. The paper will focus on providing a constructive pro-
cedure that provides a decomposition of A(G) into long closed trails, in the
sense that given trail lengths li satisfy that li ≥ 2(n+m). We also assume that
6 ≤ n ≤ m, as smaller samples of rectangular grid graphs can be analysed by
hand.

The paper is organised as follows. In the next section, we summarise basic
definitions and notation used in the paper. Section 3 is devoted to the discussion
of decompositions of A(G) into two trails T0 = Σ0 and Σ1 of given lengths with
the aid of auxiliary graphs. Section 4 gives a constructive procedure that further
decomposes Σ1 into closed trails T1, . . . , Tt of given lengths. Throughout the
paper we use G(6, 9) to illustrate concepts and results.

2 Preliminaries
A graph G is even, if the degree of each vertex of G is even. It is well known
by Euler’s theorem that a connected even graph is Eulerian. A closed trail of
length l in G is a connected Eulerian subgraph having exactly l edges. We say
that a graph G is decomposable into closed trails of lengths l0, l1, . . . , lt, if G
can be written as an edge disjoint union of closed trails T0, T1, . . . , Tt, satisfying
that |E(Tj)| = lj for each 0 ≤ j ≤ t. Following terminology in [5], we say that
a sequence of integers (l0, l1, l2, . . . , lt) is admissible for G, if

∑u
j=0 lt = |E(G)|.

Moreover, if G is decomposable into closed trails T0, T1, . . . , Tt satisfying that
|E(Tj)| = lj , then we say that the sequence (l0, l1, l2, . . . , lt) is realizable in G.

Let Pn denote a path on n + 1 vertices. A rectangular solid grid graph
G = G(n,m) is a Cartesian product of Pn and Pm. Without loss of generality,
we may assume that n ≤ m. The vertex set of V (G) is

V (G(n,m)) = {v(a,b) | 0 ≤ a ≤ n, 0 ≤ b ≤ m, a, b ∈ Z}.

Certain cycles of length 4 in G will serve as building blocks in our construc-
tion. Let Ci,j denote the cycle of length 4 in G with vertex set

V (Ci,j) =

{
{v(2i−1,j), v(2i−1,j−1), v(2i,j−1), v(2i,j)} if j is odd
{v(2i−1,j−1), v(2i−1,j), v(2i−2,j), v(2i−2,j−1)} if j is even.

and we let S denote the set of these cycles (Figure 1).
It is well known that grid graphs are bipartite and that bipartite graphs do

not contain closed trails of odd length. It is also straightforward to see that
|E(T )| ≥ 4 for any trail T in G and hence if T is a closed trail in G then either
|E(T )| = 4k or |E(T )| = 4k + 2 for some 1 ≤ k ∈ N.

Clearly, G = G(n,m) is not an Eulerian graph. A minimum length Eulerian
augmentation of G, that can be obtained by considering a minimum cost perfect
matching of odd degree vertices, will be denoted by A(G). It is routine to see
that a rectangular solid grid graph G(n,m) has 2n+2m−4 odd degree vertices.



CLOSED TRAIL DECOMPOSITIONS ON GRID GRAPHS 73

If n and m are odd then duplicating n+m− 2 edges is enough to obtain A(G),
and if either n or m or both are even, then A(G) is obtained by duplicating
m+ n edges (Figure 1).

C1,1 C1,3 C1,5 C1,7 C1,9

C2,1 C2,3 C2,5 C2,7 C2,9

C3,1 C3,3 C3,5 C3,7 C3,9

C1,2 C1,4 C1,6 C1,8

C2,2 C2,4 C2,6 C2,8

C3,2 C3,4 C3,6 C3,8

Figure 1: Left: Cycles Ci,j . Right: Eulerian augmentation of A(G).

3 Decomposition of A(G) into two trails
In this section, we introduce auxiliary graphs H, I, O, HU and HU,J that will
provide a specific decomposition of A(G) into two closed trails T0 and T1 of
given lengths satisfying that |E(Ti)| ≥ 2(n+m), (i = 0, 1).

3.1 Auxiliary graph H
Let H be a graph with vertex set

V (H) = {ci,j | Ci,j ∈ S}.

We assume that ci,j and cl,t are connected with an edge e ∈ E(H) precisely
when cycles Ci,j and Cl,t have a common vertex in G (Figure 2). It will be

c1,2 c1,4 c1,6 c1,8

c1,1 c1,3 c1,5 c1,7 c1,9

c2,1 c2,3 c2,5 c2,7 c2,9

c3,1 c3,3 c3,5 c3,7 c3,9

c1,3

c2,2 c2,4 c2,6 c2,8

c3,2 c3,4 c3,6 c3,8

Figure 2: H(G) superimposed on G = (6, 9).

convenient to refer to vertex columns and let

Cj = {c1,j , c2,j , . . .} and Cr
j = {c1,j , c2,j , . . . , cr,j}
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denote the jth vertex column and the first r vertices in the jth vertex column in
H respectively. The following lemma is straightforward from the construction
of H.

Lemma 1 We have that |Cj ∪ Cj+1| = n for all 1 ≤ j ≤ m− 1. Furthermore, if
|(Cj \Cr

j )∪Cj+1∪Cq
j+2| ≥ n, then the subgraph induced by (Cj \Cr

j )∪Cj+1∪Cq
j+2

is connected.

We let Γ(H) and Γ(G) denote the set of connected subgraphs of H and G
respectively. Define the map

φ : Γ(H) → Γ(G), H 7→ H̃ (1)

where H̃ is a subgraph of G induced by the vertex set

V (H̃) = {vi,j | vi,j ∈ V (Ct,l), ct,l ∈ V (H)}.

Since H is a connected subgraph of H, we have that H̃ is a closed trail in G as
it is an edge disjoint union of cycles of length 4 (Figure 3).

Figure 3: A subgraph H of H (left) and the corresponding subgraph H̃ of G
(right).

Let Hφ = H = T1 and let T0 denote the cycle in G induced by vertices of
degree 2 and 3 (Figure 4).

We have the following straightforward result:

Lemma 2 Let l0 = 2(n+m) and l1 = |E(A(G))|− l0. Then, (l0, l1) is realizable
in A(G). In particular, the closed trails T0 and T1 provide an edge disjoint
decomposition of A(G).

3.2 Auxiliary subgraphs I and O.
It will be convenient to introduce two subgraphs of H, a so called outer subgraph
O and an inner subgraph I.

Let I be a subgraph of H induced by the vertex set

V (I) = {v ∈ V (H) | deg(v) = 4 and if uv ∈ E(H) then deg(u) = 4}
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Figure 4: The closed trail T0 (left) and the closed trail T1 = Hφ (right) providing
a decomposition of A(G).

and let O denote the subgraph of H induced by the vertex set V (H) \ V (I)
(Figure 5). Clearly, when n ≥ 6, then I is a connected subgraph of H and
|I| ≥ m− 4.

Figure 5: The inner subgraph I (left) and the outer subgraph O (right) of H.

For convenience we will also refer to vertex columns of I and set Ij = I ∩Cj
and vertex columns of O and set Oj = O ∩ Cj . That is, Oj ∪ Ij = Cj . In
particular, we have that

|O1 ∪ O2| = |Om−1 ∪ Om| = n and |Oj ∪ Oj+1| = 4 (3 ≤ j ≤ m− 2) (2)

It will be also convenient to introduce

Oouter = {c ∈ O | degH(c) = 2},

where degH(c) is the degree of vertex c in H and

Oinner = {c ∈ O \ Oouter | degO(c) 6= 1, degO(c) 6= 3},

where degO(c) is the degree of vertex c in O.

3.3 Auxiliary graph HU .
The aim of the following two subsections is to extend Lemma 2, and provide
an edge disjoint decomposition of A(G) into two trails T 0 and T 1 such that
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|E(T 0)| > 2(n+m). The trail T 0 will be determined by the auxiliary graph HU

or HU,J .
Let U ⊆ Oinner and consider the graph generated by V (H) \ U . Add the

following edges that connect certain vertices in Oouter:

EU = {c1c2 | c1, c2 ∈ Oouter, ∃d ∈ U such that c1u, uc2 ∈ E(O)}.

The graph obtained will be denoted by HU (Figure 6). Paths in HU , whose
edges belong to EU will be denoted by

P (EU ) = {c1e1c2e2 . . . ek−1ck | ei ∈ EU (1 ≤ i ≤ k − 1)}.

Definition 1 We say that π ∈ P (EU ) is a full path, if there does not exists
a path ρ ∈ P (EU ) such that E(π) ⊂ E(ρ). The set of full paths of HU will be
denoted by FP (EU) .

Example. The graph HU in Figure 6 has two full paths, one being the full
path connecting c1,2 and c1,6 and the other being the full path connecting c3,2
and c3,4.

c1,2 c1,4 c1,6

c1,1 c1,7 c1,9

c1,8

c2,1 c2,3 c2,5 c2,7 c2,9

c2,2 c2,4 c2,6 c2,8

c3,1 c3,3
c3,5 c3,7

c3,9

c3,2 c3,4 c3,8

Figure 6: The graph HU , where U = {c1,3, c1,5, c3,6} superimposed on G(6, 9).
Bold dashed edges belong to EU . Subgraphs π1 = R(c1,2, c1,6) and π2 =
R(c3,5, c3,7) of G are highlighted with bold edges.

Each full path π with end vertices c and d of HU determines a unique simple
cycle π = R(c, d) in G. Indeed, if for example c = c1,i, d = c1,j ∈ V (H), then
R(c, d) is the unique cycle in G such that |E(C1,i) ∩ E(R(c, d))| = |E(C1,j) ∩
E(R(c, d))| = 3 (Figure 6).

Definition 2 We say that H is a full subgraph of HU , if it is connected and
for all v ∈ E(H) such that v ∈ V (π) for some π ∈ FP (EU), we have that
E(π) ⊆ E(H). The set of full subgraphs of H is denoted by Γ(HU).

We observe, that if H ∈ Γ(HU), then H is an edge disjoint union of full paths
π1, π2, . . . , πi and connected subgraphs H1,H2, . . . , Hj of HU \FP (EU ). Define

ψ : Γ(HU) → Γ(G),H 7→ (π1 ∪ . . . ∪ πi) ∪ (H1 ∪ . . . ∪Hj)φ.
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Clearly, ψ assigns to full subgraphs of Γ(HU), closed trails in G (see Figure 7).

Figure 7: A full subgraph H of HU superimposed on G(6, 9) (left) and the
corresponding Eulerian subgraph Ĥ of G (right).

Let CU = T 0 denote the cycle in G induced by the edge set E(A(G)) \
E(HU)ψ and let T 1 = HUψ (Figure 8).

Figure 8: The cycle T0 = CU (left) and the graph T 1 = HUψ (right), where
U = {c1,3, c1,5, c3,6}. The closed trails CU and HUψ provide an edge disjoint
decomposition of A(G).

It follows from our construction, that

|E(T 0)| = 2(m+ n) + 4|U | and |E(T 1)| = |E(A(G))| − |E(T 0)| = 4l.

Extending Lemma 2, we now obtain the following immediate result:

Lemma 3 Let k ≤ max{|U | : U ⊆ Oinner}. Let l0 = 2(n + m) + 4k and
l1 = |A(G)|− l0. Then, (l0, l1) is realizable in A(G). In particular, if U ⊆ Oinner

with |U | = k, then T 0 = CU and the closed trail T 1 = HUψ provide an edge
disjoint decomposition of A(G).

3.4 Auxiliary graph HU,J.
Finally we, introduce the auxiliary subgraph HU,J , where U ⊆ Oinner and J ⊆ I.
Extending Lemma 3, this graph will provide an edge disjoint decomposition of
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A(G) into two closed trails Σ0 and Σ1, satisfying that |E(Σi)| = 2(m+ n) + 4k
where 0 ≤ k ≤ max{|U | : U ⊆ Oinner}+ |I|. We consider the following cases:
Case 1: If k = 0, then we let U = J = ∅ and set HU,J = H. We let

Σ0 = T0 and Σ1 = T1 = Hφ.

By Lemma 2, |E(Σ0)| = 2(m + n) and Σ0 and Σ1 provide an edge disjoint
decomposition of A(G).
Case 2: If k = 1, then let HU,J = HU , where U = {c1,3} and J = ∅. Let

Σ0 = T 0 = CU and Σ1 = T 1 = HUψ.

By Lemma 3, |E(Σ0)| = 2(m+ n) + 4 and Σ0 and Σ1 provide an edge disjoint
decomposition of A(G) (Figure (9)).

Figure 9: Case 2: Left: Σ0 = CU . Right: The graph HU with U = {c1,3}
superimposed on G(6, 9) determining the closed trail Σ1 = HUψ.

Case 3: Assume that 1 < k ≤ |V (I)|, where k = (n − 4)z0 + z1 for some
z0, z1 ∈ N0 with z1 < n− 4. We let U = {c1,3} and J ⊆ I such that |J | = k− 1.
In particular, if z0 = 0, we assume that J is the path with k − 1 vertices in
I3 ∪ I4 starting at vertex c4,2. If z0 ≥ 1, then we choose

J = I3 ∪ I4 ∪ . . . ∪ I2z0+2 ∪K,

where K ⊆ Ir
2z0+3 or K ⊆ I2z0+3 ∪ Ir

2z0+4..
Let HU,J denote the subgraph of HU induced by the vertex set V (HU) \ J .

That is,

V (HU,J) =
(( 2z0+2⋃

j=1

Oj

)
\ {c1,3}

)
∪
((
C2z0+3 ∪ C2z0+4) \K

)
∪

m⋃
j=2z0+5

Cj .

Let
Σ0 = CU ∪ Jψ and Σ1 = HU,Jψ.

Clearly, |E(Σ0)| = 2(m+n)+4+4|J | = 2(m+n)+4k and by our construction,
both Σ0 and Σ1 are closed trails inG that provide an edge disjoint decomposition
of A(G) (Figure (10)).
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It will useful to consider the following edge disjoint decomposition of Σ1 into
two closed trails Σ1,1 and Σ1,2. To define Σ1,1, consider the subgraph H1

U,J of
HU,J with vertex set

V (H1
U,J) =

(( 2z0+2⋃
j=1

Oj

)
\ {c1,3}

)
∪
((
C2z0+3 ∪ C2z0+4) \K

)
∪ L,

where L = {c1,2z0+5, c2,2z0+5, . . .} ⊆ C2z0+5 ∪ C2z+0+6 such that |L| = z1. We
let H2

U,J be the subgraph with vertex set V (H2
U,J) = V (HU,J)\V (H1

U,J). Clearly,
Σ1,1 = H1

U,Jψ and Σ1,2 = H2
U,Jψ provide a decomposition of Σ1. Using (2) and

Lemma 1 we observe that

|V (H1
U,J)| = n+ 1 + 2 + 4(z0 − 1) + (n− z1) + z1 = 2n+ 4z0 − 1 (3)

and so |E(Σ1,1)| = 8n+ 16z0 − 4. It follows that

2|E(Σ0)| = 4(n+m) + 8 + 8[(n− 4)z0 + z1] ≤ |E(Σ1,1)| (4)

holds, since 6 ≤ n ≤ m by assumption.

Figure 10: Case 3: Left: Σ0 = CU ∪ Jψ , where U = {c1,3} and J = {c2,4, c3,2}.
Right: The graph HU,J superimposed on G(6, 9) determining the closed trail
Σ1 = HU,Jψ.

Case 4: If |V (I)| < k, then let U ⊆ Oinner satisfying that |U| + |I| = k and
we let J = I. Let HU,J denote the subgraph of HU induced by the vertex set
V (HU) \ I. We let

Σ0 = CU ∪ Iψ and Σ1 = HU,Jψ.

We have that |E(Σ0)| = 2(m+ n) + 4(|U |+ |I|) = 2(m+ n) + 4k and that Σ0

and Σ1 provide an edge disjoint decomposition of A(G) (Figure (11)).
We summarise the above in the following lemma:

Lemma 4 Assume that the sequence (l0, l1) is admissible for A(G), where l0 =
2(m + n) + 4k such that 0 ≤ k ≤ max{|U | : U ⊆ Oinner} + |I|. Then (l0, l1)
is realizable in A(G). In particular, if U and J ⊆ I are determined as above,
then Σ0 = CU ∪ Jψ and the closed trail Σ1 = HU,Jψ provide an edge disjoint
decomposition of A(G).
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Figure 11: Case 4: Left: Σ0 = CU ∪ Jψ , where U = {c1,3, c1,5} and J = I.
Right: The graph HU,J superimposed on G(6, 9) determining the closed trail
Σ1 = HU,Jψ (bold edges).

4 Decomposition of A(G) into closed trails
Building on the construction introduced in the Section 3, we first provide a
decomposition of A(G) into closed trails T0, T1, . . . Tt satisfying that |E(Ti)| =
4ki ≥ 2(m+n). Then, with the help of a technical step introduced in Lemma 6
we exhibit a procedure that exchanges edges of trails having a common vertex
in G that will lead to the main result where trail lengths are either li = 4ki or
li = 4ki + 2.

Lemma 5 Let (l0, l1, . . . , lt) be an admissible sequence for A(G) satisfying that
l0 = 2(n+m)+ 4k0, (k0 ≥ 0) and that li = 4ki for i ≥ 1. Then, there exists an
edge-disjoint decomposition of A(G) into closed trails T0, T1, . . . , Tt satisfying
that |E(Ti)| = li.

Proof. By Lemma 3, A(G) can be decomposed into two closed trails Σ0

and Σ1 satisfying that |E(Σ0)| = l0 and |E(Σ1)| = |E(A(G)|| − l0. Consider
the subgraph HU,J of HU determining Σ1. We construct connected subgraphs
H1, . . . ,Ht of HU,J satisfying that |V (Hi)| = ki and let Ti = Hiψ. It will then
follow that Ti is a closed trail for all 1 ≤ i ≤ t satisfying that |E(Ti)| = 4ki = li.
We will follow the cases introduced in Section 3.4. Without loss of generality,
we may assume that l0 ≤ li = 4ki for all 1 ≤ i ≤ t.
Case 1: If k0 = 0, then HU,J = H. Let

V (H1) = C1 ∪ C2 ∪ . . . ∪ Cj1−1 ∪ Cr1
j1
,

where j1 and r1 is chosen such that |V (H1)| = k1 holds. For 1 ≤ p, we let

V (Hp+1) = (Cjp \ Crp
jp
) ∪ Cjp+1 ∪ . . . ∪ Cjp+1 ∪ Crp+1

jp+1
,

where jp and rp is chosen such that |V (Hp+1)| = kp+1 holds. Since Cj ∪ Cj+1

induces a connected subgraph in H and since |Cj ∪ Cj+1| = n ≤ kj for all
1 ≤ j ≤ t, we have that Hp is a connected subgraph of H for all 1 ≤ p ≤ t
by Lemma 1. Let Hjφ = Tj Then, it follows that T1, T2, . . . , Tt provides an
edge-disjoint decomposition of A(G) and that |E(Tj)| = lj holds (Figure 12).
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Case 2: If k0 = 1, then HU,J = HU , where U = {c1,3}. Let

V (H1) =
(
{c1,4} ∪ C1 ∪ C2 ∪ C3 ∪ . . . ∪ Cj1−1 ∪ Cr1

j1

)
\ {c1,3}

where j1 and r1 is chosen such that |V (H1)| = k1 holds. Since k0 ≤ k1 by
assumption, {c1,4} ∪ C1 ∪ C2 ⊆ V (H1) and so H1 is a full subgraph of HU,J . For
1 ≤ p, we let

V (Hp+1) =
(
(Cjp \ Crp

jp
) ∪ Cjp+1 ∪ . . . ∪ Cjp+1

∪ Crp+1

jp+1

)
\ {c1,3}

where jp and rp is chosen such that |V (Hp+1)| = kp+1 holds. By Lemma 1, we
have that Hp is a connected subgraph of HU for all 1 ≤ p ≤ t. Let Hjψ = Tj .
Then, it follows that T1, T2, . . . , Tt provides an edge-disjoint decomposition of
A(G) and that |E(Tj)| = lj holds (Figure 12).

Figure 12: Left: Subgraphs H1,H2,H3 determining a decomposition of Σ1 =
Hψ (Case 1). Right: Subgraphs H1,H2 determining a decomposition of Σ1 =
HUψ (Case 2).

Case 3: Assume that 1 < k ≤ |V (I)|, where k = (n − 4)z0 + z1 for some
z0, z1 ∈ N0 with z1 < n− 4. We let U = {c1,3} and J ⊆ I such that |J | = k− 1
and consider HU,J as determined in Section 3.4. Let

V (H1) =
(
{c1,4} ∪ C1 ∪ C2 ∪ C3 ∪ . . . ∪ Cj1−1 ∪ Cr1

j1

)
\
(
{c1,3} ∪ V (J)

)
where j1 and r1 is chosen such that |V (H1)| = k1 holds. Since l0 ≤ l1 by
assumption, {c1,4} ∪ C1 ∪ C2 ⊆ V (H1) hold, and hence, H1 is a full subgraph of
HU,J . Observe that the subgraph generated by the vertex set V (H1

U,J) \ V (H1)
remains connected. Let

V (H2) =
(
(Cj1 \ C

r1
j1
) ∪ Cj1+1 ∪ . . . ∪ Cj2−1 ∪ Cr2

j2

)
\
(
{c1,3} ∪ V (J)

)
,

where j2 and r2 is chosen such that |V (H2)| = l2 holds. Since l0 ≤ l1 = 4k1 and
l0 ≤ l2 = 4k2, we obtain using (4) that

|E(HU,J)| < 2l0 ≤ |E(H1ψ)|+ |E(H2ψ)|.
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Hence, |V (H1
U,J)| ≤ |V (H2)| ∪ |V (H1)| and so V (H1

U,J) \ V (H1) ⊆ V (H2). We
may hence deduce that H2 is a connected subgraph of HU,J . For 3 ≤ p, we let

V (Hp+1) = (Cjp \ Crp
jp
) ∪ Cjp+1 ∪ . . . ∪ Cjp+1 ∪ Crp+1

jp+1

where jp and rp is chosen such that |V (Hp+1)| = lp+1 holds. By Lemma 1 we
have that Hp is a connected subgraph of HU,J for all 1 ≤ p ≤ t. Let Hjψ = Tj .
The closed trails T1, T2, . . . , Tp provide an edge decomposition of A(G) such that
|E(Tj)| = lj . (Figure 13.)

Figure 13: Subgraphs H1,H2 determining a decomposition of Σ1 = HU,Jψ,
where U = {c1,3}, J = {c2,4, c3,2} (Case 3).

Case 4: This is a redundant case as Σ1 cannot be decomposed into trails
T1, . . . , Tt such that |E(Ti)| = li ≥ l0. To verify this, we show that |E(Σ1)| <
2l0. Consider HU,J as determined in Case 4 in Section 3.4. Note that

l0 = |E(Σ0)| = 2(n+m)+4(|I|+ |U|) and |E(Σ1)| = 4(2n+2m−8)−4|U|.

Using that |U| ≥ 1, |I| > m− 4 and m ≥ n, it can be now readily verified that
|E(Σ1)| < 2l0 ≤ l1 + l2. □

In the next lemma, we show that the construction introduced in Lemma 5
can be modified to accommodate trail lengths l = 4k + 2.

Lemma 6 Consider the trail decomposition T0, T1, . . . Ti, Ti+1, . . . , Tt of A(G)
as determined in Lemma 5. Then, there exists a trail decomposition

T0, T1, . . . T i, T i+1, . . . , Tt

such that |E(T i)| = 4ki + 2 and |E(T i+1)| = 4ki − 2.

Proof. Let Ti = Hiφ and Ti+1 = Hi+1φ. Considering cases 1, 2 and case 3
when i ≥ 2, there exist vertices d1, d2, d3, d4 ∈ V (HU,J) and a vertex column Cj

such that either of the following two cases occur:

(a) d1 ∈ V (Hi) ∩ Cj , d2, d3 ∈ V (Hi+1) ∩ Cj+1 and d4 ∈ V (Hi+1) ∩ Cj+1

(b) d1 ∈ V (Hi) ∩ Cj , d2, d3 ∈ V (Hi) ∩ Cj+1 and d4 ∈ V (Hi+1) ∩ Cj+1.
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We consider (a), as (b) is similar. To obtain T i and T i+1 from Ti and Ti+1 we
exchange certain edges of d1ψ, d2ψ, d3ψ and d4ψ as depicted in Figure 14 that
lengthens Ti by two edges and shortens Ti+1 by two edges as desired.

In case 3, if i = 1 and neither (a) nor (b) hold, then V (T1) ∩ V (Jφ) 6=
0, and V (T2) ∩ V (Jφ) 6= 0. We construct T 1 and T 2 in two steps. First,
by exchanging edges between T1 and Σ0, we lengthen T1 by two edges to obtain
T 1 and shorten Σ0 by two edges and obtain Σ0. Then, we lengthen Σ0 by two
edges to obtain Σ̃0 so that |E(Σ̃0)| = l0 and shorten T2 by two edges to obtain
T 2. In both steps, we apply a similar technique as described above. Since
V (T1) ∩ V (Jφ) 6= 0, there exist d1 = c1,j ∈ V (Hi) d2 = c1,j−1, d3 = c2,j , d4 =
c2,j+1 ∈ J . Exchange edges between subgraphs d1φ, d2φ, d3φ, d4φ as depicted
in Figure 15. As observed in case 3 in Section 3, V (HU,J)\V (H1) ⊆ V (H2) and
therefore there exist vertices d1 ∈ J, d2, d3, d4 ∈ V (H2) as in case (a). The edge
exchanging technique depicted in Figure 14 can be applied to lengthen Jφ by
two edges and shorten T2 by two edges to obtain T 2.

d1

d2

d3

d4 d1

d2

d3

d4

Figure 14: Left: Subgraph of Ti (bold edges) and Ti+1 (dashed edges). Right:
Swapping edges to obtain T i (bold edges) and T i+1 (dashed edges) from Ti and
Ti+1.

d2

d1

d3

d4 d2

d1

d3

d4

Figure 15: Left: Subgraph of Jφ ⊆ Σ0 (bold edges) and T1 (dashed edges).
Right: Swapping edges to obtain Σ0 (bold edges) and T 1 (dashed edges).

□
Our main result is the following proposition.

Proposition 1 Let (l0, l1, . . . , lt) be an admissible sequence for A(G) satisfying
that l0 = 2(n + m) + 4k0, (k0 ≥ 0), l0 ≤ li and li = 4ki or li = 4ki + 2 for
i ≥ 1. Then, there exists an edge-disjoint decomposition of A(G) into closed
trails T0, T1, . . . , Tt satisfying that |E(Ti)| = li.

Proof. Let S1 = {li | li = 4ki} and S2 = {li | li = 4ki + 2}. Without
loss of generality, we may assume that li ∈ S2 precisely when i ≥ j for some
1 ≤ j. Since 4|V (HU,J), we have that |S2| is even. Lemma 5 can be applied
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to obtain a closed trail decomposition T0, T1, . . . Tj−1, T j , T j+1, . . . T t−1, T t of
A(G) satisfying that Ti = 4ki for i < j and

|T j | = lj + 2, |T j+1| = lj+1 − 2, . . . , |T t−1| = lt−1 − 2, |T t| = lt + 2.

To obtain the desired trail decomposition, we apply Lemma 6 to shorten T j+2z

by two edges and lengthen T j+2z+1 by two edges, where z ≥ 0. □

Acknowledgement: I am grateful for Dr Tibor Illés for recommending this
research topic and for helpful discussions.

References
[1] P.N. Balister: Packing circuit into KN . Combin. Probab. Comput. 10 (2001),

463–499. Zbl 1113.05309, MR1869841, DOI 10.1017/s0963548301004771
[2] E. J. Billington, N. J. Cavenagh: Decomposing complete tripartite graphs

into closed trails of arbitrary lengths. Czech. Math. J. 57 (2007), 523–551. Zbl
1174.05100, MR2337613, DOI 10.1007/s10587-007-0096-y

[3] A. Burgess, M. Šajna: Closed trail decompositions of complete equipartite
graphs. J. Combin. Des. 17 (2009), 374–403. Zbl 1222.05209, MR2547673, DOI
10.1002/jcd.20228

[4] S. Cichacz, M. Horňak: Decomposition of bipartite graphs into closed trails.
Czech. Math. J. 59 (2009), 129–144. Zbl 1224.05402, MR2486620, DOI:
10.1007/s10587-009-0009-3

[5] S. Cichacz, J.Przybyło, M. Woźniak: Decomposition of pseudographs into closed
trails of even sizes. Discrete Math. (309) (2009), 4903–4908. Zbl 1218.05123,
MR2531635, DOI 10.1016/j.disc.2008.04.024

[6] M. Horňak, Z. Kocková: On complete tripartite graphs arbitrarily decomposable
into closed trails. Tatra Mt. Math. Publ. 36 (2007), 71–107. Zbl 1174.05073,
MR2378742

[7] M. Horňak, M. Woźniak: Decomposition of complete bipartite even graphs into
closed trails. Czech. Math. J. 53 (2003), 127–134. Zbl 1010.05054, MR1962004,
DOI: 10.1023/A:1022931710349

[8] C. H. Papadimitriou, M. Sideri: The bisection width of grid graphs.
Math. Systems Theory 29 (1996), 97-110. Zbl 0839.68976, MR168793, DOI:
10.1007/BF01305310

[9] P. Paulraja, S. Sampath Kumar: Closed trail decompositions of come classes
of regular graphs. Discrete Math. 312 (2012), 1353–1366. Zbl 1237.05169,
MR28859918, DOI: 10.1016/j.disc.2011.12.015

[10] H. Shi, P. Gader, H. Li: Parallel mesh algorithms for grid graph shortest paths
with application to separation to touching chromosomes. J. of Supercomput. 12,
(1998) 69–83. Zbl 0896.68074, DOI: 10.1023/A:1007929410673

[11] B. R. Smith: Decomposing complete equipartite graphs into closed trails of
length k. Graphs Combin. 26 (2010), 133–140. Zbl 1231.05218, MR2606624,
DOI 10.1007/s00373-010-0899-8


	Introduction
	Preliminaries
	Decomposition of A(G) into two trails
	Auxiliary graph H
	Auxiliary subgraphs I and O.
	Auxiliary graph HU.
	Auxiliary graph HU,J.

	Decomposition of A(G) into closed trails

