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Abstract

Let G = G(n,m) be a rectangular solid grid graph and A(G) be a
minimum length Eulerian augmentation of G. Let lp,...,lt € N such
that >°/_l; = |E(A(G)|, where 2(n +m) < l; = 2k;. In this paper, we
exhibit a constructive procedure providing an edge-disjoint decomposition
of A(G) into closed trails T, ..., T; such that |E(T;)| = l;.
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1 Introduction

For many real life problems, such as vehicle routing, surveillance of an area,
design of telecommunication networks, the underlying mathematical model re-
quires that the edges of a graph G are covered with closed trails such that each
edge of the graph is contained in at least one trail, the length of each trail is
bounded above by a given number called its capacity and the total length of
trails is minimized. The graph obtained by taking the union of capacitated trails
will be Eulerian. Thus, the minimum length Eulerian augmentation A(G) of G
gives a strict lower bound to this optimisation problem. It is therefore natural
to investigate whether the edges of A(G) can be decomposed into closed trails
of given lengths.

Decompositions of graphs into fixed length trails are difficult to find in gen-
eral and most known results relate to complete multipartite graphs. Complete
graph were investigated in [l], bipartite graphs in [4], [7] and tripartite graphs
in [2], [6]. More recently, complete equipartite graphs were discussed in detail
in [4], B]. Other graphs for which this problem was considered closely relate to
these graphs and include pseudographs in [§] and regular graphs in [9].

In this paper, we consider edge-disjoint decomposition into fixed length
closed trails of A(G), where G is a rectangular solid grid graph G = G(n,m).
These graphs are finite node-induced subgraphs of the infinite two-dimensional
grid. As such graphs appear in many interesting applications, for example in

*e-mail: e.dombi@strath.ac.uk

71


http://www.degruyter.com/view/j/puma
https://doi.org/10.1515/puma-2015-0040

72 DOMBI

VLSI-design [§], in chromosome analysis and image segmentation [10], and in
planning and designing buildings and cities, it is natural to investigate such
decomposition problems. The paper will focus on providing a constructive pro-
cedure that provides a decomposition of A(G) into long closed trails, in the
sense that given trail lengths I; satisfy that {; > 2(n 4+ m). We also assume that
6 < n < m, as smaller samples of rectangular grid graphs can be analysed by
hand.

The paper is organised as follows. In the next section, we summarise basic
definitions and notation used in the paper. Section § is devoted to the discussion
of decompositions of A(G) into two trails Ty = ¥ and X, of given lengths with
the aid of auxiliary graphs. Section {l gives a constructive procedure that further
decomposes Y into closed trails T7,...,7T; of given lengths. Throughout the
paper we use G(6,9) to illustrate concepts and results.

2 Preliminaries

A graph G is even, if the degree of each vertex of G is even. It is well known
by Euler’s theorem that a connected even graph is Eulerian. A closed trail of
length | in G is a connected Eulerian subgraph having exactly [ edges. We say
that a graph G is decomposable into closed trails of lengths ly,l1,... 1, if G
can be written as an edge disjoint union of closed trails Ty, 77, . . ., T}, satisfying
that |E(T;)| = [; for each 0 < j < t. Following terminology in [b], we say that
a sequence of integers (lo, l1,la, ..., 1;) is admissible for G, if 335_o 1y = |E(G)].
Moreover, if G is decomposable into closed trails Ty, Ty, ..., T satisfying that
|E(T;)| =1, then we say that the sequence (lo, 1,12, ...,1;) is realizable in G.

Let P, denote a path on n + 1 vertices. A rectangular solid grid graph
G = G(n,m) is a Cartesian product of P, and P,,. Without loss of generality,
we may assume that n < m. The vertex set of V(G) is

V(G(n,m)) ={v@p | 0<a<n, 0<b<m, a,bcZ}.

Certain cycles of length 4 in G will serve as building blocks in our construc-
tion. Let C; ; denote the cycle of length 4 in G with vertex set

V(C;,) = { {U(Qi—l,j)7U(Qi—l,j—l)uv(2i,j—1)7”(2i7j)} if j is odd
i V(2i—1,j—1)s V(2i—1,j)» V(2i—2,5) V(2i—2,j—1)} if J is even.

and we let S denote the set of these cycles (Figure m)

It is well known that grid graphs are bipartite and that bipartite graphs do
not contain closed trails of odd length. It is also straightforward to see that
|E(T)| > 4 for any trail T in G and hence if T' is a closed trail in G then either
|E(T)| =4k or |[E(T)| = 4k + 2 for some 1 < k € N.

Clearly, G = G(n,m) is not an Eulerian graph. A minimum length Eulerian
augmentation of G, that can be obtained by considering a minimum cost perfect
matching of odd degree vertices, will be denoted by A(G). It is routine to see
that a rectangular solid grid graph G(n,m) has 2n+2m —4 odd degree vertices.



CLOSED TRAIL DECOMPOSITIONS ON GRID GRAPHS 73

If n and m are odd then duplicating n+m — 2 edges is enough to obtain A(G),
and if either n or m_or both are even, then A(G) is obtained by duplicating
m + n edges (Figure [l]).

C2 2 C'2, 4 C2 C'2 o}

3,1] Cs3, C3,5 C3,7] C3.,9

Figure 1: Left: Cycles C; ;. Right: Eulerian augmentation of A(G).

3 Decomposition of A(G) into two trails

In this section, we introduce auxiliary graphs H, Z, O, Hy and Hy,; that will
provide a specific decomposition of A(G) into two closed trails Tp and T3 of
given lengths satisfying that |E(T;)| > 2(n+m), (i =0,1).
3.1 Auxiliary graph H
Let H be a graph with vertex set

V(H) = {C@j ‘ CZ‘J‘ S S}

We assume that ¢; ; and ¢;; are connected with an edge e € EE(H) precisely

when cycles C; ; and Cj,; have a common vertex in G (Figure P). It will be
C1,2 C1,.4 C1,6 C1.8
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Figure 2: H(G) superimposed on G = (6,9).
convenient to refer to vertex columns and let

Cj = {817]‘, €25, «- } and C; = {CLj, €25y « - .,C»,-J'}
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denote the jth vertex column and the first » vertices in the jth vertex column in
‘H respectively. The following lemma is straightforward from the construction
of H.

LEMMA 1 We have that |C; UCjy1| =n for all 1 < j <m — 1. Furthermore, if
[(C;\CH)UCj+1UC], 5| > n, then the subgraph induced by (C;\C})UCj41UCH,
is connected.

We let I'(H) and I'(G) denote the set of connected subgraphs of # and G
respectively. Define the map

0:T(H) = T(G), H—H (1)
where H is a subgraph of G induced by the vertex set
V(H) = {v;; | vij € V(Cii), ey € V(H)}.

Since H is a connected subgraph of H, we have that H is a closed trail in G as
it is an edge disjoint union of cycles of length 4 (Figure J).

Figure 3: A subgraph H of H (left) and the corresponding subgraph H of G
(right).

Let Ho = H = T; and let Ty denote the cycle in G induced by vertices of
degree 2 and 3 (Figure H)
We have the following straightforward result:

LEMMA 2 Letlyp =2(n+m) andly = |E(A(G))|—1o. Then, (lo,11) is realizable
in A(G). In particular, the closed trails Ty and Ty provide an edge disjoint
decomposition of A(G).

3.2 Auxiliary subgraphs Z and O.

It will be convenient to introduce two subgraphs of H, a so called outer subgraph
O and an inner subgraph 7.
Let Z be a subgraph of H induced by the vertex set

V(Z)={veV(H) | deg(v) =4 and if uv € E(H) then deg(u) = 4}
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Figure 4: The closed trail T (left) and the closed trail Ty = He (right) providing
a decomposition of A(G).

and let O denote the subgraph of H induced by the vertex set V(H) \ V()
(Figure E) Clearly, when n > 6, then Z is a connected subgraph of H and
|Z| > m — 4.

Figure 5: The inner subgraph Z (left) and the outer subgraph O (right) of H.

For convenience we will also refer to vertex columns of Z and set Z; = ZNC;
and vertex columns of O and set O; = ONC;. That is, O; UZ; = C;. In
particular, we have that

|O1UO2| =011 UO0p|=n and |0O;U0j11|=4 3<j<m—2) (2)
It will be also convenient to introduce
Oouter = {c € O | degy(c) =2},
where degy, (c) is the degree of vertex ¢ in A and
Oinner = {¢ € O\ Oouter | degp(c) # 1,degp(c) # 3},

where deg(c) is the degree of vertex ¢ in O.

3.3 Auxiliary graph H,.

The aim of the following two subsections is to extend Lemma E,ﬁ and provide
an edge disjoint decomposition of A(G) into two trails Ty and T such that
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|E(To)| > 2(n+m). The trail T will be determined by the auxiliary graph H,,
or Hy ;.

Let U C Oinner and consider the graph generated by V(H) \ U. Add the
following edges that connect certain vertices in Ogyter:

Ey = {cica | c1,¢2 € Opyter, Id € U such that ciu, ucy € E(O)}.

The graph obtained will be denoted by H, (Figure B) Paths in H,, whose
edges belong to Ey will be denoted by

P(Ey) ={cie1cea...ep_1c; |e; € By (1<i<k—1)}

DEFINITION 1 We say that m € P(Ey) is a full path, if there does not exists
a path p € P(Ey) such that E(mw) C E(p). The set of full paths of Hy will be
denoted by FP(Ev) .

Example. The graph H, in Figure E has two full paths, one being the full
path connecting c; 2 and ¢; ¢ and the other being the full path connecting c3 >
and c3 4.

C1,2 C1,4 C1,6 C1,8
o S B I Bt 4
cl1e w7 | eClg
» (2,2 eC24 | 926 » (28
ce ‘o3 | #Cy5 | €Car | #Cag
o | W g
C31e’ “eC33 | By "0 C3,9
3.5 3.1

Figure 6: The graph H,, where U = {c1 3,¢1,5,¢3,6} superimposed on G(6,9).
Bold dashed edges belong to E,. Subgraphs @1 = R(ci2,c16) and Ty =
R(c35,c3,7) of G are highlighted with bold edges.

Each full path 7 with end vertices ¢ and d of H, determines a unique simple
cycle T = R(c,d) in G. Indeed, if for example ¢ = ¢1;,d = ¢1; € V(H), then
R(c,d) is the unique cycle in G such that |E(Cy ;) N E(R(c,d))| = |E(C1;) N
E(R(c,d))| = 3 (Figure ).

DEFINITION 2 We say that H is a full subgraph of H., if it is connected and
for all v € E(H) such that v € V() for some m € FP(E,), we have that
E(r) C E(H). The set of full subgraphs of H is denoted by T'(Hy).

We observe, that if H € T'(Hy), then H is an edge disjoint union of full paths
1, T2, ..., ; and connected subgraphs Hy, Hs, ..., H; of Hy \ FP(Ey). Define

Y:T(Hy) = T(G),H— (T U...UT;) U(H1U...UH;)p.
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Clearly, 1 assigns to full subgraphs of I'(H,), closed trails in G (see Figure H)

Figure 7: A full subgraph H of H, superimposed on G(6,9) (left) and the
corresponding Eulerian subgraph H of G (right).

Let C, = Ty denote the cycle in G induced by the edge set E(A(G)) \
E(Hy)y and let Th = Hyyp (Figure E)
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Figure 8: The cycle Ty = Cy (left) and the graph T, = H, (right), where
U = {c13,¢15,¢36} The closed trails C, and H,v provide an edge disjoint
decomposition of A(G).

It follows from our construction, that
E(To)| = 2(m+n) +4]U| and [E(T)| = [E(AG))| - [E(To)| = 4l.
Extending Lemma E, we now obtain the following immediate result:

LEMMA 3 Let k < max{|U| : U C Oinnery. Let lo = 2(n +m) + 4k and
Iy = |A(G)|—lo. Then, (lo,11) is realizable in A(G). In particular, if U C Oinner
with |U| = k, then Tg = Cy and the closed trail Ty = Hyt provide an edge
disjoint decomposition of A(G).

3.4 Auxiliary graph H, .

Finally we, introduce the auxiliary subgraph H, ,, where U C O;pper and J C 7.
Extending Lemma B, this graph will provide an edge disjoint decomposition of
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A(G) into two closed trails 3y and 3, satisfying that |E(3;)| = 2(m +n) + 4k
where 0 < k <max{|U| : U C Ojnner} + |Z|. We consider the following cases:
Case 1: If k =0, then we let U = J = () and set H, , = H. We let

Eo = TO and 21 = T1 = H(p.
By Lemma E, |E(Z0)] = 2(m + n) and ¥ and Xy provide an edge disjoint
decomposition of A(G).
Case 2: If k = 1, then let H, , = H,, where U = {¢1 3} and J = (). Let
20 = TO = CU and 21 = T1 = rHlﬂﬂ

By Lemma E, |E(X0)| = 2(m 4+ n) +4 and Xy and ¥, provide an edge disjoint
decomposition of A(G) (Figure (g)).

o----Q Q o
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’ \ s .
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Figure 9: Case 2: Left: ¥y = Cy. Right: The graph H, with U = {c1,3}
superimposed on G(6,9) determining the closed trail ¥, = Hyv.

Case 3: Assume that 1 < k < |V(Z)|, where k = (n — 4)zp + 21 for some
20,21 € N® with 2; <n—4. Welet U = {c; 3} and J C Z such that |J| = k—1.
In particular, if zo = 0, we assume that J is the path with & — 1 vertices in
I3 UZ, starting at vertex cao. If 29 > 1, then we choose

J=T3UL4U... ULy, 2 UK,

where K C 75, (3 or K CToy13UZ5, Ly
Let H,,, denote the subgraph of H, induced by the vertex set V(H,) \ J.
That is,

22042 m
V(Hu.,) = (( U ;)\ {01,3}) U ((02z0+3 U Cozo44) \ K) U U C;.

=1 j=220+5
Let

EO = CU U J’l/) and 21 = HU,.ITZ).

Clearly, |E(Xo)| = 2(m+n)+4+4]|J| = 2(m+n)+4k and by our construction,
both X and X7 are closed trails in G that provide an edge disjoint decomposition

of A(G) (Figure (1d)).
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It will useful to consider the following edge disjoint decomposition of ¥; into
two closed trails ¥1; and ;2. To define ¥ ;, consider the subgraph ’H}, , of
Hy., with vertex set

22042

v = ((U 0\ ers)) U ((Comors U Conra) \ K) UL,

where L = {6172,204_5,02,2,204_5, .. } Q CQZO+5 U C2z+0+6 such that ‘L| = 21. ‘We
let H2 , be the subgraph with vertex set V(H2 ) = V(Hy.,) \V(HL ). Clearly,
Y11 =H} 4 and $1 5 = H2 1 provide a decomposition of ¥;. Using () and
Lemma m we observe that

VH ) =n+1+2+4(z0— 1)+ (n—z1)+21=2n+42—-1 (3)
and so |E(21,1)| = 8n + 1629 — 4. It follows that
2|E(Xo)| = 4(n+m) +8+8[(n —4)z0 + 21] < |E(X1,1)] (4)

holds, since 6 < n < m by assumption.

o r---Q 2 o
7 ) | s N
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/. ‘ N /‘\
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N I N O A B R4
/|
e} Y o’ v o

Figure 10: Case 3: Left: 3¢ = Cy UJy , where U = {c1 3} and J = {c24,c32}.
Right: The graph H, , superimposed on G(6,9) determining the closed trail
E1 = HU,J¢'

Case 4: If [V(Z)| < k, then let U C O;,,., satisfying that |U| + |Z| = k and
we let J = Z. Let Hy , denote the subgraph of H, induced by the vertex set
V(Hy) \Z. We let

Yo=Cy ULy and ¥ =Hy 0.

We have that |E(Zg)| = 2(m +n) +4(|U| + |Z]) = 2(m + n) + 4k_and that 3
and X, provide an edge disjoint decomposition of A(G) (Figure ([L1))).
We summarise the above in the following lemma:

LEMMA 4 Assume that the sequence (lg,l1) is admissible for A(G), where ly =
2(m +n) + 4k such that 0 < k < max{|U| : U C Oipner} + |Z|. Then (lo,11)
is realizable in A(G). In particular, if U and J C T are determined as above,
then 3o = Cy U JY and the closed trail ¥4 = Hy, ;00 provide an edge disjoint
decomposition of A(G).
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Figure 11: Case 4: Left: 39 = Cy U Jy , where U = {c13,¢c15} and J = T.
Right: The graph #H, , superimposed on G(6,9) determining the closed trail
¥y = Hy ;4 (bold edges).

4 Decomposition of A(G) into closed trails

Building on the construction introduced in the Section E, we first provide a
decomposition of A(G) into closed trails Ty, T4, ... T; satisfying that |E(T;)| =
4k; > 2(m+n). Then, with the help of a technical step introduced in Lemma
we exhibit a procedure that exchanges edges of trails having a common vertex
in G that will lead to the main result where trail lengths are either [; = 4k; or
l; = 4k; + 2.

LEMMA 5 Let (lg,l1,...,1l:) be an admissible sequence for A(G) satisfying that
lo =2(n+m)+4kg, (ko > 0) and that l; = 4k; for i > 1. Then, there exists an
edge-disjoint decomposition of A(G) into closed trails Ty, Th,...,T; satisfying

Proof. By Lemma B, A(G) can be decomposed into two closed trails X
and ¥ satisfying that |E(Zo)| = lp and |E(Z1)] = |E(A(G)|] — lo. Consider
the subgraph H, ; of H, determining ;. We construct connected subgraphs
Ha, ..., Hs of Hy , satistying that |V(H;)| = k; and let T; = H;%p. It will then
follow that T; is a closed trail for all 1 < i < ¢ satisfying that |E(T;)| = 4k; = ;.
We will follow the cases introduced in Section B.4. Without loss of generality,
we may assume that [ < [; = 4k; for all 1 <¢ <t.
Case 1: If kg = 0, then H, , = H. Let

V(Hl) = Cl UCQ U... Ule_l uct

J1?

where j; and rp is chosen such that |V(#1)| = k1 holds. For 1 < p, we let

V(Hpi1) = (€3, \C;7)UCj,41U...UCy,,, UCTT,
where j, and 7, is chosen such that |V (#H,+1)| = kp+1 holds. Since C; UCj11
induces a connected subgraph in H and since |C; UCjyi| = n < k; for all
1 < j < t, we have that H, is a connected subgraph of H for all 1 < p <t
by Lemma m Let H;jp = T; Then, it follows that T7,T5,...,T; provides an
edge-disjoint decomposition of A(G) and that |E(T})| = I; holds (Figure @)
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Case 2: If kg = 1, then H, , = Hy, where U = {c1,3}. Let
V(Hl) = ({61)4} UCiUCyUC3U...U Cj1—1 @] C;ll) \ {6173}

where j; and rp is chosen such that |[V(H1)| = ki holds. Since kg < k1 by
assumption, {¢1,4}UC; UCs C V(H1) and so H; is a full subgraph of H,, ;. For
1 < p, we let

V(Hps1) = ((ij \C;P)UCj,11U...UC),,, UC;;E) \ {e1s}
where j, and r,, is chosen such that |V(#Hp,+1)| = kp+1 holds. By Lemma m, we
have that H,, is a connected subgraph of H, for all 1 < p <t. Let H;y = Tj.
Then, it follows that T7,T5,...,T; provides an edge-disjoint decomposition of
A(G) and that |E(T})| = I; holds (Figure @)

<

/

Figure 12: Left: Subgraphs Hi,Hs, H3 determining a decomposition of ¥; =
H1p (Case 1). Right: Subgraphs #H;,Hs determining a decomposition of X1 =
Hy (Case 2).

Case 3: Assume that 1 < k < |V(Z)|, where k = (n — 4)z¢p + 21 for some
20,71 € NO with z; <n—4. Welet U = {c1,3} and J C 7 such that |[J| =k —1
and consider Hy, , as determined in Section . Let

V(Hl) = ({01’4} U C1 @] C2 U Cg u...u Cj171 U C]rll) \ ({61,3} U V(J))
where j; and ry is chosen such that |V(#H;1)| = k; holds. Since iy < I by
assumption, {c1 4} UC1 UCy C V(H1) hold, and hence, H; is a full subgraph of

Hy,,. Observe that the subgraph generated by the vertex set V(H} ;)\ V(H1)
remains connected. Let

V(Ha) = (€ \ G UG U UG, UC2 )\ ({ers} UV(I)),

where jo and 79 is chosen such that |V (Hz2)| = Iz holds. Since Iy < I; = 4k; and
lo < ls = 4ko, we obtain using (4)) that

|E(Hu.s)| < 2lo < [EH1Y)| + [EH29)].
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Hence, |V(H} )| < [V(H2)|U|V(H1)| and so V(H} )\ V(H1) € V(Hz). We
may hence deduce that Hs is a connected subgraph of H, ;. For 3 < p, we let
V(Hp+1) = (ij \C;:) U ij+1 u...u ijJrl U C;;Ill
where j, and 7, is chosen such that |V (#,41)| = lp41 holds. By Lemma E we
have that #, is a connected subgraph of H, , for all 1 < p <t. Let H;¢p = Tj.

The closed trails T1, T, . . ., T), provide an edge decomposition of A(G) such that
IB(T,)| = by, (Figure [

Figure 13: Subgraphs Hi,Hs determining a decomposition of 31 = H, ¥,
where U = {c1,3},J = {c2,4,c32} (Case 3).

Case 4: This is a redundant case as ¥; cannot be decomposed into trails
Ty,...,T; such that |E(T;)| = I; > lp. To verify this, we show that |E(31)| <
2ly. Consider H, ; as determined in Case 4 in Section B.4. Note that

lo = |E(20)| = 2(n+m)+4(|Z|+|U|) and |E(X1)| = 4(2n+2m—8) —4|U|.

Using that || > 1,]Z| > m — 4 and m > n, it can be now readily verified that
|E(21)| <2y <y + 1. [l

In the next lemma, we show that the construction introduced in Lemma B
can be modified to accommodate trail lengths | = 4k + 2.

LEMMA 6 Consider the trail decomposition Ty, T1,...T;, Tiz1,..., Ty of A(G)
as determined in Lemma |J. Then, there exists a trail decomposition

To,Tl, .. ~Tz’7?i+17 Ce ,Tt
such that |E(T;)| = 4k; +2 and |E(Tiy1)| = 4k; — 2.

Proof. Let T; = H;p and T;11 = H;r1¢. Considering cases 1, 2 and case 3
when ¢ > 2, there exist vertices d1,ds,ds,ds € V(Hy, ;) and a vertex column C;
such that either of the following two cases occur:

(a) dy € V(’Hz) n Cj, d2,d3 S V('Hprl) n Cj+1 and d4 € V('Hl+1) N Cj+1
(b) dy € V(/Hz) n Cj, dg, ds € V(HZ) n Cj+1 and d4 € V(Hi+1) N Cj+1.
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We consider (a), as (b) is similar. To obtain T; and Ty, from T; and Ty, we
exchange certain edges of div, da1), d3v and dsv as depicted in Figure [14 that
lengthens T; by two edges and shortens T;41 by two edges as desired.

In case 3, if « = 1 and neither (a) nor (b) hold, then V(T1) NV (Jyp) #
0, and V(Ty)NV(Jyp) # 0. We construct T; and T, in two steps. First,
by exchanging edges between T; and Yg, we lengthen 77 by two edges to obtain
T and shorten Yo by two edges and obtain 9. Then, we lengthen ¥y by two
edges to obtain ¥y so that |E(X)| = lp and shorten T by two edges to obtain
T5. In both steps, we apply a similar technique as described above. Since
V(Tl) N V(JQD) 75 O, there exist d1 = C1,5 S V(’Hl) dg = Cl,j_17d3 = Cg7j,d4 =
c2,j+1 € J._Exchange edges between subgraphs dip,d2p,dsp, dsp as depicted
in Figure [L5. As observed in case 3 in Section E, V(Hu )\ V(H1) C V(Hsz) and
therefore there exist vertices dy € J,da,ds.ds € V(Hs) as in case (a). The edge
exchanging technique depicted in Figure @ can be applied to lengthen J¢ by
two edges and shorten T5 by two edges to obtain T'.

Figure 14: Left: Subgraph of T; (bold edges) and T;;; (dashed edges). Right:
Swapping edges to obtain T; (bold edges) and T;11 (dashed edges) from T; and
Tita.
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Figure 15: Left: Subgraph of Jp C %o (bold edges) and 71 (dashed edges).

Right: Swapping edges to obtain 3 (bold edges) and T (dashed edges).

Our main result is the following proposition.

PRrROPOSITION 1 Let (lg,l1,-..,1;) be an admissible sequence for A(G) satisfying
that lo = 2(n + m) + 4]€0, (ko Z 0), l() S ll and ll = 4]62 or ll = 4]62 + 2 fO’f‘
i > 1. Then, there exists an edge-disjoint decomposition of A(G) into closed
trails Ty, T1, . . ., Tt satisfying that |E(T;)| = ;.

Proof. Let Sl = {lz | ll = 4]@} and Sg = {ll | ll = 4]61 + 2} Without
loss of generality, we may assume that [; € S5 precisely when ¢ > j for some
1 < j. Since 4|V (Hy.,), we have that |S3| is even. Lemma ff can be applied
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to obtain a closed trail decomposition Ty, T, ... Tj,1,Tj,Tj+1, Ty 1, Ty of
A(G) satisfying that T; = 4k; for i < j and

‘le == ZJ +2,|TJ+1‘ :lj+1 —2,...,|Tt71‘ :lt,1 —2, |Tt| == lt +2

To obtain the desired trail decomposition, we apply Lemma E to shorten T'j 19,
by two edges and lengthen 7T';,2.41 by two edges, where z > 0. 0

Acknowledgement: 1 am grateful for Dr Tibor Illés for recommending this
research topic and for helpful discussions.
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