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Aiming at the parallel task scheduling problem (P|size; |Cmax), which requires multiple machines to work collaboratively,
this paper proposes an improved tabu search algorithm to overcome the shortcoming of traditional methods being prone
to falling into local optima. Firstly, a hybrid neighborhood structure combining swap and insertion operations is designed
to enhance search diversity and local optimization capabilities. Secondly, a dynamic tabu length adjustment mechanism
is introduced to adaptively change the cycle of tabu objects according to the search process, thereby achieving a balance
between breadth and depth of search. Finally, a simplified aspiration criterion is proposed to avoid the loss of high-quality
solutions caused by excessive tabu. Extensive computational experiments on randomly generated test instances show that
the designed algorithm achieves highly competitive performance compared with the original tabu search algorithm and
the OR-Tools solver, while significantly improving computational efficiency. In particular, the proposed method reduces
the average Cmax by approximately 10.6% on extra-large-scale instances, demonstrating superior solution quality and
robustness.
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1. Introduction a series of tasks to machines to optimize one or
more objectives (Blazewicz et al., 2019), and has a

Scheduling problem is one of the main issues in the
field of combinatorial optimization, which aims to assign
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wide range of applications in manufacturing, computer
science, logistics and transportation, as well as energy
management (Liu et al., 2023; Priyadarshi and Kumar,
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2025; Wang et al., 2020). The classic scheduling model
usually assumes that a task is processed by only one
machine at any time. However, in modern industrial and
computing environments, many tasks require more than
one machine or other resources to work collaboratively to
be complete (Blazewicz and Weglarz, 1984), and those are
called parallel task scheduling problems (Blazewicz et al.,
1986). For example, in semiconductor manufacturing,
a wafer may require multiple devices for collaborative
inspection (Chu et al., 2024); in the container terminal
quay crane scheduling problem, a ship may demand
multiple cranes for joint handling (Song et al., 2025); in
high-performance computing, a large-scale computing job
may need to run in parallel on multiple computing nodes
(Wei et al., 2024).

The problem of parallel task scheduling on identical
machines was formally defined by Blazewicz et al. (1986),
and can be represented by the three filed notation (Graham
et al., 1979) as P|size;|Cmax, in which P denotes the
parallel identical machine environment, size; indicates
the number of machines that task j needs to occupy
simultaneously, and Cy,,x represents the optimization
objective of minimizing the makespan (the maximum
completion time among all tasks).

In their seminal paper, Blazewicz et al. (1986)
addressed the preemptive and nonpreemptive scenarios
involving multiple machine tasks. For the subproblems
where each task needs either 1 or &£ machines, they
proposed two polynomial-time algorithms both with a
time complexity of O(n). One is designed for the
nonpreemptive subproblem, and the other targets the
preemptive subproblem. Du and Leung (1989) further
analyzed its complexity: when the number of machines
m = 2 or 3, the problem can be solved by a
pseudo-polynomial time algorithm, but when m > 5,
the problem becomes a strongly NP-hard one. In
terms of exact algorithms, Bladek et al. (2015) proposed
two branch-and-bound algorithms for solving contiguous
and non-contiguous scheduling problems, but they only
perform well on small-scale ones. Kowalczyk and
Leus (2018) proposed a branch-and-price method for the
parallel task scheduling problem, which can efficiently
obtain optimal solutions for medium-scale parallel task
scheduling problems with up to 150 jobs and 3-12
machines. Wu and Wang (2018) proposed an improved
branch-and-bound algorithm, introduced five efficient
lower bounds, and designed three pruning criteria,
which significantly improved the solution capability, far
exceeding the solution scale of the previous algorithm
(Btadek et al., 2015). In terms of heuristic algorithms,
Switalski and Seredynski (2015) proposed a generalized
extremal optimization (GEO) one, which outperforms
genetic algorithms on instances with up to 500 jobs and
up to 48 machines. Wu and Wang (2018) designed a
tabu search (TS) algorithm to find high-quality solutions

through neighborhood search of task sequences, providing
a reference framework for the heuristic design of similar
scheduling problems.

Recently, reinforcement learning-based scheduling
methods have attracted increasing attention. Lee et al.
(2023) proposed a double deep Q-learning framework for
parallel dedicated machine scheduling by formulating the
problem as a sequential decision-making process. This
line of research highlights the potential of learning-based
approaches to capture complex system dynamics, while
also illustrating an alternative direction complementary
to traditional heuristic and meta-heuristic scheduling
methods. In terms of heuristic algorithms, Li et al. (2024)
proposed a hybrid algorithm that integrates K-means
clustering and teaching-learning-based optimisation
(TLBO). This algorithm outperforms other heuristic
approaches, including TLBO and the improved genetic
algorithm (IGA) used in the study, in large-scale parallel
machine scheduling instances involving up to 500 jobs
and 20 machines.

Wu and Wang (2018) propose a tabu search approach
in which solutions are represented as permutations of
tasks and evaluated using the list scheduling rule to
obtain the corresponding makespan. A critical-path-based
neighborhood is constructed by tracing the longest path
in the disjunctive graph and generating neighboring
solutions through task swaps within the associated
machine sequences. A tabu mechanism with an aspiration
criterion is employed to avoid cycling while allowing
improving moves, and the search terminates when
predefined stopping conditions are met.

Based on the research of Wu and Wang (2018),
this paper proposes an improved tabu search (ITS)
algorithm.  Firstly, a hybrid neighborhood structure
combining swap and insertion operations is designed to
enhance the diversity of search and improve the local
search ability of the algorithm. Secondly, a dynamic tabu
length adjustment mechanism is introduced to adaptively
change the cycle of tabu objects according to the search
process, to balance the breadth and depth of search.
Furthermore, a more efficient aspiration criterion is
adopted to ensure that the algorithm will not miss better
solutions due to excessive tabu. Finally, through a large
number of computational experiments, the superiority
of the proposed ITS algorithm over the TS one and
the mathematical solver in terms of solution quality and
efficiency is verified.

The rest of this paper is organised as follows.
Section 2 describes and models the P|size;|Cmax
problem. Section 3 elaborates on the design of the
ITS algorithm, Section 4 presents and analyzes the
experimental results, while Section 5 summarizes the text
and discusses future research directions.
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Table 1. Model parameters.

Parameter | Meaning

J Task set, J = {1,2,...,n}, where n is
the number of tasks

M Machine set, M = {1,2,...,m}, where
m is the number of machines

ik Indices of tasks, j # k

i Index of machines

Dj Processing time of task j on the machine

size; Number of machines required by task j

S Start time of task j on the machine

C; Completion time of task j

Cmax Makespan

B Large real number

Table 2. Model decision variables.
Decision variable | Meaning

z;; € {0,1} 1 if task j is assigned to machine
1, otherwise 0
Yijk € {0,1} 1 if the processing of task j on

machine ¢ is prior to that of task
k, otherwise 0

2. Problem description and modeling

The P|sizej | Cimax problem considered in this study arises
in scheduling environments where tasks require multiple
machines to operate simultaneously. The key constraints
of the problem include the following: (1) each task can
only start after all its required machines are idle; (2) the
machine assignment must satisfy the task’s size;, which
denotes the number of machines required by task j; and
(3) the objective is to minimize the makespan Ci,ax,
defined as the completion time of the last task. The
problem can be formally described as below.

Let J = {1,2,...,n} denote the set of tasks,
indexed by j and k, and let M = {1,2,...,m} represent
the set of identical machines, indexed by 7. Each task j €
J has a processing time p; and requires size; machines
simultaneously (1 < size; < m) during its processing.
The processing of task j starts at time S; and occupies
the time interval [S}, S; + p;]. All machines are available
at time zero, and task processing is non-preemptive. The
objective is to determine the start times S; of all tasks so
as to minimize the makespan Cpax = max{S; +p; | j €
J}.

Based on the above problem description, we now
formulate an integer linear programming (ILP) model
for the P|size;|Cmax problem. The model parameters
and decision variables are listed in Tables [1 and 2]
respectively. The objective function and constraints are
as follows:

1. tasks are non-preemptive, and the completion time is

equal to the start time plus the processing time;

2. all task completion times are no greater than
the makespan, with all task start times taking
non-negative values;

3. each task must be assigned exactly to size; machines;

4. tasks assigned to the same machine are processed
sequentially without overlap;

5. any two tasks assigned to the same machine have
a well-defined and mutually exclusive processing
order;

6. the assignment and sequencing decision variables are
of binary nature.

Objective function. We have

min Cpax.

Constraint functions. We have

Oj = Sj + pj, Vi€ J, (D)

Cj < CmaXa Sj > O, V_] € J» (2)

in,j = size;, VjeJ, 3)
i=1

Si+p; <Spg+1—vyijx)B, VjkeJJVieM 4)

Vi, ke JYie M,
5.1

Tij + Tik < Yigk T Yik,j + 1,

Yij,k + Yi,k,j S 17 VJ,]C € J,VZ S M7 (52)

T € {0, 1}, Yijk € {0, 1}, Vj,k S J,VZ e M.

(6)

3. Improved tabu search algorithm

The tabu search algorithm (Umam et al., 2022) is
a meta-heuristic approach that simulates the human
memory function. It records and prohibits recently visited
solutions or moves using a tabu list, thereby guiding
the search process to escape local optima and explore a
broader solution space.

The main symbols and parameters used in the
proposed ITS algorithm are summarized in Table 3l

@amcs



amcs@

W. Jia et al.

Table 3. Main symbols and parameters.

Symbol | Meaning

0 Permutation representing a solution
7(®) Current solution at iteration ¢

7! Candidate neighboring solution
N(z(®) | Neighborhood of the current solution 7(*)
m* Best solution found so far

Chax(m) | Makespan of solution 7

L Tabu list

|L] Tabu list length

f@ Access frequency of solution 7’
Trnax Maximum number of iterations
|Lo Initial tabu list length

| L] min Minimum tabu list length

| Ll max Maximum tabu list length

A Frequency penalty coefficient

K, Stagnation threshold

N, Maximum neighborhood size

3.1. Algorithm flow. The flow of the improved
tabu search algorithm can be divided into the following
main stages: data preparation and initialization, iterative
optimization, adaptive adjustment, and result statistics and
analysis. The specific operations are shown in Fig.[Il

The figure presents the flowchart of the proposed
tabu search algorithm, including initialization,
neighborhood generation, aspiration-based selection,
and adaptive adjustment.  The algorithm iteratively
explores neighborhood solutions under tabu restrictions
and aspiration criteria, while adaptive strategies are
applied to alleviate search stagnation. The procedure
terminates upon reaching the maximum iteration limit,
and the best solution found is reported.

3.1.1. Data preparation stage. Load task data from
the dataset and screen out tasks that cannot be scheduled.
Initialize the tabu list and the frequency penalty dictionary
(used to record the number of accesses to solutions to
avoid loops and improve efficiency). When generating
the initial solution, first randomly sort the remaining
schedulable tasks to generate an initial sorting sequence,
use the list scheduling function to calculate the completion
time of the initial sequence, and record the current
sequence as the optimal solution.

3.1.2. Iterative optimization stage (tabu search stage).
Generate the neighborhood of the current solution,
evaluate each neighbor solution, select the optimal
neighbor solution, update the current solution and the
global optimal solution, add the current solution to the
tabu list (or grant amnesty if the aspiration condition is
met), update the frequency penalty dictionary, check the

stagnation state, and record the optimal makespan of this
iteration.

3.1.3. Adaptive adjustment stage. This stage mainly
includes the dynamic adjustment of the tabu list size and
the setting of the frequency penalty mechanism. When
stagnation occurs, the tabu list is reduced to increase
search diversity. When there is improvement, the tabu
list is gradually expanded to strengthen local search. The
setting of the penalty mechanism can effectively prevent
the algorithm from falling into loops.

The detailed procedure of the proposed ITS
algorithm is summarized in Algorithm 1. It is
initiated with an initial solution and, subsequently, it
explores neighbourhood solutions iteratively under tabu
restrictions and aspiration criteria. The incorporation
of frequency-based penalties and stagnation detection
serves to enhance search diversification. The search is
terminated after a predetermined number of iterations, and
the optimal solution found is returned.

3.2. Solution representation and evaluation. Con-
sistent with the classic TS algorithm, this paper adopts
an indirect coding method based on task sequences. For
any given task sequence m, the list scheduling (LS)
rule (Squires et al., 2022) is used for decoding to
generate a scheduling scheme including specific machine
assignments and time arrangements, and the makespan
Chax 18 calculated.

Let r denote the index of a machine (r =
1,2,...,m). The scheduling process proceeds in a
sequence of decisions indexed by I. A subset Y; C M
is selected from all machines, where |Y;| = size;, and the
machines in Y; have the earliest available times.

Let AL~! denote the availability (completion) time of
machine r after the [-1-th scheduling decision. The start
time of task j is determined by the latest availability time
among the selected machines, which is given by

-1

S; = ?é%/}]( AT @)

After task j starts execution, the availability times of

machines are updated. Let p; denote the processing time

of task j. The updated availability time of each machine
is defined as

AL =

T

Si+p;, ifrey;,
{ J p] J (8)

Al-L ifr¢Y;.

Following the list scheduling (LS) rule, tasks are
assigned to machines one by one according to the
sequence m. By recursively computing the start time
S; and updating the machine availability times AL for
all tasks, the makespan Cl,x of the schedule is finally
obtained.
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Parameter Configuration
Filtering of Unschedulable Tasks

Initialization of the Solution and Tabu List
Computation of the Makespan

Initialization of Iteration Best Value
and Consecutive Non-improvement
Counter

Output of
Results

Reached

Adaptive Adjustment

Generation of Neighborhood
Solutions

l

Initialization of Variables Related
to the Best Neighborhood
Solution

Recording of the Current Best

l

Makespan

Computation of the Makespan
for a Neighborhood Solution

Iteration over Neighborhood
Solutions

Update of the Current Solution,

erification of Aspiration

Proceed to the Next
Neighborhood Solution

Makespan, and Related
Variables

Calculation of Penalized Score and
Comparison with the Best
Neighborhood Solution

Verification of Suitable
Neighborhood Solution

Fig. 1. Flowchart of the improved tabu search algorithm.

3.3. Initial solution generation. A high-quality initial
solution helps accelerate the convergence of the algorithm
(Blazewicz et al., 2008). In the task data loading phase
of this paper, special “removed tasks” are first identified
and screened according to strict resource constraint
conditions.  Specifically, if the number of machines
required by a task exceeds the difference between the
total number of machines in the system and the minimum
number of machines required among all tasks, the task
is determined as a removed one. Due to their high
resource requirements, such tasks cannot be executed
simultaneously with any others, and their processing must
occupy an exclusive time period. Therefore, the algorithm
marks these tasks as removed, directly accumulates their
processing time into the final completion time, and
excludes them from the subsequent sequence optimization
process.

For the remaining schedulable task, an initial

scheduling sequence is randomly generated as the starting
point of the search to increase the randomness and
diversity of the initial solution. The completion time of
this sequence is calculated by the list scheduling function,
which assigns the size; machines (where size; is the
number of machines required by the task) with the earliest
current availability to each task. The algorithm takes the
initial sequence and its completion time as the initial value
of the global optimal solution.

34. Neighborhood structure. The neighborhood
structure (Xie et al., 2023) of tabu search is used to
define the set of “adjacent” solutions generated from the
current task scheduling sequence. These solutions exhibit
small differences in relation to the current sequence and
are the core exploration objects of local search. In
the task scheduling problem, the classic neighborhood
generation method is the swap operation: randomly select
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two tasks in the sequence and swap their positions. For
example, swap the task at positions 1 and 3 in the
current sequence [A, B, C, D] to obtain the neighborhood
solution [C, B, A, D).

On the basis of the classic swap operation, this
paper adopts a hybrid neighborhood structure to enhance
the search ability of the algorithm. Specifically, an
insertion operation is introduced: the task at position u
is removed from the sequence and inserted into position
v, where u # wv. All feasible remove—insert position
pairs (u,v) are generated and randomly shuffled. To
balance search efficiency and neighborhood diversity,
neighboring solutions are generated preferentially by
swap operations, and insertion operations are used only
when the number of generated swap-based neighbors
is below the preset maximum neighborhood size. It
should be noted that tabu restrictions are not applied
during neighborhood generation; instead, all generated
neighbors are evaluated first, and the tabu status is
checked afterward during the candidate selection step. For
example, removing task B from position 2 in the sequence
[A, B,C, D] and reinserting it at position 3 yields the
new sequence [A,C, B, D]. This hybrid structure not
only retains the global adjustment capability of the
swap operation but also enables local fine-tuning through
the insertion operation, thereby improving the diversity
of neighborhood solutions and the overall optimization
performance of the algorithm.

Taking the (¢ — 1)-th iteration as an example, the
next solution 7(9) is selected from the neighborhood
N(7=Y). A neighbor solution 7' € N(7(*~1)) can be
selected as an acceptable one if and only if it satisfies the
following conditions:

(x' ¢ L)V

Among them, =’
Cmax(ﬁ/) < Cvmax(7T

( de( /) < OmaX(ﬂ'*))- )

¢ L is the tabu constraint and
*) is the aspiration criterion.

3.5. Tabu list and the aspiration criterion. Tabu
objects (Rahdar er al., 2022) refer to solutions or
operations that are included in the tabu list and
temporarily prohibited from being selected by the
algorithm. In this paper, the tabu object is set as the
complete task sequence, i.e., the neighborhood solution
itself. A solution 7’ is inserted into the tabu list if and
only if it does not satisfy the aspiration criterion, namely,
Crax (') > Chax(7*), and is accepted as the current
solution 7). Conversely, any solution with Cipay (7') <
Crax (7*) is exempted from the tabu restriction and
directly updates the global best solution (7, Ciax (7*)).
This mechanism guarantees that no tabu entry dominates
the currently known best solution.

The size of the tabu list determines the “memory
duration” of tabu objects, and a fixed size is difficult to

Algorithm 1. Search procedure of improved tabu search.

Input: Task set J, number of machines m,
maximum iterations In,.x, initial tabu length |L|o,
minimum and maximum tabu lengths |L|min, |L|max
frequency penalty coefficient A, stagnation threshold
K, neighborhood size V..

Output: Best makespan C

max

Generate initial solution 7(%)
7 70 ,CF o Cmax(ﬂ'(o))
L+ @ with |L| = Lo, f(7) < 0,7+ 0
fort = 1to [,ax do
Generate N (7(t=1), |N| < N,
best_score < 400, best_neighbor < &
for each 7/ € N(7(*~1)) do
Compute Cipax(7')
if 7" ¢ Lor Chax(1') < CF L
score < Crax (1) + Af ()
if score < best_score then
best_neighbor < 7', best_score < score
end if
end if
end for
if best_neighbor = & then
continue
end if
71« best_neighbor
if Crax (1Y) > C* . then
Insert () into tabu list L
end if
F(r®)  f(r ) +
if Cmax(w(t ) < Cﬁm then
7% 1), C* | Crax (1), 0 <0
else
n<n+1
end if
if n > K then
Randomly shuffle 7(*)
1 < 0, |L| +, max(Lyin, |L| — 5)
else
|L| + min(Lyax, |L] + 1)
end if
end for
return (C}:

max’

and best sequence 7*.

then

™)

adapt to complex search environments. For this reason,
this paper designs an interval-adaptive tabu list. The
length of the list is limited to the basic interval [10, 50]
to balance the stability and flexibility of the search. If
no better solution is found in 20 consecutive iterations
(exceeding the stagnation threshold), it is determined
that the algorithm has fallen into a local optimum. At
this time, the capacity of the tabu list is reduced (to a
minimum of 10), and the current solution is randomly
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reset to change the search direction, thereby enhancing the
exploration ability of the algorithm. If there is continuous
improvement in the search process, the capacity of the
tabu list is gradually expanded (to a maximum of 50), and
the search breadth is expanded by extending the memory
cycle to reduce repeated exploration.

To balance the quality and diversity of solutions, the
algorithm adopts an evaluation function that integrates
the makespan (Cyax) and access frequency instead of
directly using Ch,x to evaluate neighbor solutions. Its
mathematical expression can be written as

Score(m') = Coax (7) + X - f('). (10)

Among them, Cyax(7’) is the makespan of solution
7', f(x') is the historical access frequency of the
solution, and A is the frequency penalty coefficient. The
algorithm selects the solution with the smallest evaluation
score from all candidate ones that meet the acceptance
conditions as the current solution 7(Y) for the next

iteration. The calculation formula is as follows:

7 = argmin {Score(w’) | 7' e N(xt=D)

A((7" ¢ L)V (Can (1) < Cmax(w*)))}. (11)

The aspiration criterion is a key manifestation of
the algorithm’s flexibility. It allows tabu restrictions
to be overridden when a candidate move produces a
solution of superior quality. In the proposed algorithm,
a neighborhood solution 7’ may be accepted even if
its sequence is contained in the tabu list L, provided
that Cipax (') < Chax(7*).  Since the list scheduling
rule is deterministic, the makespan corresponding to any
given task sequence is uniquely defined. Therefore, a
previously visited solution cannot subsequently produce
a makespan smaller than the best value obtained
so far. In this deterministic setting, the aspiration
condition is theoretically redundant. Nevertheless,
it is retained for completeness and consistency with
the standard tabu search framework. In practice,
it primarily guarantees that any genuinely superior
solution—necessarily a newly generated sequence—is
always accepted. This design preserves the theoretical
generality of the algorithm without affecting its behavior
under deterministic evaluation.

The above design effectively improves the
optimization ability and robustness of tabu search in
task scheduling problems through the precise definition
of tabu objects, the adaptive adjustment of the dynamic
tabu list, the evaluation function with penalty, and the
flexible aspiration criterion.

Table 4. Experimental parameter settings.

Name Value
Maximum number of iterations | 100
Initial tabu list length 20
Stagnation threshold 20
Maximum tabu list length 50
Maximum neighborhood size 50
Minimum tabu list length 10

4. Numerical experiments and result
analysis

To comprehensively evaluate the performance of the
ITS algorithm, a series of numerical experiments were
designed in this paper. The ITS algorithm was
compared with the original TS one and the mathematical
programming solver OR-Tools from three aspects:
solution quality, stability, and computational efficiency.
All algorithms were implemented using Python 3.13 and
run on the PyCharm 2021 platform. The experimental
environment was a computer equipped with an Intel(R)
Core(TM) 19-14900KF 3.20 GHz processor and 64 GB of
memory.

4.1. Experimental data. The instance generation
method by Wu and Wang (2018) was adopted. According
to the task scale, the experiments were divided into five
parts (A, B, C, D, E), containing 18, 30, 15, 40, and
30 instances respectively. For parts A and B of the
experiments, the OR-Tools mathematical solver, the TS
algorithm, and the ITS one were used for solving. For
parts C, D, and E, only the TS and ITS algorithms were
employed. The focus was on the makespan, standard
deviation, and runtime of each method.

The number of tasks n € [5,500] and the number
of machines m € [3,50] were selected. For each
combination of (n,m), one instance was randomly
generated (each experiment was repeated 30 times to
eliminate the impact of randomness). The task sequence
number of each instance was randomly shuffled, and, for
each task; the required number of machines size; was
randomly selected from 1,...,m, while its processing
time p; was randomly selected from 1, . . ., 80.

4.2. Comparative algorithms and parameter settings.
The comparative algorithms included: ITS (the improved
tabu search algorithm proposed in this paper), TS (the tabu
search algorithm proposed by Wu and Wang (2018)), and
OR-Tools (a mathematical programming solver developed
by Google, with a time limit set to 3600 seconds). The
parameter settings are shown in Table [l The main ones
include: the maximum number of iterations of 100, the
initial tabu list length of 20, the tabu list length range of

@amcs



W. Jia et al.

amcs@

Table 5. Small-scale instances (Part A).

Instance | m  n TS ! ITS . OR-Tools .
TS _Cmax TS_std TS _Time ITS_Cmax ITS_std ITS_Time OR_Cmax OR_std OR_Time
A0l 3 5 194 0 0 194 0 0 194 0 0.01
A02 3 6 168 0 0 168 0 0.07 168 0 0.01
A03 3 7 280 0 0 280 0 0.03 280 0 0.01
A04 3 8 354 0 0 354 0 0.07 354 0 0.01
A05 3 9 186 0 0 186 0 0.16 186 0 0.01
A06 3 10 173 0 0 173 0 0.16 173 0 0.02
A07 4 5 103 0 0 103 0 0 103 0 0.01
A08 4 6 256 0 0.01 256 0 0.08 256 0 0.03
A09 4 7 294 0 0 294 0 0 294 0 0.11
Al0 4 8 257 0 0.02 257 0 0.2 257 0 0.39
All 4 9 248 0 0.01 248 0 0.18 248 0 0.09
Al12 4 10 185 0 0.01 185 0 0.14 185 0 0.05
Al3 5 5 110 0 0 110 0 0.04 110 0 0.01
Al4 5 6 288 0 0 288 0 0.02 288 0 0.01
Al5 5 17 190 0 0.01 190 0 0.15 190 0 0.01
Al6 5 8 141 0 0.01 141 0 0.15 141 0 0.09
Al7 5 9 281 0 0 281 0 0.04 281 0 0.12
Al8 5 10 361 0 0.01 361 0 0.19 361 0 1.01
Average 226.06 0 0 226.06 0 0.09 226.06 0 0.11
Solution Quality Comparison (Cpax) 800 Solution Qualty Comparizen () o

(a) comparison of C,ax on small-scale instances.

Runtime Comparison

(b) runtime comparison on small-scale instances.

Fig. 2. Performance comparison on small-scale instances.

(a) comparison of Cax on small-medium-scale instances.

Runtime Comparison

3500
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(b) runtime comparison on small-medium-scale instances.

Fig. 3. Performance comparison on small-medium-scale in-
stances.
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Table 6. Small and medium-scale instances (Part B).

Instance | m  n TS . ITS . OR-Tools .
TS_Cmax TS_std TS Time ITS_Cmax ITS_std ITS_Time OR_Cmax OR_std OR_Time
BO1 3 11 351 0 0.01 351 0 0.13 351 0 351
B02 3 12 259 0 0.03 259 0 0.2 259 0 259
BO3 3 13 453 0 0.02 453 0 0.2 453 0 453
B04 3 14 377 0 0.02 377 0 0.18 377 0 377
BO5 3 15 384.7 0.48 0.05 384 0 0.24 384 0 384
B06 3 16 310 0 0.03 310 0 0.22 310 0 310
B0O7 3 17 444 0 0.06 444 0 0.26 444 0 444
B0O8 3 18 775 0 0.03 775 0 0.21 775 0 775
B09 3 19 573 0 0.06 573 0 0.26 573 0 573
B10 3 20 608 0 0.12 608 0 0.34 608 0 608
Bl1 4 11 261 0 0.03 261 0 0.22 261 0 0.55
B12 4 12 305 0 0.03 305 0 0.22 305 0 0.06
B13 4 13 266.9 5.04 0.04 264 0 0.25 264 0 0.48
Bl14 4 14 365.5 1.58 0.07 365 0 0.29 365 0 5.65
B15 4 15 409 0 0.07 409 0 0.29 409 0 2694.71
Bl16 4 16 421.8 3.36 0.05 419.2 0.42 0.27 419.2 0.42 0.04
B17 4 17 348.8 2.2 0.13 348 0 0.36 348 0 33.01
BI18 4 18 625 2.11 0.05 623 0 0.27 623 0 3600.18
B19 4 19 464.3 0.48 0.12 464 0 0.36 464 0 308.68
B20 4 20 427.5 1.78 0.15 426 0 0.39 426 0 3600.17
B21 5 11 408 0 0.03 408 0 0.24 408 0 20.59
B22 5 12 398 0 0.06 398 0 0.29 398 0 1874.76
B23 5 13 270.8 0.42 0.03 270 0 0.23 270 0 0.02
B24 5 14 270.6 0.97 0.07 270 0 0.31 270 0 3.82
B25 5 15 299 0 0.05 299 0 0.28 299 0 125.43
B26 5 16 442 0 0.05 442 0 0.28 442 0 471.48
B27 5 17 315.1 0.32 0.11 315 0 0.36 315 0 292.9
B28 5 18 458 0 0.14 458 0 0.39 458 0 3600.22
B29 5 19 513.6 3.69 0.17 512 0 0.43 512 0 3600.15
B30 5 20 689 0 0.17 689 0 0.43 689 0 3600.25
Average 416.45 0.75 0.07 415.97 0.01 0.28 415.97 0.01 945.57

[10, 50], the stagnation threshold of 20, and the maximum
neighborhood size of 50. The penalty coefficient was set
to 0.1, and each instance was run repeatedly 30 times.

The parameter settings used in this study were
determined based on preliminary experiments. In
particular, the penalty coefficient A and the tabu list
length range were selected after testing multiple candidate
values to achieve a balance between solution quality
and computational efficiency. Similarly, the maximum
number of iterations and the stagnation threshold
were empirically determined to ensure sufficient search
depth while avoiding excessive computational cost and
premature stagnation. It is noteworthy that analogous
parameter ranges and settings have been extensively
adopted in related tabu search studies.

The algorithm performance was evaluated using the
following indicators: Cmax (makespan, measuring the
overall quality of solutions), std (standard deviation of

makespan, reflecting the stability of solutions), and Time
(average runtime in seconds, measuring computational
efficiency). Later we will use Algo_I to describe the
indicator I of the method Algo, in which Algo € {TS,
ITS, OR-Tools} and I € {Cmax, std, Time}.

4.3. Experimental results and analysis. The
proposed tabu search algorithm incorporates stochastic
elements, such as random initialization and neighborhood
sampling. To enhance reproducibility and ensure fair
comparisons, all experimental runs were performed
under controlled random settings. In particular, each
problem instance was associated with a predefined base
random seed, while multiple runs were carried out
using systematic variations of this seed. This design
enables full reproducibility of the experimental results
while preserving the stochastic nature of the algorithm.
Accordingly, the standard deviations reported in Tables
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4-8 represent performance variability under controlled
randomness rather than arbitrary fluctuations.

4.3.1. Small-scale instances (Part A). In Part A,
the ITS, TS and OR-Tools algorithms all obtained
the same optimal solutions in all instances, with a
standard deviation of zero (Table B). This indicates
that all three methods can stably find the optimal
solution for small-scale problems. To provide a more
intuitive visualization of the overall performance trends
on small-scale instances, Fig. [2| presents the line chart
comparisons of TS, ITS, and OR-Tools in terms of
makespan and runtime.

4.3.2. Small-medium-scale instances (Part B). In
Part B, the Cy.x of ITS was lower than that of TS in
10 instances (e.g., B05, B13, B18), and was consistent
with the optimal solution of OR-Tools (e.g., ITS_Cmax
= 264.00 = OR_Cmax in B13), indicating that the
ITS algorithm began to demonstrate its optimization
capability. = The average standard deviation of the
makespan of ITS was 0.01, i.e., significantly lower than
0.75 of TS (e.g., TS_std = 5.04 and ITS_std = O in
B13), which shows that the search process of the improved
algorithm is more stable.

OR-Tools timed out in some instances (e.g., runtime
exceeded 3600 seconds in B18 and B20), while the
average runtime of ITS (0.28 seconds) was only four
times that of TS (TS = 0.07 seconds), but this trade-off
resulted in solutions of higher quality. To further examine
the performance trends as the problem scale increases,
Fig. Blextends the comparison to small and medium-scale
instances, illustrating the makespan and runtime results of
TS, ITS, and OR-Tools.

4.3.3. Medium-scale instances (Part C). In terms
of solution quality, the average Cpax of ITS (771.32)
was lower than that of TS (773.15), with consistent
improvements observed in instances such as C03 and C04
(e.g., 1169 vs 1173). The average standard deviation
of ITS (1.04) was also smaller than that of TS (2.99),
indicating better stability.

The average runtime of ITS (0.84 seconds) was
slightly lower than that of TS (0.92 seconds), while ITS
also achieved improved solution quality and stability.
This demonstrates that the ITS algorithm is both efficient
and effective for medium-scale problem instances. To
further highlight the performance differences between TS
and ITS on medium-scale instances, Fig. 4| illustrates
their makespan and runtime trends using line chart
comparisons.

4.3.4. Large-scale instances (Part D). For large-scale
instances, the advantage of the ITS algorithm became

Solution Quality Comparison (Cpax)

1200 ~o- TS
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1000

(a) comparison of Crax on medium-scale instances.
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g8 B

(b) runtime comparison on medium-scale instances.

Fig. 4. Performance comparison on medium-scale instances.

more obvious. The average Ch,x of ITS (2376.52) was
much lower than that of TS (2398.53), with improvements
in almost all instances.

The average standard deviation of ITS (21.82) was
also smaller than that of TS (24.01), which proved that
the ITS algorithm had better stability in dealing with
large-scale complex problems. Furthermore, the average
runtime of ITS (7.33 seconds) was lower than that of TS
(46.65 seconds), which was a reasonable cost for better
solution quality. To assess the scalability of TS and ITS
on large-scale instances, Fig.[3ldepicts their makespan and
runtime performance through line chart comparisons.

4.3.5. Extra-large-scale instances (Part E). In
extra-large-scale instances, the performance of the ITS
algorithm was outstanding. The average Cyax of ITS
(8454.57) was far lower than that of TS (9454.95), and
the improvement range was more obvious. For example,
in EO8, ITS reduced C},ax from 7355.8 of TS to 6648.
The standard deviation of ITS (53.21) was also
better than that of TS (101.41), which showed that the
ITS algorithm could maintain good stability in the face
of extremely complex problems. Besides, the average
runtime of ITS (60.99 seconds) was lower than that of
TS (249.9 seconds), and the significant improvement in
solution quality made this time cost acceptable. To
evaluate the robustness of TS and ITS under the most
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Table 7. Medium-scale instances (Part C).

Instance|m n TS . ITS .
TS_Cmax TS_std TS_Time ITS_Cmax ITS_std ITS_Time
C01 |6 20| 472 0 0.16 472 0 0.43
C02 |6 25 724 0 0.31 724 0 0.55
C03 |6 30| 10634 3.57 0.47 1061.4 0.52 0.63
Co4 |6 35| 1173 3.09 0.93 1169 0 0.83
CO5 |6 40| 962.9 3.14 1.25 962.9 2.85 0.94
C06 |8 20| 289.3 0.48 0.37 289.1 0.32 0.61
C07 |8 25| 676.7 2.45 0.58 674.5 1.58 0.72
C08 |8 30 839 5.98 0.64 834.5 1.9 0.76
C09 |8 35| 819.1 3 1.39 820.1 3.51 1.03
C10 |8 40| 670.6 4.86 2.08 666.7 1.77 1.24
Cl1 |1020 542 0 0.3 542 0 0.62
C12 (1025 380.9 2.88 0.71 379.2 0.42 0.83
C13 |10 30 854 0 1.15 854 0 1.02
Cl14 |1035 999 3.16 1.5 998 0 1.15
C15 |1040| 11314 12.29 1.98 11224 2.76 1.28
Average 773.15 299 0.92 771.32 1.04 0.84

challenging extra-large scale instances, Fig. |6] illustrates
their makespan and runtime performance trends.

4.4. Comprehensive analysis. From the experimental
results of different scales, the following conclusions can
be drawn.

Solution quality. The ITS algorithm proposed in this paper
has obvious advantages in the solution quality compared
with the original TS algorithm. With the increase of the
problem scale, the improvement effect of ITS becomes
more and more significant, especially in large-scale and
extra-large-scale instances.

Stability. The standard deviation of the ITS algorithm is
smaller than that of TS in all scale instances, which shows
that ITS has better stability and can obtain more consistent
solutions in repeated runs.

Computational efficiency. The ITS algorithm not only
achieves shorter runtime than TS, but also provides
significantly better solution quality and stability, showing
excellent comprehensive performance.

Comparison with OR-Tools. For small-scale instances,
OR-Tools can obtain the optimal solution, but for
medium-scale and above instances, OR-Tools often times
out and cannot obtain a solution, while the ITS algorithm
can still obtain high-quality solutions within an acceptable
time.

In general, the ITS algorithm proposed in this paper
exhibits better performance in solving the parallel task
scheduling problem with machine constraints, and is of
good application value in practical engineering.

5. Conclusion

This paper focused on the parallel task scheduling
problem with multiple machines (P[size;|Chqy) and
aimed to enhance the performance of the existing tabu
search algorithm in solving large-scale complex instances.
An ITS algorithm was proposed. To address the issues of
the existing tabu search solution, such as being prone to
falling into local optima and having low search efficiency,
this study improved the algorithm mainly from three
aspects. Firstly, a hybrid neighborhood structure was
designed, combining insertion and swap operations to
enhance the search ability of the algorithm. Secondly, a
dynamic tabu length was introduced, allowing the length
of the tabu list to be adaptively adjusted within a set
interval to balance the depth and breadth of the search.
Thirdly, the aspiration criterion was optimized to simplify
the complexity of operations and improve the flexibility of
the algorithm.

The numerical experiment results show that the ITS
algorithm performs excellently. In small-scale instances
(Part A), the solution quality of ITS is consistent with that
of the original tabu search algorithm and the mathematical
solver OR-Tools. In small-medium-scale instances (Part
B), the average makespan of ITS is slightly better than
that of TS, and its stability is also better. In medium-scale
(Part C), large-scale (Part D), and extra-large-scale (part
E) instances, the advantages of ITS are particularly
significant. It has a smaller average makespan and a
lower standard deviation (indicating that the algorithm is
more stable), and the computational efficiency is greatly
improved, with the runtime being much lower than that
of TS. Compared with OR-Tools, ITS can find better
solutions faster for large-scale problems.
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Table 8. Large-scale instances (Part D).

Instance | m n TS ITS
TS_Cmax TS_std TS_Time ITS_Cmax ITS_std ITS_Time

DO1 15 60 1560.5 17.39 11.19 1555 0 2.8
D02 15 70 1678.9 16.1 16.93 1678.3 11.53 3.62
D03 15 80 1649.3 20.45 23.74 1653.1 9.88 4.13
D04 15 90 2128.7 20.74 28.69 2120.1 22.32 4.87
D05 15 100 2042.6 11.37 29.02 2043.5 14.86 4.88
D06 15 110 2422.1 24.29 31.15 2381.3 25.69 6.07
D07 15 120 2874.7 20.42 38.61 2828.2 17.22 6.95
D08 15 130 2759.5 30.98 43.88 2713.7 28.52 7.52
D09 15 140 3222.1 43.68 51.19 3188.4 43.29 8.36
D10 15 150 3588.2 38.12 55.45 3539.2 43.38 8.77
D11 20 60 1271.5 24.65 13.91 12594 16.64 3.37
D12 20 70 1830.8 14.74 17.44 1818.5 13.52 3.85
D13 20 80 1908.6 28.12 27.42 1899.4 11.05 4.85
D14 20 90 2169.6 2091 33.62 2169.6 12.41 541
D15 20 100 2313.7 27.64 47.75 2302 22.39 6.33
Di16 20 110 2898.8 30.97 32.71 2867.1 29.39 6.44
D17 20 120 2649.1 16 44.56 2626.5 23.97 7.71
D18 20 130 3265.1 4477 55.85 3223.6 27.34 8.82
D19 20 140 3170.7 26.47 67.56 3126 32.95 9.86
D20 20 150 3407.4 21.65 69.21 3356.8 42.03 10.1
D21 25 60 1520.7 7.75 15.79 1517 0 3.85
D22 25 170 1296 17.88 24.84 1291.7 14.01 4.73
D23 25 80 1622.1 16.82 36.16 1618 22.69 5.79
D24 25 90 1966.9 23.3 46.8 1973.5 17.51 6.71
D25 25 100 2154.8 21.34 59.5 2139.5 26.23 7.57
D26 25 110 3143.3 21.11 48.12 3125.7 25.55 8.32
D27 25 120 2490 39.31 57.85 2486.9 25.75 9.24
D28 25 130 2951.8 23.2 68.33 2883.5 25.26 10.19
D29 25 140 2944.8 29.17 80.42 2884.9 29.18 11.3
D30 25 150 3600.1 25.79 88.82 3573.2 26.45 12.02
D31 30 60 1384.3 12.18 17.61 1369.6 16.67 4.34
D32 30 70 1342.4 12.63 27.73 1337.1 10.69 5.35
D33 30 80 1683.6 16.18 36.62 1683.6 23.33 6.18
D34 30 90 2409.8 22.7 52.81 2390.5 17.25 7.51
D35 30 100 2086.6 16.26 70.29 2098.1 20.77 8.36
D36 30 110 2864.1 37.8 54.3 2804.1 26.1 9.21
D37 30 120 2310.5 21.87 66.85 2286.8 21.35 10.38
D38 30 130 2956.2 27.79 74.54 2932.4 25.37 11.02
D39 30 140 3242.7 29.85 93.24 3195 19.61 12.62
D40 30 150 3158.7 38 105.42 3120 30.45 13.64

Average 2398.53 24.01 46.65 2376.52 21.82 7.33

In summary, the improved tabu search algorithm
proposed in this paper is an effective method for solving
parallel task scheduling problems, especially suitable
for handling large-scale and extra-large-scale complex
instances, and can provide higher-quality decision support

for actual production scheduling scenarios.

Based on the research results of this paper, future

work can be further explored in the following directions:

1. Enhancement of scalability through computa-

tional means. ~ While ITS exhibits competitive
performance, further investigation is necessary to
enhance its computational scalability for problem
instances of considerable size. Potential avenues
for exploration include parallel implementation,
adaptive stopping criteria, and surrogate-assisted
evaluation, with the objective of reducing runtime
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Table 9. Extra-large-scale instances (Part E).

Instance | m n TS ITS
TS_Cmax TS_std TS_Time ITS_Cmax ITS_std ITS_Time

EO1 30 250 6171.6 104.61 83.66 5611.8 39.35 26.58
EO02 30 300 7942.9 94.1 126.3 7242.4 47.74 35.84
EO03 30 350 8875.7 99 173.92 7842.8 16.89 47.09
E04 30 400 9611.2 100.98 219.17 8660.2 67.58 57.48
EO05 30 450 11372.8 106.31 285.5 10056.8 48.94 48.94
EO06 30 500 11918.5 130.64 336.79 10670.8 80.44 87.74
EO07 35 250 6238.6 69.24 100.616 5645.6 43.76 29.29
EO8 35 300 7355.8 77.13 133.21 6648 47.66 38.87
E09 35 350 9228.8 65.25 181.61 8251.8 84.23 49.55
E10 35 400 9432.9 145.46 234.64 8321.4 77.79 62.45
Ell 35 450 11228.5 81.06 283.18 10032.8 58.74 73.61
E12 35 500 13092.4 98 362.81 11694.8 27.7 91.42
E13 40 250 6795.6 86.42 99.22 6214.8 50.31 31.16
El4 40 300 7052.2 83.64 149.43 6270.8 4495 41.75
E15 40 350 8367.4 88.28 203.85 7531.2 35.9 53.04
El6 40 400 10010.2 114.37 262.31 8915 51.53 65.63
E17 40 450 11474.1 108.93 334.21 10114 35.59 81.83
E18 40 500 12577.8 100.47 407.06 11214 31.77 96.92
E19 45 250 6629.2 76.99 114.56 5980 71.76 34.44
E20 45 300 7772.6 107.92 167.8 6990.6 41.31 44.88
E21 45 350 8505.5 110.54 229.3 7500.6 39.75 56.8
E22 45 400 10098.9 99.56 304.57 9054.4 104.29 70.63
E23 45 450 10932.8 176.38 382.79 9696.2 52.55 88.04
E24 45 500 12572.5 149.19 458.33 11190.8 68.58 103.8
E25 50 250 6025.2 88.67 119.67 5505.6 51.41 35.23
E26 50 300 7319.1 74.79 266 6581.8 28.54 47.62
E27 50 350 9494.5 82.22 247.96 8445.2 66.16 63.15
E28 50 400 10247.2 107.74 324.08 9090.2 46.96 73.5
E29 50 450 11856.8 108.44 408.56 10605.4 46.77 88.25
E30 50 500 13447.3 105.82 496.03 12057.4 87.39 104.06

Average 9454.95 101.41 249.9 8454.57 53.21 60.99

overhead while maintaining solution robustness.

. Fusion with other meta-heuristic algorithms.
Explore the fusion of ITS with meta-heuristic
algorithms such as the genetic algorithm (Katoch
et al, 2021), simulated annealing (Kumar
et al., 2024), and particle swarm optimization
(Gad, 2022) to build a hybrid optimization
framework, combining the advantages of different
algorithms to achieve better performance.

3. Attempt to use other types of methods to solve

the parallel task scheduling problem, such as the
branch-and-bound algorithm (Swat et al., 2025),
which may provide exact refinement or bounding
strategies, as well as machine learning methods
(Sarker, 2021) or reinforcement learning approaches
(Liu et al., 2025), which could be integrated to
guide neighborhood selection or adaptive parameter

control, thereby further improving the efficiency and
robustness of ITS on large-scale instances.

4. Application and expansion for port container termi-

nal scheduling scenarios. The algorithm framework
proposed in this study has good generality and
scalability, and future research can focus on
exploring its specific application in port container
terminal scheduling. In this scenario, ships are
equivalent to tasks, and quay cranes (Rodrigues
and Agra, 2022) to parallel machines. A large
ship usually requires multiple quay cranes to serve
simultaneously (i.e., parallel task), and its operation
time depends on the quay crane with the latest
completion time, which is a typical P|size;|Crax
problem.

Future research can use the ITS algorithm

proposed in this paper as the core engine, integrate

aamcs



amcs@

W. Jia et al.

Solution Quality Comparison (Cpax)

. [ - TS
3500 / - | s
| \/ N |
/| d | /
- ' | o |
] \/ | / s‘
[ ¥ / /
52500 / EAY,
o 4 \ }'s
/ /
2000 y
A
1500
FPIPPPLR R DDA 90N DO O AN AV DAY D 10 N D D 4D 2 AV 5D AP 5D 40 AN 4D SO O
Q7OQ’QTQQQC Oo\o‘\o’\o‘\oﬁoNoNo‘\ 3y \O’LO’L ’LQ’LQ'LO’LO’LO’LO’LO“:o@o@oﬁOﬁoﬁoﬁoﬁoﬁoﬁob

Instance

(a) comparison of Cryax on large-scale instances.

Runtime Comparison

- TS
100 s

Runtime (s)

Instance

(b) runtime comparison on large-scale instances.
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Fig. 6. Performance comparison on extra-large-scale instances.

port-specific constraints and optimization objectives
(such as minimizing ship time in port, maximizing quay
crane utilization, balancing yard operations, etc.), design
targeted encoding, decoding methods, and neighborhood
operations, and develop an intelligent scheduling system
suitable for port environments.
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