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In many complex systems that can be modeled using Petri nets, time can be a very important factor which should be taken
into account during creation and analysis of the model. Time data can describe the starting moments of some actions or
their duration before their immediate effects start to influence some other areas of the modeled system. Places in a Petri
net often portray static components of the system, but they can also describe states. Such a state can have time restrictions,
for example, indicating how long it can influence other elements in the model. Time values describing some systems may
be inconsistent or incomplete, which can cause problems during the creation of the model. In this paper, a new extension
of time Petri nets is proposed which allows the creation of models with different types of time data that previously were
able to be properly used in separate types of well-known time Petri nets. The new time Petri net introduced here solves this
problem by integrating different aspects of already existing time Petri nets into one unified structure.
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1. Introduction

Petri nets are one of the popular tools used to model
complex systems. They can be employed for systems
characterized by a large number of elements and a
high number of interactions between them.  Since
the introduction of Petri nets (Petri, 1962), many
modifications and extensions have been proposed. At
a high level of classification, one can distinguish,
among others, time, stochastic, continuous, hybrid, and
colored Petri nets, as well as many further extensions.
Recent research shows that the development of Petri net
extensions is still very active, especially in directions
related to time semantics, uncertainty handling or
data-driven model construction. In particular, generalized
stochastic Petri nets are still being developed, for example,
in process-oriented settings, where such models are
created from event data (van der Aalst, 2025). Moreover,
probabilistic and stochastic timed extensions are used
to represent changes in duration or branching behavior
in real applications, including healthcare workflows
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(Moigne et al., 2025; Zhou et al., 2019). Other research
concerns fuzzy Petri nets, which address imprecision in
modeled knowledge. This direction is represented both
by the recent survey work of Jiang et al. (2022) and
by proposals that combine fuzziness with stochastic and
timed semantics in a single formalism (Sobrino et al.,
2021). Although these classes of nets are different from
the formalism proposed in this paper, they show that
the current research on Petri nets increasingly focuses
on enriching the modeling power with respect to time,
uncertainty and handling incomplete information.

Time Petri nets (TPNs) were initially introduced
by Merlin (1974). The first algorithmic approach to
their analysis was proposed by Berthomieu and Menasche
(1983). In that paper, the so-called state classes were
defined and used to analyze the states of the net using state
reachability graphs. This approach was further improved
by Berthomieu and Diaz (1991). In this type of Petri nets,
for each transition, a separate time interval is assigned.
Each transition can fire only after a certain amount of
time has passed since the moment of its activation. Active
transitions in a TPN must fire no later than the time
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defined as the right end of the interval. In the same year
as time Petri nets, the concept of timed Petri nets, also
called (time) duration Petri nets (DPNs), was proposed
(Ramchandani, 1974). Further analysis of this type of
nets was presented by Sifakis (1980). In a DPN, a
certain time is associated with each transition. In this
type of time nets, each active transition is immediately
fired, and tokens from its pre-places are taken at that
moment. However, the production of new tokens occurs
only after some time has passed, specified by the duration
value assigned to the transition. An extension of this type
of nets has been proposed (later called the interval-time
Petri net, ITPN), where a fixed duration is replaced by
a range (Popova-Zeugmann and Pelz, 2021). A separate
category of time Petri nets includes those in which values
specifying time are assigned to places. These nets are
called Petri nets with time windows (Popova-Zeugmann,
1993). In general, each token that appears in a given place
has its own lifetime. If a place is described by a certain
range, it is assumed that a token cannot stay in that place
longer than the time specified by the upper value of this
range. The lower value specifies the minimum amount of
time that must elapse for a given token before it can be
used to activate any transition. These three types of Petri
nets with times are well known and widely used, and new
extensions and proposals for their analysis are still being
proposed (e.g., Zilio et al., 2014; Bourdil et al., 2016).

Also, the current research on timed Petri nets is not
limited only to reachability analysis but also includes
controller synthesis, deadlock prevention, symbolic
verification and new stochastic timed variants. For
example, state-class based controller synthesis for a
TPN has recently been revisited (Leclercq et al., 2023)
and time-based deadlock prevention studied (Boucheneb
et al., 2022). New probabilistic and stochastic deve-
lopments also appear in related timed-net formalisms,
for example, in statistical model checking for stochastic
timed-arc Petri nets (Dubois er al., 2025). These
developments confirm that the extension of Petri nets
with time information remains an active research area.
In this context, the proposed XTPN formalism should be
viewed as a deterministic interval-based extension aimed
at combining several known time-assignment mechanisms
within one unified state semantics, rather than as a
stochastic or fuzzy variant.

Time is obviously an important factor in the
modeling and analysis of complex systems, for example,
biological ones. In such a system, new compounds
have to form and mature, whereas the chemical reactions
that are responsible for their creation are usually
not instantaneous.  One of the problems that can
be encountered when modeling such a system using
previously described types of time Petri nets is that the
time data (ranges or discrete values) can be incomplete
or, depending on the source, even contradictory. This

may require additional transformations and changes for
the time values obtained (Yoshimasa et al., 2010; Mizuta
et al., 2017). A new extension of time Petri nets, with
the features of the well-known time nets, would allow
much more precise model development and adaptation
for complex biological systems with many different time
variables.

In this paper, a new type of Petri nets, called
an extended time Petri net (xTPN), is proposed. It
integrates three separate types of time nets that have
been described, i.e., a TPN with time intervals for an
activation of transitions, an ITPN, which allows one to
specify the duration of token production by transitions,
and time nets, in which the time ranges are associated
with places. The use of three numerical time intervals,
that is, two for transitions and one for places, can be
convenient because it will allow both approximate and
exact values of time to be included in the model. A brief
introductory definition of a net of this type with two basic
propositions for token analysis algorithms based on net
time variables was given in our earlier work (Radom and
Formanowicz, 2022). However, in that paper, only some
specific features of xXTPNs were presented, which could
be potentially interesting from a biological modeling point
of view. In the present paper, we provide a full notation,
definitions and semantics of the net. At the present stage,
the proposed net is positioned primarily as a modeling and
simulation formalism for systems in which several types
of timing constraints must be represented simultaneously.
The definitions introduced in this paper provide a formal
basis for future verification-oriented research; however,
the present work does not provide a complete state-space
verification method or a full model-checking procedure
for the xXTPN formalism.

In the next sections, state changes and other
interesting features, such as transformations, are given.
It is worth mentioning that extended time Petri nets
can be created and analyzed using a recent version of
the software called Holmes (Szawulak et al., 2022),
which is a program for building and analysis of different
models using various types of Petri nets: classical, time,
functional, etc.

The structure of this paper is as follows. In the next
section, definitions of more basic time Petri nets than
xTPNs are given, and then the proposed type of nets is
formally defined. The so-called p-state and t-state are
introduced, and it is explained how these two sub-states
together create a full state of an extended time Petri net.
The activation of transitions depends on the existence of
the so-called activating subsets of tokens, which strongly
rely on the time values associated with the net elements.
This is crucial for understanding how the proposed net
behaves and is explained in detail. Section 3 covers an
example biochemical model of a system, presenting new
possibilities offered by the proposed nets. In Section 4,
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a possible transformation of the xXTPNs elements (both
places and transitions) is described. A summary of the
new time Petri net proposal is included in the closing
Section 5.

2. Extended time Petri nets

Before we present definitions of extended time Petri nets,
an introduction to simpler nets, particularly those with
time constraints, is given in this section.

2.1. Petri nets with time. The basic notation used is
as follows: IN, @ and R denote sets of natural, rational
and real numbers, respectively, Nt = IN \ {0} stands for
the set of natural numbers without 0, while @J denotes
the set of non-negative rational numbers. On the other
hand, N, T, W, S and Z are various tuples representing
different Petri nets.

A classical Petri net is the backbone of any proposed
time extension. In the literature, it is sometimes called a
skeleton of some other type of Petri nets. It can also be
referred to as the place-transition Petri net. A classical
Petri net is described in the following Definition [Tl

Definition 1. (Petri net) The Petri net is an ordered
5-tuple NV = (P,T,F,V,mg), where P and T are
finite, nonempty and disjoint sets of places and transitions,
respectively, F¥ C (P x T) U (T x P) is a set of arcs,
V : F — NT is a function that assigns weights to the arcs,
and mg : P — Nis an initial marking (Murata, 1989).

The structure of a Petri net is a bipartite directed
graph, with vertices being places and transitions that are
connected by arcs, which have weights that are positive
natural numbers. A state (also called marking) of a net
is a vector that contains information about the number of
tokens at each place at a given moment.

We will now define pre-set and post-set notation for
transitions and places. For transition ¢;, its pre-set is
the set of places connected with ¢; by arcs directed to
t; from such places, and its post-set is the set of places
connected with ¢; by arcs directed from ¢; to such places.
The pre-set of ¢; is denoted by °¢;, whereas its post-set is
denoted by ¢3. Similarly, for a given place p;, its pre-set
is the set of transitions connected with p; by arcs directed
to p; from such transitions, and its post-set is the set of
transitions connected with p; by arcs directed from p; to
such transitions. These sets are denoted by ®p; and p?,
respectively. More precisely, we define the following four
sets:

1. *t={pe P:(p,t) € F}isthe pre-set of transition
t’

2. t* = {p € P:
transition ¢,

(t,p) € F7} is the post-set of

3. *p={te€T:(tp) € F} is the pre-set of place p,
4. p*={t €T : (p,t) € F}is the post-set of place p.

It should be noted that the net proposed in this paper
will use a modified definition of the transition pre-set, as
explained in detail in Section 2.3

Transition ¢ in a Petri net becomes active if in each
place p; € °t there are at least as many tokens as the value
of weight V(p;,t). An active transition can fire, i.e., it
produces tokens in its post-places, yet it is not always
assumed that it must fire immediately when it becomes
active. However, if a transition fires, it produces tokens in
each place p; € ¢°® in quantities equal to weights V (¢, p;),
while at the same time it takes tokens from each p; € °t
in quantities equal to weights V (p;, t).

There are many variants of Petri nets with the ability
to handle time values assigned to transitions. Two
especially well-known nets were introduced by Merlin
(1974) (time Petri net, TPN) and by Ramchandani (1974)
(timed Petri net, also known as duration-time Petri net,
DPN). In Definition 2l the former is described.

Definition 2. (7ime Petri net) A time Petri net (TPN) is
a pair 7 = (N, I) such that NV is a place-transition Petri
net, I : T — Qf x (QF U{+oc}), and foreacht € T,
with I(t) = (L1(t), Is(t)), it holds that I (t) < Is(¢)
(Popova-Zeugmann, 2013).

The classical Petri net denoted here as 5-tuple N is
called a skeleton of T. Here I is an interval function,
for each transition ¢, assigning values I7 (t) and I5(t) that
are rational numbers, which are called the earliest and the
latest firing times of ¢, respectively. An active transition
will fire only after some time 7! for which it holds that
I(t) < 70t < Ih(t).

The timed Petri net (DPN) has a different time
function, assigning only a single rational number for
each transition. This value describes the deterministic
production time for a given transition. There exists an
extension of a DPN, called an interval-timed Petri net
(Popova-Zeugmann and Pelz, 2021; Popova-Zeugmann,
2013). Instead of a single deterministic value, a range is
assigned for each transition, similarly as in a TPN. This
kind of net is formally described in Definition[3l

Definition 3. (Interval-timed Petri net) The interval timed
Petri net (ITPN) is an ordered pair W = (N, D) such that
N is a place-transition Petri net and D : T — @gL X QSL
with D(t) = (D1(t), D2(t)) implies D1 (t) < Ds(t) for
every t € T (Popova-Zeugmann, 2013).

One can see that both definitions are almost identical.
The real difference lies in the interpretation of functions I
and D in TPNs and ITPNs, respectively. In the case of the
latter, we call D (t) the earliest firing duration and Dy (t)
the latest firing duration. However, the assumed changes
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in this net behavior are more significant than can be seen
in its definition. In a TPN, an active transition remains in
an activation state for time T{’Ct, and then it fires. Firing
itself remains an immediate event that, at the same time,
takes the necessary tokens from all places from °¢ and
produces new ones in places belonging to t®. However,
there are important changes. First, token production takes
time, defined by the time within the range [D1 (t), D2(t)].
Secondly, it is assumed that each active transition must
fire immediately and take the required number of tokens
from its pre-set. This behavior is defined as a rule called
the maximal step.

When considering W from Definition[3] firing works
as follows. Immediately when the transition becomes
active, it starts its firing event. At that moment, tokens
are taken from all places of this transition pre-set. Then,
an internal timer for this transition starts counting the
time toward some specific time 77"°? for which Dy (t) <
7Pred < Dy(t). Exactly after time 7777, transition ¢
produces tokens in all places belonging to its post-set.

The last important extension of the Petri net is a type
of time nets, but in this case time constraints are assigned
to places. The following Definitiondldescribes the P-time
Petri net.

Definition 4. (P-time Petri net) A P-time Petri net
(P-TPN) is a pair § = (N,Jp), where N is a
place-transition Petri net, Jp : P — Qg x (Qg U {oc})
assigns to each place p € P a residence-time interval
Jp(p) = [ap,by), where a, € QF is the minimum time
a token must spend in place p before it can take part in a
transition firing, and b, € Qg U{cc} is the maximum time
after which the token is removed from place p (Khansa
et al., 1996).

Each token is denoted by its age x measured from the
moment it was created in its current place. Transition ¢ is
active if, for every place p € °t, the number of tokens in
p whose age satisfies b, > k > a, is equal to or greater
than V(p,t) (if b, = oo, it is assumed that a token can
remain in p without an upper time limit).

Firing transition ¢ removes from each place p € *¢
exactly V(p,t) tokens for which it is true that £ > a,.
Then, transition adds to every place p’ € ¢° exactly
V (t,p’) new tokens with the age equal to 0. Tokens whose
age exceeds b, are removed.

In this paper, a new type of time Petri nets is
proposed which has some properties of the described nets
T and W, and also uses the idea of time associated with
places (net S). The extended time Petri net proposed in
this paper has its own notation for such places, while the
general idea was proposed by Popova-Zeugmann (1993)
and later analyzed by Wegener and Popova-Zeugmann
(2009). Nets with time associated with places are
an extension of the nets introduced by Coolahan and
Roussopoulos (1983). It is important to mention one

other extension of timed Petri nets. In the work of
Bolognesi et al. (1990), the so-called timed-arc Petri net
was proposed. In such nets, a time interval is associated
with arcs, which then allows tokens to pass only if their
lifetime is within the range. Some properties of such nets
were analyzed by Jacobsen et al. (2011).

2.2. Definitions of extended time Petri nets. In this
section, the basic definitions of the proposed net are given.
The extended time Petri net without a state is described in
Definition

Definition 5. (Extended time Petri net without state)
An extended time Petri net without state is an ordered
3-tuple Z = (N,I,J), where N = (P,T,F,V) is a
place-transition Petrinet, I : T — @ x (Qf U {oo}) x
Qf % (QF U{oc}), and for every t € T where I(t) =
(Il (t), I (t), I3(t), I4(t)) it holds that I; (t) <1 (t), and
Ii(t) < Li(t), J : P — ®Ff x (QT U {oc}), and for
every p € P where J(p) = (J1(p), J2(p)) it holds that
Ji(p) < J2(p).

Function I assigns to each transition four ordered
values I (t), Iz (t), I3(t), I4(t), which are in fact two pairs
defining some specific time intervals. The first pair
(I1(t), I2(t)) specifies a time interval within which an
active transition must be fired. Later, for simplicity, these
will be referred to as a values, where I1(t) = o} and
Iy(t) = aV. The letters L and U stand for the lower
and upper bounds of the interval, respectively. These two
values always satisfy the inequality aF < oV for any
transition ¢ € T'.

The second pair of values I3(t) and I4(t) specifies
the minimum and maximum token production time for a
transition that has been fired. They will be later referred
to as (3 values: I3(t) = BL and I4(t) = BY for each
transition ¢ € T'.

Transitions from net Z start to produce tokens after
some time 7¢*, for which 0 < aFf < 77 < of. When
production starts, the transition immediately takes tokens
from every place p € °¢, but the production of new tokens
ends after time Ttﬂ for which 0 < gF < Ttﬂ < BY. It
should be noted that over time 7 a transition must remain
active, but when production has started the conditions for
transition activation are not checked for the duration of
Tf . Therefore, the production phase cannot be stopped
once it has started.

Each transition, at any moment, is in one of three
states: inactive, active, or producing tokens. With each
transition, two timers are associated. The first one, later
referred to as wuy, is the activation timer. When production
starts, tokens are taken from places that are elements of
*¢ and the second timer wy starts counting. The inactive
transition has its timers set to a special symbol #. A more
detailed description will be given in the section describing
the so-called t-state of Z (Definition 21).
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at=2 a"=2 a'=3a"=6
B'=1p=2  V'=2V'=12 B'=3p"=3
to Po ty

Fig. 1. Extended time Petri net with time intervals « and [ as-
signed to transitions and time interval ~ assigned to a
place.

Function .J assigns to each place p € P two values,
Ji(p) and Jz(p). The lower one denotes the minimum
maturity time for a token. Tokens with an age lower
than this value cannot activate the transition, nor can they
be consumed during the production event. The second
value specifies the maximum time that a token can stay
in that place. They will be referred to as values ~ such
that .J1(p) = ~} and Ja(p) = Y. Although ~ can be
Zero, 'yg must be a positive number (which means that the
maximum token lifetime allowed in a place must be longer
than 0). The value of VPL specifies the time that must pass
for each token before it can activate the post-set transitions
of a place where it resides. The maximum lifetime of a
token in a place is given as ’yg , and up to that moment the
token can be consumed by some transition belonging to a
pre-set of such a place, after which the token is removed.

Remark 1. (Net structure and state) Similarly to the
skeleton terminology used for timed Petri nets, Definition
specifies only the static structure of an xTPN, i.e., the
underlying place-transition Petri net (P, T, F, V') together
with the time-interval assignment functions [ (transition
timing) and .J (place timing). The dynamic state used by
the operational semantics is introduced later in Section
as z = (m,h) (Definition 22), where m is the
p-state (multisets of tokens in places) and h is the ¢-state
(activation and production timers of each transition).

An example net is presented in Fig.[Il It should be
noted that both transitions in the example, o and ¢, can
have two intervals assigned, even though, e.g., ¢, will not
consume any tokens when it fires, nor will ¢; produce
ones. The production time for ¢; is deterministic because
both (3 values are equal. The same is true for an activation
time of £y, which shows the flexibility of the proposed nets
elements in handling time data.

2.3. Types of arcs in an XTPN. In the proposed Petri
net, two special kinds of arcs are available, namely, read
arcs and inhibitors. The tokens are not moved through
these arcs during the production phase. A read arc, with
respect to activation, behaves like any other arc directed
from a place to a transition. However, no tokens are
consumed or produced through it. An inhibitor arc ensures
that, if a place contains at least as many mature tokens as

its weight, the transition to which it is connected cannot
be activated, regardless of the number of tokens in places
belonging to its pre-set.

Within set of arcs ' C (P x T) U (T x P), there are
four disjoint subsets: F* C (P x T), F°“ C (T x
P), Fn"hC(PxT), FredC(PxT)U(T x P),
such that

o [ = Fm U Fout U Finh U Fread’
° an C (P X T) \ Finh \Fread’
° Fout C (T x P) \ Fread.

These four subsets of F' are disjoint. Additionally,
Fread C Fand Freed C (PxT)U(T x P). The read arcs
do not cause token flow and form a set F*? such that
V(p,t) € Px T : (p,t) € Freed = (t,p) € F e,
and both weights are equal: V(p,t) = V(¢,p).

As for the inhibitor arcs, they will be discussed later
in detail, but it is assumed that the direction of such an
arc is towards a transition, from some place. When there
are enough tokens (with respect to arc weight and their
lifetimes) in a place connected with the inhibitor arc to
a transition, such an arc will completely block transition
activation. For the classical Petri net, sets of pre- and
post-sets have already been defined. However, for the
xTPN, the definition of a pre-set of a transition must take
into account various types of arcs, that is, various disjoint
subsets of F'. This is explained in Definition[6l

Definition 6. (Pre-sets and post-set of transitions in an
xTPN) For each transition ¢ € T its places directly
connected with ¢ can be assigned to four different subsets:

1. t* = {p € P: (t,p) € F°“'} is a subset of places
from a post-set of ¢ connected with a normal arc,

2. %t ={p € P: (pt) € F"} is a subset of places
from a pre-set of ¢ connected with a normal arc,

3. °tl = {pe P:(p,t) € F""} is a subset of places
connected by an inhibitor arc with transition ¢,

4. *th ={pe P:(p,t) € Fr**} is a subset of places
connected by a read arc with transition ¢.

2.4. Multisets of type K and M. Since tokens are
separate objects with individual lifetimes, a special type
of multisets must be defined to store values representing
such objects. A special class K of multisets is given in
Definition [/} Such multisets are associated with places
and contain values that represent tokens of a given place.

At this point, an important remark is necessary
regarding the symbols of inclusion and set difference.
From now on, we will work almost exclusively with multi-
sets (with multiplicities), typically denoted by K and M.
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Throughout this paper, the symbol C means multiset in-
clusion (with respect to multiplicities) while the symbol \
stands for multiset difference.

Definition 7. (Multiset of type K) Let § K, where a > 0,
a>b>0,ac QTU{xc}andb € @J,beamultiset
of non-negative real numbers less than or equal to some
positive rational value a. The elements of this multiset
are numbers from the closed interval [b, a], which can be
written as follows: x; € K, where k; € JREJIr and 0 <
b < k; < a. In the special case, K = {#}.

In the above definition, a is an admissible maximum
value of the elements of { K and b is the minimum allowed
value of the elements of multiset § K. Sometimes, when
the values a and b are not important, they will be omitted
for the sake of clarity. The multisets § K will be assigned
to the places or will describe in some other way the
distribution of tokens in Z. For example, multisets K
assigned to places to describe their tokens will always
have the value b = 0. On the other hand, for example,
the so-called activating subsets of tokens (which are also
multisets of type K) will usually have a non-zero value
b. By general convention, the symbol or letter on the
upper right of the multiset type K will always inform us
about the specific functions of that multiset. A multiset
of this kind can be empty. The case where K = {#}
will be employed later, for example, in definitions dealing
with transition activation constraints. For most of the
definitions in this paper, the letter K will be used for
various multisets of this kind. Sometimes, however, some
other letters will be used to denote multisets of type K.

After assigning multiset K to a specific place, the
name of that place will be given as the bottom right index
of multiset K, for example, as in 3/ ,. Since positive
non-zero value 'yg is associated with some specific place
p, assigning a multiset § K to a particular place p will
precisely set the values a and b. The value a will always
be equal to ’yg . Depending on the purpose of the multiset,
the two most common values of b are zero or 'yzf.

In Definition [§] a multiset of type M is described.
This special kind of multiset will be used to store multisets
of type K, and the most common use of it will be to
describe the sub-state of an XTPN concerning places.

Definition 8. (Multiset type M) Let M be a multiset
whose elements are multisets /K. Therefore, M =
{3 K1, 5. Ko, ..., 3" K, }. For a given net Z, it is always
true that |[M| = |P)|.

Multisets of this type generally describe the so-called
p-state of the net, which contains data about the lifetimes
of all tokens that exist at places in a given moment. The
multisets M will have some specific subtypes defined later
but will always satisfy |M| = |P|. In particular, the
following operations on such multisets should be precisely
defined:

* The elapsed time increases the values of elements
in multisets K, which describe the lifetime of the
tokens. This increase is always the same for the
entire net. Related to this is also the problem of
removing elements from multiset K that, due to
the elapsed time, no longer satisfy the condition of
belonging to K. The same amount of time is also
added to the transition timers u; and w; described
further on.

* Creating new tokens in place p;, that is, adding new
elements to the corresponding multiset K. This
corresponds to the end of a production phase of some
transitions.

¢ Checking whether multiset K, contains a subset
with certain properties to determine whether a
transition is active or inactive.

* Removal of a subset of tokens from a place, that
is, some elements of K, as a result of starting a
transition production phase.

Definition[9] shows how the values of all elements of
multisets K are modified over time.

Definition 9. (Elapsing of time in multisets K and M)
Let a(j)K p; be a non-empty multiset specifying the current
lifetime of each token in place p;, a; = ’ng- The elapsed

time 7 modifies all elements of “)K, , thus creating

multiset “) K, which is denoted by K, — %K'), .

Multiset “) K ;,j is defined as follows: K’ = {x}, =
kg + 7 | ke € Ky, A K, < a;}. The elapsed time
for multiset M = {“}K,,, ¢ K,,,..., 5K, } changes
multiset M into M’, which is denoted by M = M,
where M’ = {*\K',,, 0K pys -, “0K o }-

Obviously, if K, = (), then for any 7 we have
K, 5 K »; With K, = (). New elements can be added
to and removed from a multiset of type K. Definition
specifies how to add new elements to multiset K.

Definition 10. (Addition of elements to multisets K) Let
K, be a multiset assigned to place p;, and let v € N.
Adding v new elements to multiset K, creates a new
multiset K”,,, which is denoted by K’ = K, +v =
K, W K" where KV = {r; =0:i=1,...,v}.

Since all sets are multisets, each zero in the auxiliary
multiset KV defines a new distinct token created at some
point in time. For example, let K, = {0,0,1,2,3,3}
and v = 3. Then the operation K, + 3 creates a new
multiset X', = {0,0,0,0,0,1,2,3,3}. It should be
noted that the parameters a; and b;, which are usually
placed on the left side of multisets K, have not been given,
because their values are irrelevant in this operation.

The next operation that can be performed on multiset
K, determines how the elements of the set are removed,
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which represents taking tokens from each place p € °t,
when some active transition ¢ begins its production phase.
However, it is first necessary to define a certain very
important multiset of type K, which will be called an
activating subset of tokens. This multiset is specified by
Definition[TT]

Definition 11. (Activating subset of tokens) Let “) K s
be a multiset of tokens of place p;, a; = 'ygj, and let
v € N be the weight of an arc from place p; to transition
t. The subset ‘ZjK;ﬁt C “K,,, where b; = 7]5]_, is
defined as ) K30, = {rn, € (K, : ky > b} If
% RCsub | > 4 it means that in “ K ,. there exists an
b pj—t 02 pj
activating subset (of tokens) denoted by ‘;j K gft,t. This
subset has the specific cardinality |}’ K% ,| = v and
bt pj—t

contains the v largest elements of ;’ K fﬂﬁt.
J J

The following Definition makes use of the
activating subset of tokens to accurately describe the
operation performed in an XTPN by each firing transition
when it enters the production phase.

Definition 12. (Removal of elements from multisets K )
Let (K p be a multiset of tokens of place p, a = yg s
b = 'yﬁ, and let v € N denote the weight of arc
V(p,t). Suppose that there exists a subset §K5"% such
that | §K5"%| > v. Removing v elements from multiset
8K p, denoted by 3K, — v, creates a new set ‘§K’, =

WKy \ §K 5, where the activating subset is given by

arract __
WK 5y = {k1, k2, -

v
Ky € ng 2 Y Ky is maximal}.
rx=1

The activating subset of tokens § K gc_tt determines
which elements are removed from (&, when a given
transition begins its production phase. It is always a subset
of multiset §K 5" (which itself is a subset of {K)),
and its cardinality is v, i.e., the number of elements to
be removed when transition ¢ is fired. This value is the
weight of the arc connecting place p; with transition ¢.

Note a particular feature of the activating subset
S K g‘jtt. Namely, according to Definition[I2] this multiset
consists only of the elements with the highest values being
elements of 5K ,. This is specified by the condition of

v
> Kk, being maximal. In other words, the elements
r=1
removed from multiset §K, will always be the oldest
tokens, represented by the elements with the largest
values. Throughout this paper, this token-taking strategy
will always be used, i.e., whenever a transition must draw
tokens from its places belonging to °t, it takes those
represented by the largest values in multiset K. This
semantic maximizes the potential number of firings (i.e.,
production starting events), which will be discussed later.
In Definition[I3] an inclusion relation of two M -type
multisets is presented. Later, it will be used, for example,

to determine if a given transition is active in the current
state of Z.

Definition 13. (Inclusion of multisets of type M) For
two multisets of the same size M = {K3,...,K,} and
M’ = {Kj{,..., K]} we say that M’ is included in M,
which is formally written as M’ < M if _ 1v K J’ -

J ,
K. Otherwise, M’ & M.

The following two operations define the rules for
adding two multisets M (Definition [[4) and subtracting
two multisets M (Definition [[3). These are required to
define operations for adding and removing, respectively,
a number of tokens in the net. The next two definitions
(Definitions [T7] and [I8) will introduce special types of
multisets representing tokens consumed and produced.

Definition 14.  (M-addition of multisets M) Let
two multisets M, = {K{ Ki,--- ,K!} and My =
{K? K3,---, K2} be given. An operation of M-addition
of two multisets creates multiset M’ = M; + M, such
that M’ = {K!{, K},---, K/}, where, for each j =
1,2,...,n, K} = Kl K2,

Definition 15. (M-subtraction of multisets M)
Let two multisets M; = {K{ ,Ki --- ,K!} and
My = {K? K3,---,K2?} be given. An operation
of M-subtracting multiset My from multiset M; creates
multiset M’ = M; — M, such that M' =
{K{,K},--- K}, where, for each j = 1,2,...,n,
K j’ =K jl \ K f

It should be explained why, for multisets of type
M, addition and subtraction are denoted by normal plus
and minus operators. This is based on the fact that
such multisets contain elements that are multisets of type
K. Multiset addition and subtraction for all multisets
M are therefore performed on their elements. Using
corresponding sets operators on the entire multisets M
could be misleading, and the notation applied allows easy
and accurate distinction between these two subtypes of
multisets.

Definition introduces the notion of support of
multiset M.

Definition 16. (Support of a multiset of type M) Let M
be a multiset such that M = {K, Ko, -+ , K, } and each
multiset K, is assigned to place p. We define the support
of Mass(M) = {pe P : K, ¢{0,{#}}.

Two elementary operations in Petri nets concern
taking a certain number of tokens from places belonging
to °¢ and creating a certain number of tokens in places
belonging to ¢*. In the proposed net, two definitions of
specific multisets, denoted by M*® and M'®, will be
given. These two multisets will have specific K multisets
as elements, which in turn contain numbers that denote,
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respectively, all new tokens created by a transition that has
completed its production phase (Definition[I7)) and tokens
that a transition takes from each place p € *¢ when it starts
its production phase (Definition [I8).

Definition 17. (Multiset M*®) Lett € T. The multiset

M'® = {K;®,...,K[{} contains multisets K® such
that
Ko . {ka=0:2=1,...,0v} ifp; et
P00 ifpj ¢1°,

where v = V (¢, p;) if p; € ¢t°.

The multiset M*© is introduced in Definition [I8 It
should be noted that its creation is conditioned by the
existence of an activating subset of tokens.

Definition 18. (Multiset M*®) Lett € T, and for every
place p; € {*t U *t%} let there exist an activating subset

of tokens K ,. Multiset M'® = {Kfe,...,Klt?,‘}

contains multisets K It,j@ such that

Kt@ o Kgfit lf p] € .tv
Pi (Z) if Dy ¢ °t.

In Definition 71 multiset M*® is presented. Each
multiset K7¥ € M'® (if not empty) describes new tokens
that will be added to specific places if some transition
t completes its production phase therefore, |K}¥| =
V (t,p;). For places p; ¢ *t, multiset K% = 0.

Similarly, Definition [[8] specifies multisets of tokens
to be removed from the net when some transition ¢
starts its production phase. Tokens are described by the
corresponding numbers included in multisets K;je, for
p; € °t. For the remaining places, these are empty sets. It
should be noted that, as already specified in Definition[12]
these are elements that represent the oldest tokens stored
inside an activating subset of tokens. Therefore, exactly

V (pj, t) largest numbers are assigned as K,~ = K¢ .

2.5. State of an extended time Petri net. A state of
an extended time Petri net Z consists of two sub-states.
They will be called p-state and ¢-state, and describe
token distribution at places and time values assigned
to transitions. Each token of the proposed net is a
distinguishable object with a finite lifetime. Even when
two tokens in one place have identical time values, they
are considered to be independent, different objects in the
net. Definition 20| describes the p-state of the net, while
Definition[I9 explains the more general p-marking.

Definition 19. (p-Marking of extended time Petri net Z)
Let P be a set of all places in Z, where n = |P|, and
let multiset M = {“}K1,“2Ko,...,"3K,}. Then, the

p-marking of Z is a function y : P — M such that

y(pj) = 4Ky,

Definition 20. (p-State of the xTPN) Let P be a set of
places of Z, and let M = {“3K'1, 2K"s, ..., "5 K", }.
where n = |P|. The p-state of Z is a function m :
P — M that assigns elements of multiset My =
{0 K1, "¢K2, ..., "3 K,} to places in such a way that

m(p;) = a{)Kpj and a{)Kpj ={ks € a{)K’j/\nx < 'ygj}.

Evidently, not every p-marking is also a proper
p-state. For that, it is required that each element of the
assigned multiset “ K ; be less than or equal to ygj.

Given a p-state of the net (i.e., the distribution of
tokens, their number and time values in all places), it
is possible to determine whether a transition is active
(denoted as t*ct), inactive (t#) or producing tokens
(tP7°%). These are the three basic states of any transition
in Z. Definition 2] introduces the t-state of Z.

Definition 21. (¢-State of Z) Let T be a set of all
transitions of Z. Function h describes the t-state of Z
and is defined as h : T — (RS U {#}) x (R U {#}).
It assigns to each transition an ordered pair of elements
(ut, wy) in such a way that at most one element of the pair
can be a real number. If for a given transition u; € R,
then w; = #, and if w; € Rar , then u; = #. Additionally,
when an element of the pair is a real number, we have
0<u < oz? or 0 < w; < By. A special case is where

h(t) = (#, #)-

Transition ¢ can be in one of three ¢-states determined
by function h, depending on the values of the elements in
pair (us, wy). The possible three cases are as follows:

1. h(t) = (us = #,w; = #) specifies that transition ¢
is inactive and does not produce tokens. This state is
denoted as t#;

2. h(t) = (us € Ry, w; = #) specifies that transition ¢
is currently active and does not produce tokens. This
state is denoted as t%°t;

3. h(t) = (w = #,w; € RY) describes a transition
that is currently in the production state. It should be
noted that in this state activation rules (as explained
later) do not apply. This state is denoted as "¢,

A transition that is inactive can become active, which
will be formally described later. A transition in the active
state can either stop being active or start the production
of tokens. It is important to discuss the third case,
when a transition is in the production state. Then, its
potential activation or deactivation is not considered. The
activation state can be stopped before the start of the
production state. However, the latter will always last for
Tf time units, even if the conditions for the transition to
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be active are no longer satisfied because they are simply
not considered during that time. When production ends,
the transition changes its ¢-state to active or inactive.

Now the full state of the extended time Petri net can
be given in Definition 22

Definition 22. (State of the extended time Petri net 2)

The state of the extended time Petri net Z is the pair z =
(m, h).

Remark 2. (State space of the xTPN) Any specific
state z = (m, h) contains real values representing time
(token ages in m and transition timers in h). Therefore,
the set of reachable states may be infinite, as in other
timed formalisms. Moreover, compared with other time
Petri nets, an XTPN state contains additional components:
individual token ages in places and separate activation
and production timers determining discrete transition
phases. As a consequence, the state space is significantly
larger than in other time nets and its exhaustive formal
verification by, e.g., a direct state enumeration may be
feasible only for restricted or relatively smaller models.

For verification and reachability analysis it is
common to group specific states into symbolic state
classes consisting of a discrete part (token multiplicities
and discrete transition phases) together with a set of
constraints over timing variables. In an xXTPN, the time
variables are explicitly bounded by the model parameters:
0 <u < af,0 < w < BY, and the token ages
in place p satisfy 0 < kK, < 'yU (Definitions 20| and
21). These bounds provide a ba51s for future symbolic
or constraint-based analysis. However, the construction
of complete symbolic state-space abstractions for the full
xTPN formalism is not considered in this paper.

2.6. Transition activation. To determine whether a
given transition ¢ is active, one must look more closely
at the elements of all multisets K, for p; € *¢. Suppose
that place p; is the only element in *¢; and that they are
connected by an arc with a weight equal to two. For
transition ¢; to be active, multiset K, - which describes
tokens of place p;, must contain at least two numbers, k1
and ko, such that k1 > yzfj A Ko > yzfj.

To formally determine what it means for a transition
to be active, an activating subset of tokens has already
been defined in Definition[T] Transition activation occurs
only if, for each place p; € °t, there exists an activating
subset of tokens. In simpler words, one can say that, in
order for a transition to be active, there must be a sufficient
number of tokens (determined by an arc weight) in all
places p € °t. The tokens that are considered when
creating that activating subset are those with a sufficiently
long life in p; (given by the value b; = ij)

It should be noted that if transition ¢ has many places
in *t, for example, p; and ps, in order for it to be active,

it must have activating subsets in both K, and K,
To distinguish between them, the lower right indices of
such activating subsets will be given in the form of a
place- transition that is, in that example there must exist
‘“Kgft_t “Kp, and a2K“Ct € RK,,.

The existence of an 1nhibit0r arc requires the
definition of the blocking subset of tokens, given below.

Definition 23. (Blocking subset of tokens) Let jK, be a
multiset of tokens of place p, a = ', and let b = ~. For
an inhibitor arc (p,t) € F™" with weight v = V (p, ),
we define multiset

anglft = {keyK, : k>b}.
The inhibitor prevents (and stops) the activation of
transition ¢ if and only if | § K0'%, | > v.

Blocking a transition has priority over its activation,
i.e., over the rules governing the existence of an activating
subset of tokens. In the presence of an inhibitor arc
and when |§Kb¥ | > v, the consideration of activating
subsets ceases to be relevant. It should also be noted
that, when a transition is already in a production phase,
blocking rules do not apply.

Definition 24] formally describes the conditions for
transition activation.

Definition 24. (Activation of a transition) Lett € T
be a transition, and let n = |P|, m : P — M describe
the p-state of the net. Let h(t) = (u € R, w = #)
or h(t) = (u = #,w = #), meaning that ¢ is active or
inactive. For transition ¢, we determine multiset M =
{K} , -, K} } called the activation multiset for ¢ such
that

v Kgcit if p; € {*tU*tf} and
5 Kt > V(pj,t),
{#} if p; € {*tu*tl} and
Ky =q [y E ] <Vip,t),
{#} if p; € *t! and
|9 KUK | > V(p,. 1),
0 otherwise.

Transition ¢ is active in the p-state described by M if, and
only if, for its activation multiset M it holds that M* <
M.

Read arcs and inhibitor arcs do not change the
number of tokens during firing and production. They
only affect the activation condition. The above
definition uses the notation introduced in Definitions
[[1 and (3] The former defines an activating subset
of tokens with sufficient lifetimes. Multiset M =
{0 K1, ¢Ko,...," K, }, where n = |P|, describes the
tokens in all net places. If p; € °t and its corresponding
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multiset “jK; contains an activating subset of tokens,
then this subset will also be an element of M?. If the
activating subset of tokens for p; does not exist, then
Kpj -t = {#}

In the case where K),, = {#]} for any p; € °t,
set M will not be a subset of M (Definition [I3), which
means that transition ¢ is inactive. Figure [2| shows an
example of two transitions: active and inactive according
to the rules described in Definition 241

In the left part of Fig. Bl transition ¢q is active
according to Definition 24l For place pyg, the arc weight
is V(po,to) = 3 and the lower bound of the time interval
is 7250 = 1, so at least three tokens with age not smaller
than 1 are required. The upper bound is not important
for this example, and it is set as 'ygo = 100. Since
K,, = {0,1,2,3}, the tokens old enough are {1,2, 3},
and they form the activating subset for po. For place
p1, the arc weight is V(p1,tp) 4, 'Yle = 1 and
’ygl = 100, so four mature tokens are required. Since
K, = {0,0,1,2,2,4}, the activating subset for py is
{1,2,2,4}. Therefore, a multiset of activating subsets is
Mto = {{1,2,3},{1,2,2,4}}.

Because both activating subsets are
contained in the corresponding elements of
M ={{0,1,2,3},{0,0,1,2,2,4}}, we have M < M,
and thus ¢ is active.

In the right part of Fig.[2 transition g is not active.
Place p; has the same multiset K, , so its activating subset
remains {1, 2, 2, 4}. However, for py we now have K, =
{0,1,2}. Since V (pg, to) = 3 and only two tokens satisfy
the condition x, > VpLo = 1, no activating subset exists for
po. Consequently, the first component of M is replaced
by {#}, and we obtain M% = {{#},{1,2,2,4}}.

Since M = {{0,1,2},{0,0,1,2,2,4}}, it follows
that M' & M. Therefore, ¢, is not active.

2.7. Net semantics. In an xTPN, each change in the
state depends on the passage of time. Before formal
definitions for state changes are given, we will summarize
the basic semantics of the net.

» Activation phase. Transition t; becomes active
(denoted as t# — tot) if in all places from
*t U *t® there exists an activating subset of tokens
(Definition 24), and obviously there is no blocking
subset if inhibitor arcs exist. Upon activation,
counter u; for transition t; is initialized. It will
count from zero towards some value within the range
[al,aV]. The value of u; increases with time 7.
When the transition state changes from activation to
production, this change is denoted as £t — P74,

* Production phase. Transition ¢; consumes tokens
from all places p € °t (based on the arc weights).
Counter w; for transition t¢; is initialized and will

count from zero towards some value within the range
[BF,8Y]. The value of w; increases with time
7. When the transition finally produces tokens at
all places in set ¢;°, it becomes active or inactive
depending on the existence or not of the activation
subsets (such a change is respectively denoted by
tprod s 4# or tProd 5 tact ) A special case can be
observed when the activation interval for a transition
is zero. In such a case, if there exist activating subsets
of tokens, this transition starts its production phase
again, by immediately taking new tokens.

 Transition states. Function h describes the t-state of
each transition ¢; by the ordered pair h(t;) = (u;, w;)
(Definition 21]).

» Token dynamics. Each token in a place has its own
lifetime counter x, that starts at zero when a token
is created in a place. The lifetime x, of each token
increases with the flow of time 7. A token matures
when its lifetime is equal to or exceeds the maturity
value 'ij of place p;. A token is removed from its
place when its lifetime exceeds the maximum value
%U of that place. Regarding tokens, as explained
in the description of Definition [I8] it is a matter
of exactly which tokens will be taken from pre-set
°t at the start of the production phase. At the
beginning of the production phase, transition ¢ takes
the appropriate number of tokens from °¢. Three
possible token-selection strategies are to select the
youngest, the oldest or randomly chosen tokens. For
the proposed net, it is assumed that the oldest tokens
are consumed when the production phase starts for
any transition.

When the p-state of the net is described at a given
time (by multiset M), and if there exists transition ¢ that
is active and can start producing tokens, one can say that

e transition ¢ will take a number of tokens from the
places, resulting in the transformation of multiset M
into M’ (M — M), where M' = M — M
(Definition[13);

e then, after some time, ¢ will produce new tokens
(represented in multiset M ®), transforming multiset
M into M"', (M' — M") where M" = M' + M!®
(Definition [14).

Some time must pass between the state described
by multiset M’ and that described by M (this is the
so-called token production time). However, from the
moment the production begins, there is no possibility to
interrupt this process. A transition that is already in the
production phase will always create new tokens after its
production time.

Unlike in the case of other popular time nets,
changing the state of other transitions that are in conflict
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V'=1Y"=100
Kpoz {O; 1/ 2/ 3}

Kp,: {OI Or 1; 2/ 2; 4}

P1

M ={{0,1,2,3},{0,0,1,2,2,4} }
Mb={{1,2,3}, {1,2,2,4} }

Y =1v"=100

M ={{0,1,2},{0,0,1,2,2,4} }
MU= {{#},{1,2,2,4}}

Fig. 2. Example of conditions when a transition is active or inactive.

(i.e., share a common pre-place) does not reset the
activation timer (represented by u;). For example, if ¢;
and to share the same place p;, when ¢; starts or ends its
production phase and there is still an activating subset of
tokens for 5 in p;, the timer u,, does not reset and it still
counts time.

The full xXTPN state space is significantly larger
than the state space of basic TPNs, because it
combines token ages in places, transition activation
and production timers that determine discrete transition
phases. Therefore, exhaustive model checking based
on direct state-space exploration may be applicable only
to restricted or relatively small xXTPN models. For
larger models, especially biological or biochemical ones,
simulation-based analysis becomes an important practical
tool for studying the behavior of the model.

It should be emphasized, however, that
simulation-based validation is not the same as formal
verification and cannot replace it. Simulation can support
model validation by generating possible behaviors,
comparing scenarios and estimating quantitative
characteristics of places and transitions. Formal
verification, on the other hand, requires exhaustive or
symbolic reasoning about all relevant reachable states.
In this paper we define the xXTPN formalism and its
operational semantics, but we do not provide methods for
state space analysis.

Remark 3. (Consistency of place and transition-based
timing) In the proposed net, time assigned to places (given
by function J and values 71? 771[)] ) and transition time
values (given by function I and values o, oV, g, BY)
act on different components of state z (m, h).
Place timing is represented in the p-state given by m
(token ages), while transition timing is represented in the

t-state given by function h, i.e., timers (u, w;) for each
transition.

The interaction of these two time mechanisms is
explicit and limited to transition activation. Place times
determine whether activating subsets of tokens exist, and
thus whether a transition can be active. In contrast, the
transition timing governs the evolution of the activation
timer u; and the production timer w; according to the
transition state.

In particular, once a transition enters the production
phase and tokens are consumed from its pre-set *¢, no
further changes in the activation conditions are checked
until the production phase ends. Therefore, token
production cannot be interrupted by later changes in token
ages in places from °®¢. This clarifies the separation
between place-based and transition-based timing. They
interact through the activation condition, but they do not
assign conflicting timing roles to the same transition state.

Remark 4. (Soundness proof obligations) The above
definitions also indicate how a proof of soundness
for an XTPN could be formulated. In this context,
soundness means that the operational semantics preserves
well-formed states and does not generate contradictory
timing interpretations. State z = (m, h) is well formed
if the following conditions are satisfied:

1. Every token age stored in m(p) belongs to the
interval [0,~Y] for its place p.

2. For every transition ¢, the value h(t) is in one of the
three admissible forms: (#, #), (u¢, #), or (#, w;).

3. If h(t) = (ut,#), then 0 < u; < oV and the
transition is compatible with the activation condition
from Definition
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4. If h(t) = (#,w;), then 0 < w; < BY and the
transition is in the production phase, where activation
conditions are not re-evaluated until production ends.

Under admissible time elapse, token ages and active
timers are updated without violating their corresponding
time limits, i.e., tokens exceeding their upper lifetime
bounds are removed according to the semantics.

Starting production removes only tokens belonging
to the activating subset, changes the transition state from
(ug, #) to (#,0), and therefore preserves the condition
that at most one timer of a transition be active. Ending
production adds new tokens of age zero to post-places and
changes the transition state from (#,w;) to either active
or inactive, depending on the current activation condition.
Thus, each elementary semantic operation is designed to
transform a well-formed state into another well-formed
one.

A complete formal proof of this preservation
property, together with that of soundness and consistency
for the full xXTPN class with «, 3, and ~y intervals present
simultaneously, is not included in this paper. We treat it as
an open research problem and an important direction for
future work.

3. Biological example

3.1. Biological background. Gene expression in
eukaryotic cells is a multi-stage process that transforms
information stored in genes into functional proteins. The
process called transcription begins when a promoter
region is accessible, allowing initiation and elongation of
an RNA transcript. The primary transcript (pre-mRNA)
undergoes maturation while a parallel quality-control
pathway may recognize defective transcripts and target
them for degradation. Properly processed mRNA is
then transferred from the nucleus to the cytoplasm,
where it serves as a template for translation, producing
a polypeptide chain that must fold and often undergo
additional maturation before becoming a functional
protein (Lodish et al., 2021).

Many genes encoding regulatory proteins are
controlled by negative feedback to stabilize expression
and prevent excessive production. Once the newly
synthesized protein changes into an active form, it may
inhibit further transcription of its own gene, for example,
by binding to regulatory sites near the promoter, thus
reducing the probability of further transcription initiation.
This loop naturally produces alternating phases of
production and repression: transcription continues when
the promoter region is not occupied/suppressed. However,
when the active regulator accumulates, promoter binding
becomes more likely and the transcription is halted. As a
result, protein levels are reduced, which eventually allows
the transcription to resume (Kageyama et al., 2007).

The example considered in this section is based on
this general scenario: it represents gene expression with
negative feedback. The resulting structure is shown in
Fig.[3

3.2. Modeling motivation and the net structure.
The purpose of the example is to demonstrate, on a
biologically meaningful system, where the combined
timing elements of an XTPN are useful.

The model has been created in Holmes (Radom
et al., 2017), a tool for creation, simulation and analysis
of different types of Petri nets, including classical, timed,
functional or hybrid variants. As of the 2024 version,
Holmes also provides dedicated support for XTPN-based
models, allowing users to create such nets from scratch
and to simulate their behaviors. In particular, the
simulator can estimate average numbers of tokens in
places, average times of transition inactivity, activity and
production, as well as approximate upper bounds for the
number of tokens in timed places. It supports the analysis
of transition activity/production intervals. An optional
mass-action kinetics simulation is also available, making
the simulation more sensitive to the availability of tokens
in a pre-set of a given transition. The figures presented
in this section are based on simulation results obtained in
Holmes.

From a modeling perspective, the net is hybrid,
i.e., some transitions use both time intervals (activation
« and the production /), while others only one of
them. Similarly, not all places have time limits ~.
This design is intentional. In biological applications,
time data are often incomplete and unevenly distributed
between different elements. For some processes, one
may know when activation can begin, for some others
how long production lasts, and for others only that
the corresponding molecular entity remains useful for a
limited time. Requiring the whole model to follow a
single timing convention would therefore be unnecessarily
restrictive. The example demonstrates that an xXTPN can
combine these different forms of time knowledge within a
single coherent formalism.

In the model considered, transitions o, t3, t4 and t5
use both timing intervals and exhibit the full behavior of
xTPN transitions. Most of the remaining ones employ
only one time range and may therefore be viewed as
special cases corresponding to basic timed-Petri net
classes. In particular, transitions ¢y and tg use only «
intervals, which is a deliberate design choice that enables
the representation of competition and delayed feedback
in a biologically meaningful way. A similar distinction
applies to places. Formally, places intended to behave

classically can be interpreted as having v* = 0 and
vY = oo, while timed places preserve the full XTPN
semantics.
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v: [0, 99] B [5.0,10.0]

@- =]

p0_gene t10_DNA_region_identification
a [2.0,6.0]

a: 5.0, 15.0]

t1_TF_unbinding p2_promoteryound

B [12.0,18.0]
[>§]<

t2_transcription pl_promoter_free

a [3.0,9.0]
B:[4.0,6.0]

a
B

p3_pre p4_mRNA_in_nucleus
t3_splicing_capping_PolyA

a: [20.0, 40.0]

112.0] v [0, 99]

p9_RNA_Waste
t8_RNA_correctness_check

[1.0, 3.0]
[2.0, 4.0]

t4_nucleus| export

p5_mRNA_cytoplasm

t0_TF_binding
a: [0.0,10.0]

B: [0.0, 10.0]

t11_ribosome\ready

a: [1.0,8.0]
B:[5.0, 80]
t5_translation

y: [0, 99]

a [50.0, 100.0]

t9_TF_protein_decay

B:[6.0, 10.0]
p10_protein_waste

p7_nascent_TF_protein

t6_TF_activation

Fig. 3. Example model of gene expression with negative transcription feedback. Places and transitions are annotated with their timing
parameters. Circles without hourglasses represent places without time constraints.

3.3. Conflict between pre-mRNA processing and the
correcting mechanism. One of the important parts of
the model represents a conflict between further processing
of pre-mRNA (path ps — t3) and the rejection of defective
transcripts (path ps — tg). A token appearing in p3 can be
consumed by transition ¢3, representing further processing
of pre-mRNA, or by transition tg, representing RNA
“quality control” in a nucleus (and then degradation). This
fragment illustrates the benefit of separating the activation
interval o from the production interval 3.

The probability that a pre-mRNA token follows the
productive or the degradation pathway depends on which
of the two competing transitions first ends being active. In
the present model, this conflict is caused by intervals o of
t3 and tg, while the duration of the production process is
given by the [ interval of ¢3. This reflects a distinction
between the time required before RNA processing can
start and that necessary for it to finish. As a result,
assigned « intervals govern the ratio between molecules
that are degraded and those that later become functional
proteins.

In order for this behavior to be reproduced, additional
transitions would be required if only TPN or DPN
nets were available. If f3 were represented only as a
TPN transition, then the entire duration of pre-mRNA
processing would have to be encoded as interval .. In
such a case, tg would often gain an unrealistically strong

competitive advantage, because a token in ps would
remain available for surveillance throughout the waiting
period. In contrast, if {3 were represented only as
an ITPN-like transition, with the entire duration of the
process encoded in 3, then the token in p3 would be taken
immediately, effectively preventing ¢g from competing at
all. The feasible solution would require an additional
place and extra TPN-like transition to separate activation
and production in t3. The xXTPN avoids this problem by
combining these two behaviors within time ranges of a
single transition.

34. Negative feedback and promoter repression.
A second important feature of the model appears in
the negative-feedback loop responsible for temporary
inhibition of the transcription process (transition ¢5). Once
the first mature regulatory protein appears in pg, transition
tp may remove the promoter token from p;, leading to
cycle to—p2—t1—p1. Because transition ¢y requires the
promoter represented by p;, the presence of an active
protein in pg effectively suppresses the production of new
transcripts. As long as a token remains in pg, this cycle
prevents the continued expression of the gene.

The simulation results shown in Fig. [dla) illustrate
this behavior. When tokens are present in pg, the av-
erage number of tokens in p; remains close to zero,
because the promoter token circulates in the repression
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(a) —pB active_TF—p1_promoter_free  the lower curve of the chart)]

Avg. number of tokens

Ste
(b) [= po_gene (xTPN)—p0_gene (classical place) | P

Avg. number of tokens

Step

Tokens dynamics

adandala

Tokens dynamics

Fig. 4. Simulation-based illustration of selected model behaviors: average token counts in ps and pi, showing alternating phases
of transcriptional repression and promoter availability (a), bounded token count in timed place po and nearly linear tokens
accumulation in the classical po without lifetime constraints (b).

loop and is therefore not available for transition ts.
As a side note, it should be stated that, in fact, the
number of tokens in p; is almost always zero during
transcription inhibition, whereas the chart shows averaged
results of the simulation repeated many times, resulting
in non-integer values in Fig. @l  Once the tokens in
ps disappear, one stays in p;, enabling transcription
again. This alternating behavior repeats in successive
intervals and produces a pattern which is consistent with
a self-inhibitory regulatory system.

3.5. Role of timed places. The feedback mechanism
described above is closely related to another essential
feature of the xTPN, namely, timed places. In the
model, place pg represents active protein molecules whose
biological effect persists for a finite time even when
their removal by transition t9 is slow. In practice, the
disappearance of these tokens is determined not only by
the consuming transition but also mainly by the finite
lifetime of tokens in pg. This allows the model to express
directly that regulatory proteins may remain functional
for some time and then vanish as a consequence of
age-dependent degradation. Capturing the same effect
by transitions alone would require additional modeling
constructs and would obscure the intended interpretation.

A clear illustration of the role of timed places is
provided by place pg, as shown in Fig. db). In the
xTPN model, pg is a timed (xXTPN) place, so its token
count remains bounded. By contrast, when the timing
constraints of pg are removed, so that it is treated as an

untimed place, the number of tokens grows almost linearly
over time. This comparison directly shows that timed
places allow the model to represent the disappearance
or degradation of entities as a function of time without
introducing additional auxiliary transitions. Reproducing
the same behavior with transitions from component nets
alone (TPN or ITPN) would substantially increase the size
and complexity of the model. Emulation of time-places
would be even more difficult or in some cases even
impossible to obtain as a full XTPN behavior.

Timed places also make it possible to represent the
delayed usefulness (maturity) of tokens (y) after their
initial creation. In the example, this behavior is captured
in places such as ps and pg, for which 4% > 0. A newly
produced token is therefore not immediately available for
consumption or activation. This delay belongs to the state
of a token after its production and is therefore represented
more naturally by timed places than by transition-based
timing alone.

3.6. Interpretation and scope of the example. The
time parameters of the model were chosen illustratively,
that is, not as a result of a quantitative fitting to
experimental measurements but in such a way that their
relative ordering reproduces plausible qualitative behavior
of transcription, RNA processing and negative feedback
through promoter repression. The goal of the example is
to demonstrate that an xXTPN can represent, within a single
compact model, biologically meaningful combinations of
activation and production delays, token maturation and
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Table 1. Possible transformations of extended time Petri net elements into simpler ones. It should be noted that transformation for a
place-transition Petri net is denoted with a star. This is because, if o™ = oV = 0, then such a transition must technically fire
immediately, which is not enforced in most classical Petri nets.

Result

Net element Time parameters settings

Place 'yL =0,7Y = o0

Transition ol oV e QF,pE=pY =0
Transition al =aV =0,p%, Y € @
Transition al =aV =0,pL,8Y € @, gt =Y
Transition al =V =0, =Y =0

Classical place
TPN transition
ITPN transition
DPN transition
Classical transition*

its finite lifetime. For this reason, the proposed case
study addresses two issues. First, it shows that the model
can be implemented and simulated in dedicated software.
Second, it demonstrates that the coexistence of intervals
«, [ and v not only is a formal generalization but also
has direct modeling consequences that would be difficult
to reproduce only by using TPN-like or ITPN-like nets.

4. xTPN transformation

In this section we describe selected transformation
properties of an XTPN with an accompanying proof.

One of useful features of the described Petri nets
is the possibility of transforming their elements to the
ones that are known in other types of time Petri nets.
This makes it possible to create a model of a system
in which different types of transitions and places with
time parameters can exist simultaneously. Even more
important is the fact that different types of time data that
describe such a system can be used in a single model
without the need for additional adjustments. In Table [I]
possible transformations are given, which depend on the
proper assignment of values to specific time variables «,
(5 and 7.

To transform the xXTPN time place into a classical one
(that is, without time constraints for tokens), ’yﬁ = 0 and
’yg = o0o. Tokens in such a place will never expire and can
be used to activate a transition immediately when they are
created. Formally we can write that a reduced extended
time Petri net Z,.4 is given, where, for every transition
teT,BE =pBY =0, and for all places p € P, the token
age constraints are irrelevant, that is, J(p) = [0, 00).
Furthermore, in Z,..4 there are no inhibitor nor read arcs.

Theorem 1. (Reduction of an XTPN for = 0) Let T =
(N, I) be a time Petrinet. Z,.qand T are equivalent with
respect to their state spaces, that is, every p- and t-state
of Z,eq corresponds to a respective state of T. The sets
of reachable states in both nets are the same, and in each
state the sets of enabled transitions are identical.

Proof. Let a state of Z,..4 be denoted by z = (m, h,),
where m : P — M is a p-state and h, : T — (Rj U
{#1) x (R U {#1}) is a t-state, h,(t) = (us, wy). We

assume that (i) for every transition t: 3% = Y = 0, (ii)
for every place p: J(p) = [0, o0) and (iii) F""h U Freed =
0

Mapping states and transition activity. We define the
projection of a p-state into token counts in each place as
m(p) = |m(p)| forp € P, that is, the cardinality of
multiset K, determined by m(p). Let us also define the
mapping of the ¢-state of Z,..4 into 7 notation by

Ut lf hm (t) = (ut, #)
(t enabled and not producing),

# i ha(t) = (#, #)

(t is not enabled).

D(hy)(t) =

Since B; = 0, a state h,(t) = (ug, wy) with w, € R
does not exist that is, the start and end of production is
instantaneous (that time is always zero: w; = 0).

Consequently, ® is defined for all reachable states.
With J(p) = [0,00) and no read or inhibitor arcs, the
enabling condition for ¢ in Z,..4 reduces to Vp € °t :
m(p) > V(p,t), i.e., exactly the same condition as in 7
for the p-state m. Therefore, ¢ is enabled in (m, h,) <
t is enabled in (7, ®(h,)).

Consistency of time elapse. A time elapse by 7 > 0
in an XTPN has two effects. First, it increases every
element of multiset M defined by m(p) by 7. However,
since J(p) = [0, 0), the time elapse will never remove
tokens, so in that case m does not change. Since maturity
time of tokens is also assumed to be zero, the time elapse
effect on places has no impact on the number of tokens
and activation conditions. Secondly, time elapse increases
us by 7 for every enabled transition (those with h,.(t) =
(ut, #)), leaving the other values unchanged.

In a TPN, time elapse acts identically on the p-state
(that is, there is no change in number of tokens) and on
the ¢-state (clocks of enabled transitions are increased). In
addition, the upper bound on the allowed enabling time
applies: u; < oz? . Its violation is disallowed both in Z,..4
and in 7 (with Ir(t) = a¥).

aamcs
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Discrete step in both nets. In Z with 5; = 0, starting
the production of ¢ at time u; € [af, a!] has two effects.
It removes from every place p € °t exactly V(p,t)
tokens. Under the assumption that J = [0,00), the
choice of taking the oldest tokens reduces to decreasing
the multiplicity in the place, ie., m(p) — m(p) —
V(p,t). The second effect is that, immediately after token
removal, the transition adds to every ¢ € t* exactly
V(t,q) tokens: m(q) — m(q) + V(t,q). Therefore, the
p-state for every p € P changes as follows:

m(p) = V(p,1)
and (t,p) ¢ F,
m(p) + V(t,p)
and (p,t) ¢ F,
m(p) — V(p,t) + V(t.p)
if (p,t) € F and (t,p) € F,
m(p) otherwise.

if (p,t) € F

if (t,p) e F

This is exactly the same as a single firing in 7. As for
the t-state, transition ¢ finishes being enabled; however,
because of w; = 0, the production is immediate. Then
it becomes either not enabled (then ®(¢) yields #) or, if ¢
remains enabled, it receives a new clock ®(t) = u; = 0
(in net 7: h(t) = 0).

Bisimulation of states. Let us define the state mapping
from an XTPN to a TPN by function ¥(m,h,) :=
(m, ®(h,)). From the previous paragraphs it follows that

« if the xXTPN state changes due to time elapse or a
transition firing, denoted as (m, hy) —2% (m/, h',),
then for the TPN the analogous state change is

Tort

U(m, h,) — ¥(m', h);

 conversely, any time elapse or transition firing in the
TPN has an exact counterpart in the xXTPN, with the
same effect on 7 and with same clock updates.

Since every step in one net can be simulated by a step
in the other (and vice versa), the two nets have the same
reachable states, and in paired states the same transitions
are enabled. [ ]

For an ITPN/DPN, a similar transformation can be
proved analogously by exchanging the role of « and f3.
Transformation of an XTPN into a P-TPN is possible, but
with an additional condition. When both values « and
[3 are set to zero, the XTPN transition activates, fires and
produces tokens immediately. This is not the behavior of a
classical PN transition, which, being enabled, is not forced
to fire. If such a condition changes, the default behavior
of XTPN transitions is assumed, and transformation into a
P-TPN is also possible.

5. Conclusions

The proposed extended time Petri net has many more
interesting properties and a more detailed description of
some of them is beyond the scope of this paper. Two
features in particular, in our opinion, suggest that the
proposal of a new time net combining the features of
already known ones can be a good and interesting idea.
First of all, it is often the case that, when trying to create
a model of a certain system, the net that is selected must
best fit the available data for that system. However, it is
often necessary to match the data and the net elements
with each other because the specific net perhaps fits well,
but not ideally, to the type of data available. For example,
transitions in a TPN remain active for a certain period
of time before firing; when they fire, tokens are taken
from the input places while new ones are simultaneously
created at the output places. In a DPN/ITPN, an active
transition starts the production event immediately, that is,
it takes tokens, but the production of new ones requires
some time. The difference is that, in a TPN, in case
of a conflict between many transitions sharing common
places, tokens from a given place can simultaneously
participate in the activation of many transitions until they
are taken. In a DPN/ITPN they cannot do so since they
are consumed immediately. If the system studied has
elements that require both behaviors, some conversions
or simplifications must take place for that model. This, in
turn, can further obscure the overall picture of the model.
In the proposed extended time Petri net, a transition
implicitly has both features, i.e., a time until activation
and a separate production time counted when tokens have
already been taken. Transformation of net elements is
possible and can be done by modifying only the time data
describing the transitions. Thus, there is no need to add
some artificial elements to the net while transforming it
to reflect either behavior. The second important feature
of the new net is that transitions and places are described
by two and one time intervals, respectively, rather than
by a specific single value of, for example, production
time, as in a DPN. One can imagine many systems in
which the time of execution of certain activities cannot be
reduced to one specific and deterministic value, but it can
at most be given as an approximation. Biological systems
in particular are often described in this way because it is
almost impossible to give the precise time of occurrence
of, for example, a single chemical reaction. Thus, the
proposed net turns out to be a very flexible tool that can be
easily adapted to the data and knowledge of some system.

The proposed xXTPN formalism introduces a richer
state description than simpler time Petri-net classes.
As a consequence, the corresponding state space is
substantially larger than in classical TPNs, and exhaustive
state-space exploration or direct model checking may be
computationally feasible only for restricted or relatively
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small XTPN models. Therefore, the formal definitions and
semantics introduced in this paper should be understood
as a necessary formal basis for future development of
verification methods and state-space verification. In
particular, simulation-based analysis of xXTPN models,
including simulations performed in Holmes, can be
useful for validation or a quantitative analysis, but it is
not equivalent to formal verification and cannot replace
exhaustive or symbolic reasoning about all relevant
reachable states.

The proposed xXTPN formalism should currently be
viewed primarily as a modeling and simulation framework
for systems in which several types of timing constraints
must be represented simultaneously. Its formal syntax
and semantics provide a foundation for future verification
methods, but the full state space is substantially larger than
in classical TPNs because it includes token ages in places,
transition activation timers, transition production timers
and discrete transition phases. Therefore, exhaustive
state-space verification and complete model checking may
be limited to relatively small or restricted xTPN models.

For larger biological or biochemical models,
simulation-based validation such as repeated simulations
in the program Holmes can be a practical way to
study possible behaviors and estimate characteristics of
the model. However, such validation is not a formal
verification and cannot replace exhaustive or symbolic
reasoning regarding all relevant reachable states. A
comprehensive formal proof of soundness and consistency
for the full XTPN model, incorporating time intervals «, 3,
and v simultaneously, together with dedicated symbolic
state-space abstractions and model-checking algorithms,
remains an open research problem and one of the main
directions for future work.
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