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The paper is devoted to the development of algorithms for the odd-time discrete Fourier transform (type II DFT, or simply
DFT-ID). It presents efficient computational solutions related to the implementation of a small-sized DFT-II for input se-
quences of lengths 3, 4, 5, 6, 7, and 8. The derivation of each algorithm is described in detail, and computational complexity
estimates are provided. The developed algorithms are implemented on field-programmable gate array (FPGA) platforms
such as Spartan 3 and Spartan 6, demonstrating the advantages of their implementation in hardware environments where
performance and resource utilization are critical. Key performance indicators such as the number of multiplications and
additions as well as FPGA resource utilization are evaluated. The values of the maximum operating frequencies achieved
are given. The results show a significant improvement in computational performance compared to the direct matrix-vector
product, which proves the effectiveness of the obtained solutions.
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1. Introduction

In digital signal processing, the discrete Fourier transform
(DFT) is one of the most frequently used tools to find
the spectrum of a time-domain signal (Bi and Zeng,
2012; Silva-Garcia et al., 2020). It is possible to shift
DFT sampling in the time and/or frequency domain by
some real shifts ny and kg, respectively. As a result
of such shifting, a generalized DFT (GDFT) is obtained
(Yaroslavsky, 2014; Spatek, 2018). Most often, shifts
of 0.5 (half a sample) are used. While the traditional
DFT corresponds to a periodic signal in both time and
frequency domains, ng = 0.5 produces a signal that is
anti-periodic in the frequency domain and vice versa for
ko = 0.5. If ng = kg = 0.5, then we obtain an odd-time
odd-frequency DFT (Yaroslavsky, 2014; Oraintara, 2002).

In a one-dimensional transform, the amplitude
spectrum of the DFT and GDFT is the same, whereas
the phase spectrum differs. The phase spectrum is
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widely used in engineering applications (Dattoli et al.,
2017).  The half-sample shift can be viewed as a
modification within the GDFT family, where non-integer
sampling intervals provide improved spectral resolution,
particularly for signals with anti-periodic properties.
These properties make the GDFT valuable in applications
like fast computations (Mansour, 2006; Dai et al., 2019),
communication, code division multiple access (CDMA)
and orthogonal frequency division multiplexing (OFDM)
systems (Elshirkasi et al., 2014; Li et al., 2014; Almenar
et al., 2011; Patil et al., 2012), filter bank design
for subband processing systems (Wilbur et al., 2004;
Otunniyi and Myburgh, 2021), wave propagation (Tsitsas,
2010), audio systems (Dun and Liu, 2015; Belega et al.,
2016), or encoding (Mazrooei et al., 2018). Hence, this
paper is devoted to a DFT with a half-sample shift in
time, which is also named an odd-time DFT or DFT-II,
because the processed signal is expanded into complex
exponentials with frequencies that are multiples of 7i/N,
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where N is the length of the input sequence, and 7 is an
odd positive integer.

The number of arithmetic operations required for the
direct computation of the GDFT is proportional to V.
That is why there is a need to reduce the implementation
cost and computational complexity of the GDFT and
odd-time DFT in particular (Bi and Zeng, 2012). It is
necessary to notice that the length of the input sequence
significantly influences the design of fast algorithms for
an odd-time DFT and GDFT in general. The case of large
lengths of input data sequences is considered in the few
existing papers related to designing fast GDFT algorithms
(Bi and Zeng, 2012; Pei and Luo, 1996; Britanak and
Rao, 1999; Bi and Chen, 1998; Zheng, 1996). However,
small-sized GDFT algorithms are of special interest, since
they can be regarded as typical modules in synthesizing
more complex algorithms (Bi and Zeng, 2012; Saleh et al.,
2003). Then, designing fast odd-time DFT algorithms
for small-sized input sequences is a relevant problem.
Further, to select the approach for developing such fast
algorithms, related papers are analyzed.

1.1. State-of-art of the problem. For most
applications, efficient computation of the GDFT is crucial.
However, directly calculating an N-point GDFT requires
N? complex multiplications and N(N — 1) complex
additions. This extremely slows down the speed of digital
signal processing, especially in real-time applications.

To reduce the computational complexity of the
GDFT for arbitrary time and frequency origins, in the
works of Bi and Zeng (2012) as well as Bi and Chen
(1998) the split-radix GDFT algorithm is exploited. The
odd-time DFT is then decomposed into an odd-time DFT
of length N/2 and an odd-time odd-frequency DFT of
length N/2. The latter, in turn, can be decomposed into
two N/2-point discrete cosine transforms (DCTs).

Britanak and Rao (1999) decompose the DFT-II into
an N/2-point odd-time DCT and an N/2-point odd-time
discrete sine transform, but the matrix of the latter
exhibitis the reverse order in both rows and columns.

In the work of Zheng (1996), an odd-length GDFT
is converted into a DFT using only permutation and sign
changes of the input or/and output sequences. The same
approach is also used to convert an odd-length GDFT
to the discrete Hartley transform. Then the DFT or
a discrete Hartley transform can be computed by fast
algorithms (Bi and Zeng, 2012). By merging the obtained
results, a unified algorithm for a sinusoid-class transform
is proposed.

The papers by Saleh et al. (2003) and Potipantong
et al. (2009) are devoted to the implementation of GDFT
algorithms on FPGAs. Saleh et al. (2003) proposed
to calculate the N = 2™-point DFT in terms of
DFT-II blocks of shorter length. For example, for
N = 16, a fast DFT algorithm is obtained using

a DFT-II of length N/2, DFT-II of length N/4, and
DFT-II of length N/8. The proposed algorithms are
used to develop fast Fourier transform algorithms with
a significant improvement in hardware resources for
implementation on FPGAs. In the work of Potipantong
et al. (2009), an FPGA implementation of highly modular
discrete trigonometric transforms including the GDFT is
realized. Two practical applications, such as the joint
photographic experts group (JPEG) co-processor and a
powerline communication subsystem, also demonstrated
the flexibility and modularity of the proposed FPGA
implementation.

A brief review of the existing fast GDFT algorithms
enabled the identification of key limitations inherent in the
radix-based design approach. Furthermore, it facilitated
the formulation of unresolved aspects of the broader
problem of computational complexity reduction.

1.2. Main contributions. Radix-type GDFT
algorithms (Bi and Zeng, 2012; Pei and
Luo, 1996; Britanak and Rao, 1999; Bi and
Chen, 1998; Zheng, 1996) for an input data sequence
of length 2™, where m is a positive integer, differ from
other fast algorithms by a relatively simple regular
computational structure and reasonable computational
complexity. They often allow recursive computations
for many different sizes of input sequences (Bi and
Zeng, 2012).

Despite the advantages of radix-type algorithms for
a size-2™ GDFT, the length of the input sequence may
differ from that adopted in the algorithm under study.
To apply a fast algorithm to a certain-size GDFT, the
zero-padding technique is often used to increase the
length of the input sequence, which usually leads to
redundant computations. In addition, in many papers,
authors present fast algorithms without providing data
flow graphs, which makes them difficult to understand
and implement (Bi and Zeng, 2012; Pei and Luo, 1996;
Britanak and Rao, 1999; Bi and Chen, 1998; Zheng,
1996; Saleh et al., 2003; Potipantong et al., 2009).
In electrical and systems engineering, control theory,
theoretical computer science, etc., signal flow graphs are
often used as a modeling tool for implementing a system
as an electronic device connecting system components
(Perera, 2018).

To avoid these drawbacks of the existing GDFT
algorithms, it is reasonable to use the structural approach
to matrix factorization proposed by Cariow (2014). Based
on this method, the block structure of the transform matrix
can be reduced to one of the matrix patterns given by
Cariow (2014). Then, the extracted matrix patterns are
used to obtain advantageous factorizations of the original
matrices. As a result of these factorizations, the number
of multiplications and additions required to calculate the
product of the factored matrix and a vector is reduced



Algorithms for a small-sized type II discrete Fourier transform

compared to the direct calculation of the product of the
matrix and a vector. Based on these factorizations, it
is quite easy to construct signal flow graphs by directly
mapping the structures of the matrix factors to the graph
geometry. In addition, unlike in traditional methods, in
the structural approach the length of the original sequence
is not limited to a power of two or three (Cariow and
Paplinski, 2021; Polyakova et al., 2024; Polyakova and
Cariow, 2024).

This study aims to develop low-complexity DFT-II
algorithms based on the structural approach for input
sequences of lengths N = 3,4,5,6,7,8.

2. Preliminary remarks

The n-point DFT-II is defined by the formula (Bi and
Zeng, 2012)

ey
where X (k) is the k-th DFT-coefficient, (n) is the n-th
signal sample, IV is the number of signal samples, n+ 0.5
is a half-sample shift in the time domain.
The DFT-II (I)) in matrix notation takes the form

Ynx1 = FyXnxi, (2)
where
1 1
o~ % (0.5) e~ 5 (1.5)
Fy=
efj%’(o‘ﬁ)(Nfl) eszﬁ”(l‘ﬁ)(Nfl)
3
) 3
eI ZE(N=0.5)
eszﬁ"(N;Oﬁ)(Nfl)
and
YNXlz[y07y17"'7yN—1]T7 (4)
X nx1 = [0, 21,y ana] "

Section 3 presents the derivations of computationally
efficient algorithms for calculating the DFT-II for N =
3,4,...,8.

3. Algorithms for a small-sized DFT-1I

In general, the construction of fast algorithms for
small-sized DFT-II calculations based on the structural
approach (Cariow, 2014) involves the following main
stages:

1. Permutation of rows and/or columns of the ini-
tial transform matrix. Permutation matrices are
constructed to rearrange the rows and/or columns of
the original matrix.

2. Extraction of structurally redundant entries from
the matrix. From the current matrix, entries with
identical absolute values (typically +1 or +7) are
extracted. The matrix is split into two components:

e the first matrix comprises entries with trivial
values, which do not necessitate additional
reduction of arithmetic complexity;

* the second matrix includes the remaining
entries and is subject to further minimization of
arithmetic operations.

3. Extraction and factorization of structural tem-
plates. Submatrices matching predefined structural
templates are extracted from the second matrix.
Each submatrix is then factorized according to the
corresponding template, as described by Cariow
(2014).

4. Construction of the factorization of the initial trans-
form matrix. If necessary, stages 1-3 are repeated for
submatrices. Based on the obtained factorizations,
the overall factorization of the initial transform
matrix is assembled, incorporating the permutation
matrices from stage 1.

5. Improving the resulting factorization to minimize
the number of additions. The final factorization is
refined to reduce the computational cost, particularly
the number of addition operations.

3.1. Algorithm for three-point DFT-II calculation.
Let X3x1 = [0, 21,22]" and Ysx1 = [yo, y1,y2]" be
3-dimensional input and output data vectors, respectively.
The problem is to calculate a product:

Y31 = F3X341, )
with the DFT matrix
1 1 1
Fs=| a® -1 ® (6)

53 1 —q®

and
a® = e—jﬂ/S7 b3 = ¢—357/3 (7)

Calculating (@) directly requires four multiplications and
six additions.

Stage 1. To decrease computational complexity, we
interchange the first and second columns in the matrix
F'3, multiplying it simultaneously with —1. In that case,

aamcs
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we can decompose this matrix into the new matrix Fél)
multiplied by the permutation matrix P3:

Fs=F{ P, (8)
where
1 -1 1
FU = | 7G5O
53 o3
- : 9
10 0 ®
Ps=|0 0 —1
01 0

Stage 2. We can decompose the matrix Fél) into two
submatrices:

1 -1 1
3 _p3)
2 a
Fg): 0 0 _1 5 2 = |: —b(?’) a(s) :|

0 0 1
(10)

Stage 3. Due to its internal structure, the matrix F'2 can
be represented as a product of the matrices:

Fo=HyDyHoy, (11)

where

11 .
H, = [ o } DQ:dlag(sg“), 5§3>), (12)

and

3) _p3
883) — % = —jsin(7/3), (13)
(3) 1 p(3
B — % =cos(m/3)=05.  (14)

Stage 4. Consequently, when the Fz(f) and F'y5 sub-

(1)

matrices are folded, the F';’ matrix can be represented

as
F = 1), D,T);, (15)
1 0 0 0
9, =10 -1 1 1 |,
01 1 -1
1 -1 1 (16)
0 0 0 1
T = 1 1 0|’
1 -1 0
D, = diag (1, 1,5, 0.5) . (17)

Stage 5. In the above relations, the number of additions
can be reduced and the permutation matrix Ps3 can

Fig. 1. Data flow graph of the three-point DFT-II.

be combined with the Tf&)?) matrix, thus allowing the
third-order DFT-II to be represented in its final form as

Vo= TOT DA IR, Ay
where
1 0 0
TV =10 -1 1/,
0 1 1 1)
1.0 0 0
T, =010 -1/,
001 0
1 0 1
1 10 0
Té(1><)3: O 1 0 )
_O 0 1 (20)
[0 1 0
=110 -1
10 1

Taking into account that the division by two can be
done with a bitwiss shift, we obtain an algorithm for the
third-order DFT-II that requires only one multiplication
and six additions. Thus, three multiplications were
reduced while the number of additions remained the same.

Figure [Tl shows the data flow graph of the proposed
algorithm (I8). The paper presents data flow graphs in a
left-to-right orientation, with the straight lines within the
figures representing data transfer operations. The circles
in these graphs represent multiplication operations, with
the numerical factors inscribed inside. For simplicity,
superscripts on multiplicators have been omitted in all
figures, as it is self-evident which variable is referenced in
each case. Points of convergence, marked with a bold dot,
indicate summation. In addition, the dashed lines indicate
data transfer operations with a simultaneous sign change.
To maintain visual clarity, standard lines without arrows
are used.

3.2.  Algorithm for four-point DFT-II calculation.
Let X 41 = |20, 21, T2, 23] be a four-dimensional data
vector and Y 4x1 = [0, Y1, Y2, ys3]" be an output vector.
The problem is to calculate a vector-matrix product:

Yix1 =FaXyx, 2n
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with the DFT-II matrix

1 1
- a(4) — ja(4) _a(4) — ja(4)

Fy=

j
—a® Zja@ @ @

1 1
_a(4) + ja(4) a(4) + ja(4)

(22)

J J
a(4) +]a(4) 704(4) + ja(4)

and a® = cos (1/4).

The direct calculation of Eqn. (@I) requires eight
complex multiplications and 12 additions. It is easy to see
that the matrix F'4 has a specific structure. Considering
this, reducing the number of multiplications in calculating
the four-point DFT-II is possible.

The structure of the matrix F'4 enables immediate
extraction of submatrices for factorization, thereby
omitting the first and second stages of constructing a fast
DFT-II algorithm based on the structural approach.

Stage 3. The F'4 matrix, due to the occurrence of entries
with the same value in the rows, can be represented as a
product:

Fy=FOT{, (23)
where
1 1 0 0
@) _iq®  _g@® _ 5@
Fgo) _ 0. 0 a ja a ja ?
-7 0 0
0 0 —a® —ja® o — @
(24)
TV =H,®1I,. (25)

Stage 4. Considering only the non-zero entries of the Fio)
matrix, two submatrices can be extracted:
Fy' = [ i g } !
(26)

F(l) _ a(4) — ja(4) _a(4) — ja(4)
2 _a(4) — ja(4) a(4) — ja(4)
The structure of Fgl) can be simplified by expressing
it as a product of three matrices:

F{" — H,FP H,, 27)
where @
2 —ja 0
FY = [ 0 o } . (28)

Consequently, the above relationships allow us
to define a computationally efficient procedure for
calculating the four-point DFT-II in the form

Y =T DOTOTY X4 4, (29)

where
1.0 0 0
(2) 001 1
T, 01 0 O ’
| 0 0 1 -1 30)
[ 1 1.0 0
1) -1 1 0 0
Ty = 0 0 1 1 ’
. 0 0 1 -1
and
Dflo) = diag (1,j,564),3§4)) , 384) = fja(4), 354) =a®.
(3D

It takes two multiplications and 10 additions to
calculate a four-point DFT-II. The proposed algorithm
saves six multiplications and two additions compared to
the direct matrix-vector product (DMVP) of determining
the DFT-IT 21).

As no further improvement of the factorization (31))
is required, Stage 5 is omitted. Figure[2lshows a data flow
graph of the four-point DFT-II.

3.3.  Algorithm for five-point DFT-II calculation.
Let X5x1 = [70,21, 72,23, 74]" be a five-dimensional
data vector and Y5x1 = [yo, ¥1, Y2, ¥3, y4| be an output
vector. The problem is to calculate a vector-matrix
product:

Y541 = F5 X541, (32)
with the DFT-II matrix
1 1
a® — jb(5) —c®) jd(5)
Fs = c(5) — jd(5) —a®) ¢ jb(5)

—c®) —5d® g 4 jp®)
—a® — 6B B — 5q)

33
1 1 1 G
1 —c® 4 5d®  q®) 4 p®)
1 a® —p®) ) 4 )
1 0(5) +]d(5) fa(s) + _]b(5)
and
a® = cos(w/5), b® =sin(r/5),  (34)
® = cos(2m/5), d® =sin(2r/5).  (35)
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The direct calculation of Eqn. (32) requires 16
complex multiplications and 20 additions.

Stage 1. To factorize the F'5 matrix, we can swap the
order of the rows and columns and multiply some of them
by —1. Using the appropriate permutation matrices, we

will obtain a new Féo) matrix satisfying the relation

Fs =P FYOPY, (36)
where
FO —
1 1 ~1 1 —1

1) — 5d® g — b0 ) 4 jd6) o) 4 jp®)
“11a® 4 b0 B — jaB) o) _p6) ) 4 jp®)
1) 4 5d® q®) 4 550 ) — jd6) ¢(5) _ jp®)
37
0
0

Py =

0
0
10 0
0

oo+~ O
oo oo
o= O oo

0
00-10)
[100 0 0]
010 0 0
0010 0
0000 —1
0001 0 |

(38)

P =

Stage 2. Two submatrices can be extracted from the matrix
Fgo):
1 1-11-1
-10000

F = , (39)

F =

a® — b3 O 4 jd®ia® 4 b ) _ jg®)
¢ jdB) o _ 316 4 jd6) ¢ 4 jp®

¢® 1 jd® a® 1 jpE) 1) — jd®) o) — jp®)
(40)

Stage 3. The matrix Ffll) has a specific structure,

3 4
4 Fg;) ng) ’

and can be replaced by (Cariow, 2014)

1
F =10[5 (F + F(Y)

1 (3) _ (4) (0)
@Q(Fz Fy )}T4 , (42)
where
(3) _ 5p(B) (5) 1 5q(5)
3 _ |a J )+
F2 - |:C(5) _ jd(5) a(S) jb(s):| ) (43)
(5) o sp(5) (5) _ 5q(5)
4) _ e+ Jb°) ¢ jd
Fy" = L(E’) + jd® ¢ +jb(5)} . (44)

The symbols ® and & denote a tensor product and a
direct sum of two matrices, respectively (Regalia and
Sanjit, 1989).

New matrices can be defined that are the sum and
difference of matrices ng) and Fgl):

a®

G _1/o6 | @) _
FY =5 (FY +FY) = [0(5) a(5)} L)

© _ 1 (p® _ p@y _ [0 jd®
FY = > (F2 ~F§ ) - [j PR BCD
The ng) matrix has a similar structure to the Fil) matrix
and can be factorized using identities (Cariow, 2014):

F§5) = H, B (a(5) +c(5)) @ % (a(s) - c(5))} H,.

(47)
The FéG) can be factorized using
FO = Ty [j (b<5> _ d<5>> @ j (b<5> 4 d<5>)
(48)
& (~56™)| Tz,
where
10
011
szs[lol}v T3x2=|01]. (49)
11

The Fél) matrix can be represented as the expression

F) = T5, 5T s, (50)
where
7 . _[tooo0o0]
271 —-11-11]|
(51)

11-11-1
T5X2[10 00 0}

Stage 4. Given the relations @2), @7), (@8], the matrix
F ) can be re
5 presented as

Féo) =T5x6T6x7D7T7x6T6x5, (52)
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where
10000

0
0-1101 O
01010 1
0-110-10
01010 -1
Tox7 =12 Hy®Tox3, Trxe=1I2® HzDT3x2,
(54)

T546 = ; (53)

11-11 -1
10 0
010
001
010 -10
001 0 -1

Texs = ; (55)

o~ O
_ o o

D; = diag (1, 1,5, 50,59 ) sff’>) . (56)

NON % (a<5> n c<5>)
5 _ L6 _ . o7
=10 -e0),
s = (6@ —a®),
s = j (b +d®), (58)

Stage 5. The matrix T'sx5 can be further decomposed
into two matrices, which reduces the number of additions
required for computing the DFT-II:

Toxs = T T, (59)

[11-100

10000

01000

00 100]”°

00 010

100001 (60)

100 0 0
0101 0
001 0 1
010-10
(001 0 —1

The T'5« ¢ matrix can be split similarly:

0
Té><)5 =

Ty =

Tsre =TT, 61)

[10 00 0]
01100
00011 [,
01-10 0
000 1-1]
(1000007
0-11000
000010
010100
000001 |

T =
(62)

0
Té><)6 =

Fig. 3. Signal flow graph for the computation of the five-point
DFT-II (63).

Taking into account the above modifications, the final
form of determining the five-point DFT-II transform,
reducing the number of multiplications, can be presented
as

Y51 = TéS)TéOX)GTsx7D7T7x6TéOX)5T§2)X5x1,
(63)
where

T = PT!, T =TV PY . (64)

The calculation of a five-point DFT-II by (63)
requires five multiplications and 18 additions. The
proposed algorithm saves 15 multiplications and two
additions compared to the DMVP for determining the
DFT-1I (32).

Figure 3 shows the signal flow graph of the proposed
algorithm to implement the five-point DFT-II.

3.4. Algorithm for six-point DFT-II calculation. Let
X6x1 = [r0,71,72,73, 24,257 be a six-dimensional
data vector and Yex1 = [yo, Y1, Y2, Y3, Y4, Ys5] . be an
output vector. The problem is to calculate a vector-matrix
product:

Ysx1 = FsXsx1, (65)
with the DFT-II matrix
1 1 1
a® — 6 1 —q6 — jp©)

‘= b —ja® 1 pO 4 ja©)

b0 g 1 _p® 4 j®

—a® O a® _ jp®)
1 1 1 T
—a® 4 jp®  j g©) 4 jp®

bO — ja® 1 p©) 4 jg®)

- J
1 —b©® 4 ja®

J
—b(6) — jq(©)
a(ﬁ) + ]b(ﬁ)

(66)
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a® = cos(m/6) =V3/2, b® =cos(n/3) =1/2.
(67)
The direct calculation of Eqn. (63) requires 16
complex multiplications and 30 additions.
In this case, the permutation of rows and columns
of the original matrix is not utilized and Stage 1 of

constructing the algorithm is not applied.

Stage 2. In the matrix Fg (66), we can notice the
presence of identical values in the rows, which allows us
to reduce the complexity of calculating the matrix-vector
product. Thus, the computational procedure describing
the computationally efficient algorithm for calculating
DFT-II takes the following form:

Yox1 = Tex10F 10x8Tsx6X6x15 (68)
where i )
101000
000101
010010
0-10010
T8><6— 100100 , (69)
001001
100-100
(0010 0-1]
Figyxg =
1000 0 0
0100 0 0
0010 0 0
000j 0 0
—5000 0 0
0700 0 0
0 000b© — jq® b6 4 g6
00000b® (6) p(6) — j(6)
0000 0 0
| 0000 0 0
0 0 n
0 0
0 0
0 0
0 0
0 0 , (70)
0 0
0 0
al® — jpO) g6 _ jp(6)
—a(® — jp©® 46 _ jp(6)
(11 1 0 000 0 00]
000 1 000 0 10
00-1 00010 00
Toaw=10900 11100 00| 7V
001 0 000-100
(00 0 1 000 0 01|

Stage 3. If two submatrices are extracted from the matrix
F'10xs, namely,

Fy = [bw) +3a® p© _jg© | T2

(6) _ ;p(6) _q(6) _ ;p(6)
F§8) _ {a jb a jb } (73)

—a(® Zjp® ® _ jp(©)

it is easy to observe that both matrices exhibit a structure
very similar to that of matrix (@3). Thus, applying the
formula (@7) to them, we obtain

F = H,DVH, F® = H,D{"H,, (74

where
1
DY — [5 (6 — ja® +b© + ja®)

@% (b<6> — ja® — (4© 1 ja(G)))] . (75

DY - [ a® — jb©) —a® _ 5®)

1
2
1

@5( a®) — j5© _ (—g® jb(G)))]. 76)
Stage 4. By applying the above transformations to the
expression (G8)), a computationally efficient algorithm for

computing the six-point DFT-II can be derived:

Yex1 = T6><10T10D10T§%)><8T8><6X6><17 (a7

where
Tiw=1s® Hy ® Hy, (78)
10
T = |01|®@I,e Hyeo Hy, (79
10

Do = dlag <]-? 1,1,4, _j7j50'57886)7s§6)75g6)> )
(80)
and

= —iv3/2, s =—jo5, s =+v3/2. @81
The calculation of a six-point DFT-II by (Z7) requires
only two multiplications and 24 additions. The proposed
algorithm saves 14 multiplications and six additions

compared to the DM VP for calculating the DFT-II (63).
Improving the obtained factorization (7)) is not
necessary and Stage 5 is omitted. Figure H] shows the

signal flow graph of the proposed algorithm to implement
the six-point DFT-II.
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3.5. Algorithm for seven-point DFT-II calcula-
tion. Let X7><1 = [.’,Eo, T1,T2,L3,T4,Ts5, xG]T be a
seven-dimensional data vector being transformed by the
DFT-II and Y7><1 = [yo, Y1,Y2,Y3,Y4,Ys, y6]T be an
output vector. The problem is to calculate a vector-matrix
product:

Y71 = Fr X741, (82)

1 1 1 1 1 1 1
G T N G B R I CO R
A0 —g _pD 1 (D g D)

F;= | oM —a™ oM —1 ¢ _cO §(0 |
—fD D —g™M 1 —aD gD —p™
—D o D 1 pD gD gD
gD —fD 4D 1 D p() (D]
(83)
and
a(M = e=dm/7T p(71) = ¢=3m3/7 (1) = _=i75/7 (84)
d = e=im2/T (1) = _e=im4/7 (1) = _=3m6/7,
(85)

The direct calculation of Eqn. (82) requires 36
complex multiplications and 42 additions.

Stage 1. To factorize the matrix F'7, we rearrange its
rows and columns and multiply selected ones by —1. By
applying appropriate permutation matrices, we obtain a

new matrix F(70) that satisfies the following relation:

F,=pPYFYpY (86)
where
11 1 1 1 1 17
B T Rt o I o 4 R (O Rl (OB
0 OB GO S COTIS FA o A C R €
FO = | 50 —d® o i_1if@ 0 _g™ |

A —g(M _pMi 1 1M oD (D)
D M gDy gD (D
- (87)

0 0 —1
0 -10]|, (88)
~10 0

PY =10

[1000000]
0100000
0000010
0001000 . (89)
0000001
0010000
10000100

Fig. 4. Signal flow graph for the computation of the six-point
DFT-II (7).

Stage 2. From the matrix F(70), two submatrices can be
extracted:

(111 1 1117
000-1000
000-1000
FY=1000-1000], (90)
0001000
0001000
1000 1 000]
a® B Mg _ (D (D)
—e(M o D1 gD _gD _p™
PO _ b —gd(D D (D (D) ()
B € R 4 (o B 0 R o o (o
AN —gM _pMi_e M D
—fD (M gDy p(M gD ()
' 91)

Stage 3. The matrix Féo) has a specific structure and can
alternatively be expressed as proposed by Cariow (2014):

3 4
FO Fy Py

- — T FIT, 92
6 [Fgl) Fég)] 64 g 6 ( )

where
To=H,ol;, F=[FQor] ©3
and

F{) = 2 (FY + F)

™) — g0 p(D — f(D) g _ (@)
S P G I B C R TC A
B — F(D) D) — (D) 40 _ g

1
2

, (94)
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amcs Q)
F{ = = (F§ - F(")

1
2

LT a® 49 6D 4 fD D)
L1 g o0 4 g™ 5@ 4 50
2 A0 o 4 g™

95)

(M £ () —

In the ng) matrix, we can multiply the first row and
column by —1. Using the appropriate matrices, we will
obtain a new Fg matrix:

(7) P(O)F(5)P§O), (96)
where
aM — g™ f0 M (D g
M _Ll _gm o, m p
F3' = d a g f b
FO_pM (D gD (D _ @
7
100
PP=|010]. (98)
001

The matrices Fgﬁ) and Fg) are circular matrices for
which the following algorithm can be applied (Cariow and
Paplinski, 2021; Polyakova et al., 2024):

Hs = A3 D™ Ay, 99)

where the matrix H 3 is some circulant matrix:

h1 hg hs
Hj3= | hy hy ho |, (100)
hg ha hi
DI = diag ({79, 55, 5§, Y, o)
SE)HB') (ho + h1 + hz) /3,
(Hs) (102)
81 3 = (2h1 — ho — h2) /3,
SéHa) = (hl - 2h0 + h2) /3,
(Hs) (103)
33 8 = (ho + hl — 2h2) /3,
(11 1
01 -1
A4><3 - 1-10 )
10 -1 (104)
(10 1 1
Asyy= |11 0 —1],
| 1-1-10
and hg, hy, ho are some values present in the circular
matrix.
For the matrix F§5), the following relation is
obtained:

(5)
FY = P 43D ) APy, (105)

where

U/\
>

) dlag( (N (M 0, 3§7>), (106)

(1) _

b M g™ 4 (D g<7>>

»
(=)

Q

2a<7 + 5 — D 4 g™ — f™ —2g<7>)

Q

a™ 4+ 2p(0 4 D _ g _9p(M _ g<7>)

Q

A
2
\

M Z 26 L 9g(M 4§ _ g<7>)

»
w

S o~ OCDI»—' OCDI»—' Oal»—~

O(
8(
2(
6(

Q

(107)

Similarly, for the matrix ng), the following relation
holds:

(F)

F = A5,,D ) Ay, (108)

where

(6)
D™ = diag (57, 57, 5, s7), (109)

o = % (am NGO NG B C B g<7>>
~ jO 209,
s = - (2 (M _ M LM 4 g™ — (D 4 29(7))
~ jO 225,
s = = ( (M) _9p(M _ oM _ g™ _9p(M 4 g<7>)
~ j0.766,
s = % (a<7> + 0 2D 4 24 4 D 4 g(7))

~ j0.991.
(110)

Stage 4. Taking the above modifications into account, the
seven-point DFT-II transform matrix can be represented
as

Fr = PVT; T, DTS (Ts 7 P, (111)

where

1ixz 0 —1i43
O1x3 1  O1x3

I3 031 I3 ’
I3 0351 —1I3

Tysx7 = (112)
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(100 0 00
010 0 00
00-11 10
000 1 —10
00-1-100
00—1
00 0
00 0
00 0
00 0

O OO O OO

T\,s = . (113)

11

s}
o O O OO
S O OO

=)
i
—ooo
(@n)

0
Téx)lo =

_ o oo o oo
O OO O oo
_ O OO oo

—_—__0 00 oo
|
—_

OO O OO O
N eNeBeoNeNell -
S OO =

(e

I
—_
I
—_
o

(114)
(11000 0
0-1100 1
0-1010 0
0-1001 0
01100-10
010100 —10
010010 0 —1]

o= OO

Trxsg =

0
0
0
1], (115)
0

Do = diag (]ﬂ 1,sg7>,3§7>,...,3§7>) . (116)

Stage 5. In the formula (IT1), which determines the F%
matrix, an adjustment can be made to reduce the number
of additions and matrices.

One such possibility is to decompose each of the
T'7«s and T'g 7 matrices into

Trvs = T7T)y, Tsr =TT, (117)

defined as follows:

(110000 0 O
01000-10 0
001000 0 0
). =1010000 -1 0 |, (118)
000100 0 0
010000 0 —1
000010 0 0|
100000 0]
0-110000
000-1100
T;=(00000-11], (119)
0110000
0001100
000001 1]

© I3 0341 —1I3
T, =101x3 1 O1x3], (120)
I3 0341 O3

[1110000]
0001000
0000100

7O, _ 0000010

8x7 0000001
1000000
0100000

0010000

(121)

Further reduction in the number of additions can be
achieved by applying the following substitutions:

T%)xsTélx)7 = T10x9T9x7, (122)
Tglx)sTéOx)lo = T(72X)ST§31X)10» (123)
where
(11 100 0 0]
00 010 0 0
00 00-11 1
00 000 1 —1
Tox7=100 00-1-10 |, (124)
00 00-10 —1
01 -100 0 0
1-1000 0 0
|10 -100 0 0 |
(100000000
010000000
001000000
000100000
T = 00000 1000|129
100000000
000000100
000000010
(000000001
(110 0 0 0 0 0 0 0
010 0 0 0 -10 0 0
000 0 0 0 0 0 —1-—1
7L 00-10 -1-1 0 0 0 O
8x10 000 0 0 0 0 —-10 1|
001 1 0-10 0 0 0
000 0 0 O 0 1 1 0
001 -1-10 0 0 0 O
) _ i (126)
10000000
01100000
00010000
T?, =101001000]. (127)
00000100
01000010
100000001 |

<|Eﬂl’ankz;
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In addition, the permutation matrix can be reduced
using the following substitutions:

T =7Op"  1? = pT,. (128)

The final procedure for calculating the seven-point
DFT-II takes the form

Y= T$2)T(72X)3Tgx)10D10T10x9T9x7T$1)X7x 1.
(129)

The calculation of a seven-point DFT-II by (129) requires
only eight multiplications and 36 additions. The proposed
algorithm saves 28 multiplications and six additions
compared to the direct DFT-II determination method (82)).
Figure[3] shows the signal flow graph of the proposed
algorithm for implementing the seven-point DFT-II.

3.6. Algorithm for eight-point DFT-II calcu-
lation. Let X8><1 = [Io,Il,xg,xg,I4,I5,I6,$7]T
be an eight-dimensional data vector and Ygx1 =

[Yo, Y1, Y2, Y3, Y4, Ys, Y6, y7] - be an output vector. The
problem is to calculate a vector-matrix product:

Ysx1 = FsXsxi, (130)
where
M1 1 1 1 1 1 1 1
a® B _g® _g® _q® _c®) g® ¢
b® (&) _p® f&) p& _ B _p®) f6)
po_ | €® —a® g® —d® —® &) ) o)
e A R R R B A B
—d® & _q® B g® _g® 4B _®
_F®) BE p®) _p®) &) p) ) _p®)
| _g® —d® (& q® B g® & _® |
(131)
and
a® = eim/8 b®) = /4
c®) = ¢=IT3/8, d® = _e=im5/8

fO = —emi g = eI (132)

The direct calculation of Eqn. (130) requires 48 complex
multiplications and 56 additions.

Stage 1. In the matrix F'g, the order of the rows can
be rearranged. By applying appropriate permutation

matrices, a new matrix Féo) is obtained, which satisfies
the following relation:

Fy = PsF", (133)

where

r 1 1 1.1 1 1 1
R R R N
b® @& _p®) @)1 p®) _p®) _pB) ()
PO _ —f®) p®)  £(8) _b(8>}_f(8) b®  f(&) _p(®)
8 T TR TG Ty ®) ) I A®) T g T g ®)
B _a® g® _g®_®) ) _g® 48
—d® ¢ Zg® &) 1 g®) _g®) &) _®)
| —g® —d® & @ 1 g® &) _o6) 4@
‘ (134)

[10000000]
00001000
00100000
00000100
01000000
00000010
00010000

(00000001

Py

(135)

Stage 3. The structure of the Féo) matrix enables
immediate extraction of submatrices for factorization,
allowing Stage 2 of constructing a fast DFT-II algorithm

to be skipped. The matrix Féo) exhibits the following

structure: . o
2 2
o _ |Fi Fy
Fs® = [Fff’) Ff)] ) (136)
where
1 11 1
@ _ | —J 3 =i J
F4*'@®Tﬁ®iﬂ$7@", (137)
—f® B ¢ _p®)
[ a®  ® —q@®) ,g(s)'
3) _ & a g
Fim= —d® g(s) —a® & |- (138)
—g® —g® B 4O

Thus, the matrix Féo) can be preformed as
FO — F{I1g, (139)
where

Ty = Ho® Iy, _F§>:[Ff>@1ﬁ9}. (140)

The Ff) matrix has a similar structure to Féo) (136), i.e.,

F(9) F(9)
Ff) = [ 210 210 ) (141)
FyO —F§Y

9 1 1 10 b —f®)
Fé){_» ’:|7 F§ ){_f(s) b(®

(142)
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Fig. 5. Signal flow graph for the computation of the seven-point DFT-II (129).

Thus, the matrix Fff) can be replaced by the expression

FP = FOTP, F" = [FP o F{O]. 43)

Similarly, we can perform a permutation of the rows

and columns of a matrix Ff’):
FY = pP,FOP,, (144)
where
a®  ®) _g®) _g®)
®) _a®i_q®) 4®
(5 _|.¢ @ g
Fo=wogeige | (49
—d® ¢g® 1 & _g®)
01
Pi-no|lg). (146)
The matrix Ff’) has a structure similar to the matrix
FO @2):
(11) p(12)
5 Fy/ F
F = [ P2 F?”] : (147)
where
8) .(8) —_g® —q®
(11 _ |a c (12) g
Fy ' = [0(8) a(s)] Byt = [d(S) 9(8) ] ’
(148)

and can be replaced by

5 3) 12(6) (3 6 13 14
FO = TOROTO, FO = [P0 6 £,
(149)
where

13 1 11 12 1 [v©@ @)
Y = 5 (P 4 F ))5[U<1>_U<0> :

(150)

14 1 11 12 1 [v® @
Fg ):§(Fg )—Fé )>:§[v(3) @ |

(151)
g®. oM —® _g® (152

v® =c® 4 qg® (153)

20 — 4® _

p@ = g® 4 g®)

The matrices Féls) and Fgm) share a structure similar

to that of the matrix Fgﬁ) (4@) and can be substituted by
equations analogous to (8):

1
Fgls) _ T2><3§ { (U(o) _ U(1)>

(154)
o (_U(O) _ U(l)> @v(l)}T3x2»

1
Fgm) _ T2><3§ { (U(z) _ v(3)>

® (—v(2) - v(3)> EBU(S):|T3><27

where the matrices T'ox3 and T3 are defined as in (49).

(155)

Stage 4. Taking the above modifications into account, the
eight-point DFT-II matrix factorization can be represented
as

Yisx1 = TO T 1gD1oT Sy s T T X o, (156)

where
1000
0 _ |14 I4 ~|0100
T8 - |:T4 T4:| ) T4 - 0001 y (157)
0010
Tél) =(Hy®I2)® (Hy® I), (158)
T%)xs =Ho P HyBT3542P T3x2, (159)

101 101
T =T 0 Hy & {011} & {011}, (160)
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(100000
000010
001000

T2 _ 000001

8 71010000
000001
000100

10000101

) (161)

o= O OO

1

OO OO O O

0
0

DlO = dlag (]_ 7],587), (7) . S'(77)> ) (162)

)t

and
1 .
588) = (b ) = —jcos(m/4),
1
s =3 (b<8> n f<8>) — cos(n/4),
1
5 S (a< —e® L g® _ (8))
= jv/2cos (31/8),
1
s = 5 ( a® — ® 4 g® 4 g<s>)
= jV2cos (—7/8), (163)
1
3518) 3 (c 8 — ) = cos(7/8),
1
o = : (a 4® 4 g<s>)
= V2cos (37/8),
1
s = 5 <7a<8> _ 8 _g® _ g<8>)
= —V2cos(—7/8),

1
9 = 1 (6 109 ).

Further refinement of the obtained factorization
(156) is unnecessary, so Stage 5 is omitted.

The calculation of the eight-point DFT-II by (130)
requires only eight multiplications and 32 additions.
If one were to take into account that one complex
multiplication requires at least three multiplications on
real numbers and a complex addition requires two
additions on real numbers, the proposed algorithm reduces
to 136 multiplications and 80 additions on real numbers.

Figure[6] shows the signal flow graph of the proposed
algorithm to implement the eight-point DFT-II.

4. FPGA implementation

The algorithms proposed in this paper were implemented
on Xilinx Spartan 3 or Spartan 6 FPGAs. The principle
of implementing the algorithms on the simplest possible
FPGA chip was adopted. Assuming all input and
output signals appear in parallel, the number of available
inputs/outputs proved to be the most significant constraint
in selecting a particular FPGA chip. It was assumed

that the inputs and constants were 8 bits and the number
of bits in the outputs was appropriate to the order of
the DFT-II, i.e., for N = 3, the output would be 10
bits, for N = 4, the output would be 11 bits, and so
on. Algorithms of the DFT-II were implemented on an
FPGA using fixed-point arithmetic in the Q1.7 format for
both inputs and coefficients. Internal coefficients s; were
pre-scaled to satisfy the condition |s;| < 1 in order to
avoid saturation.

Bit growth was managed by increasing the bit width
by one for each addition and by summing the operand
widths for multiplication operations. Final outputs were
quantized via bit-shifting to the appropriate bit format,
which limits cumulative quantization error and achieves
precision comparable to the DMVP, while maintaining
efficient hardware utilization.

A direct implementation of the DFT-II algorithm
was performed using the definition of matrix-vector
multiplication, assuming that all multiplication operations
are performed in parallel.

The algorithms implemented in Verilog were
synthesised using Xilinx Project Navigator Release
Version 14.7. The implementation was carried out with
two primary design objectives: power optimisation using
“strategy 1” and timing performance using the strategy
“performance with IOB packing”.

5. Results

5.1. Evaluation of the computational complexity of
the proposed fast DFT-II algorithms. Table[Il presents
the number of complex multiplication and addition
operations required for both the DM VP and the proposed
algorithm. In every instance, a substantial decrease in
the number of multiplications was achieved, along with
some reduction in additions. Reducing the number of
multiplications is especially crucial, as multipliers are
the most resource-intensive components in terms of both
space and energy consumption.

The same table presents the number of
multiplications and additions performed on real numbers
for both algorithms. For the DMVP, the number of
these operations is significantly higher than those listed
in Table [[l whereas for the proposed algorithm, these
quantities only double due to the complex values of
the input signals. This demonstrates that the proposed
algorithms enable a much more significant reduction in
the operations required for practical implementation.

5.2. Discussion of the quantization effects (fixed-
point vs. floating-point) and error analysis. The main
sources of errors in the implemented DFT-II algorithms
arise from coefficient quantization, input signal
quantization, fixed-point arithmetic, and error propagation
along the critical paths.



Algorithms for a small-sized type II discrete Fourier transform

Xo

X

X2
X3
Xy
Xs

X6

X7

Fig. 6. Data flow graph for the computation of the eight-point DFT-II by a computationally efficient algorithm (130).

Coefficient quantization is addressed by pre-scaling
all internal coefficients to ensure they remain within the
representable Q1.7 range, thereby preventing saturation
and reducing systematic quantization errors that would
otherwise occur.

Input signal quantization, inherent to the 8-bit Q1.7
format, introduces a fixed initial error that is independent
of the algorithm chosen.

Errors related to fixed-point arithmetic are mitigated
through careful bit-growth management: each addition
increases the accumulator width by one bit, while
multiplication results are stored using the sum of operand
bit widths.

Furthermore, the factorized DFT implementation
limits error propagation along critical paths, as each path
contains only a single multiplication and fewer operations
compared to the DMVP.

Final results are quantized to the appropriate output
bit format using bit-shifting, ensuring minimal cumulative
error while preserving precision and maintaining efficient
hardware utilization on an FPGA.

Adopting floating-point arithmetic in FPGA
implementations of both the proposed DFT-II algorithms
and the DMVP can significantly reduce quantization
errors inherent to fixed-point representations. In such
implementations, input signals and coefficients benefit
from a wider dynamic range and higher precision,
eliminating the need for coefficient pre-scaling
to prevent saturation. Moreover, the bit-growth
management techniques typically employed in fixed-point
implementations—such as increasing accumulator width
for additions or calculating the combined operand widths
for multiplications—are rendered unnecessary, since
floating-point units inherently accommodate dynamic
range variations.

In the proposed DFT-II algorithms, the critical
paths contain fewer multiplications and additions. As
a result, a floating-point implementation may achieve
lower latency and slightly reduced resource consumption

compared to the DMVP, which requires performing all
N? complex multiplications. Additionally, the structural
approach inherent to the proposed algorithms facilitates
parallelization on FPGA platforms. This contrasts with
the DMVP, which relies on dense matrix operations and
would require more general-purpose floating-point units
to handle the computational load efficiently.

5.3. Approaches combining the proposed algorithms
for a large-sized transforms. The proposed algorithms
for a small-sized DFT-II can be extended to compute
large-size transforms through several approaches.

Firstly, an algebraic approach can be employed,
which combines terms directly from the analytical
expression of the DFT-II. This method decomposes a large
DFT-II computation into smaller subtasks. For example,
as discussed in Section[I.1] Saleh et al. (2003) developed
an algorithm for computing an N = 2™-point DFT-II,
where m > 4 is a positive integer. This algorithm utilizes
computations of small-sized DFT-II’s at sizes N/2, N/4,
and N/8 to calculate the large-sized DFT-II with an FPGA
implementation. However, a limitation of this approach is
that it applies only to input data sizes that are powers of
two.

Secondly, an approach based on matrix operations,
such as the Kronecker product, can be applied to construct
large-sized DFT-II algorithms from smaller-sized
transform algorithms (Zhang et al., 2015). The Kronecker
product combines two matrices into a larger block matrix
by multiplying each element of the first matrix by the
entire second one. These products preserve matrix
orthogonality, which is critical in many signal processing
and communication applications.

Nonetheless, the matrix-based approach yields
transforms that resemble but do not exactly equate to the
direct DFT-II. Moreover, in data-dependent applications,
designing or optimizing algorithms using these products
can be challenging due to the difficulty in selecting
appropriate parameter values at smaller matrix levels.
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Additionally, interpreting the results from the resulting
transforms is not always straightforward, which may
complicate their practical use.

[
w2
<
5.4. Resource and power efficiency in FPGA Sl 0 2 3 9 &
implementations. The implementation on Spartan 3 o
and Spartan 6 family FPGAs enabled verification of i
the proposed algorithms effectiveness compared to the = ‘S ?g
DMVP. Utilizing the “power optimisation” strategy & § é_ A8 8LERT
facilitated a comparison of implementations that minimise S
the energy consumption of the chip. This approach is
especially crucial for embedded systems, such as Internet g ‘o T
of things (IoT) devices. Slmawn v DA
When analysing the obtained results, it is essential to A
consider the power requirements and the amount of space 9
occupied by the 1nd1V1dua'l logic circuits. ' § caawvod
The registers, or flip-flops, consume a relatively 8
small amount of power. Their power consumption is A
mainly related to the switching of logic states. They also X2
cover a very small surface area in the FPGA structure, é- }% % © O ® % VA
occupying only a small part of the FPGA’s resources 3 % ? - - oo
compared to other elements such as look-up tables (LUTs) A~
or multiplication modules MULT18X18S. A,
For this reason, it is important to minimise = N O O A o
S L . S|P —a & < n
MULT18X18S multiplication circuits, and it is preferable A

to use more registers than LUTs.

Table 1. Comparison of the number of complex and real multiplications, as well as complex and real additions between the DMVP and the proposed algorithm.

LUTSs consume more power than flip-flops because %
of their combinational function, where they implement EX 8 =28 § §
logic based on several inputs. The energy consumed -8
by LUTs depends on the number of switching inputs g
and the complexity of the logic function they implement. = 'g §
LUTs occupy a larger area than registers but can still be 2 i- Bl + & <+ 2 ©
considered relatively small. § E

MULT18X18S multiplication modules consume g
significantly more power than both registers and LUTs. g + o
Multiplication is a logic resource-intensive operation, b= 2323 =
which translates into higher power consumption, A
especially at high operating frequencies. At the same °
time, they take up significantly more space in the § “ = % o

. =N \O

FPGA than registers and LUTs because they are large, 3 © = A
specialised logic blocks designed to perform arithmetic 2 A
operations that are much more complex than the functions 5 2 o
performed by standard LUTs or registers. 2 .§ 2

Table 2] shows the use of MULT18X18S. The £ = §~ — N Ao
reduction in the number of the blocks used is significant O3 &
due to the FPGA chip’s space occupancy and power & o
consumption. For each DFT-II order, using the Zlg o0 © © © ®
proposed algorithms allows a substantial reduction E - - o ¥
in MULTI18XI18S concerning the implementation the
DMVP. = L

Table shows the number of slices used to T Ot O~

A

implement the DMVP and the proposed algorithms,
clearly detailing the number of registers and LUTs used.
In most cases, the number of employed registers is slightly
higher for the proposed algorithms, but that of LUTs is
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always significantly lower. This reduction in the use of
LUTs is beneficial. The registers take up less space in
the circuit and consume less power, making the proposed
algorithms more efficient regarding resource use and
power consumption.

) Table [B] summarizes the maximum operating
§ o~ % N ey § frequency of an FPGA for the DMVP and the proposed
GIPw v § < algorithms across different DFT-II orders, along with the
A absolute and percentage improvements. The proposed
52 algorithms consistently outperform the DM VP, achieving
@ 3 % 209D ® = higher maximum frequencies for all DFT-II orders.
. 2 5 g A&~ ¥ e The absolute frequency increase ranges significantly,
g A with the percentage improvement varying from 45%
g A, to 178%. Notably, the largest percentage gains are
%0 E B X fé § § 5 observed at DFT-II orders 5 and 6, with 178% and
'43; o AT~ 30 173% improvements, respectively, demonstrating the
% scalability and effectiveness of the proposed algorithms
& % ° < & as the DFT-II order increases. Even at the highest order,
2 g ISE PRSI i.e., (8), the proposed algorithm achieves a substantial
'(% 5 improvement of 71%, confirming its robust performance
¥ & across varying conditions.
28273
2lEdélzngngy
P 2 O E—= a8 ©vuin o 5.5. Applying the proposed DFT-II algorithms in
= T A the OFDM system. The proposed algorithms and their
'—é o FPGA implementation were applied to DFT-II calculation
s E LT L for data processing within the O.FDI.\/[. syst(.em. In s.uch
S AT AN 0 00 0 systems, a high-rate data stream is divided into multiple
.| lower-rate ones, each transmitted simultaneously over
g Z}é different orthogonal subcarriers through the following
z 2l 0 0 O Q Q steps (Khosla et al., 2017):
- Q
-2 L .. . .
g g A 1. OFDM partitions the available bandwidth
4 |5 °>g - into multiple closely spaced subcarriers, with
Zle=2 frequencies precisely chosen to ensure mathematical
X[ EH Qg +« © < < © ;
x |2 5 o — — orthogonality.
F Rl
= A . ..
2 ”25 2. To enable parallel data transmission, the original data
”28 g stream is divided into parallel ones, each modulating
= S+ 2228 % a distinct subcarrier.
s A
g 3. The frequency-domain symbols assigned to each
Z © o . . . . .
) 0 O Y O = = subcarrier are converted into the time domain using
o S n v v o o .
© S T A the inverse DFT.
= |9 o TE 22
SR (@22 R adqd . L
= %" z S 222 wvwn 4. A cyclic prefix, which is a copy of the final
"R S T . .
= O 3T T XX portion of the OFDM symbol, is appended to
w w .o . . .
2 g CQ CQ © g each symbol to mitigate intersymbol interference
s caused by multipath propagation. This converts
= the linear convolution of the channel into a circular
E N N <+ 1 O convolution, thereby simplifying equalization.
72}
A . . . .
5. The time-domain OFDM symbols with the cyclic

prefix are serialized and transmitted. At the receiver,
the cyclic prefix is removed, and the direct DFT
converts the signal back into individual subcarrier
frequency components to recover the transmitted
data symbols.
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Table 3. Maximum operating frequency of an FPGA with the DMVP and the proposed algorithms.

DFT-1I size | DMVP  Proposed | Increase Increase %
3 122.593  177.275 | 54.682 45%
4 77.965  174.005 96.04 123%
5 62.497 173983 | 111.486 178%
6 55435  151.096 | 95.661 173%
7 109.625 189.952 | 80.327 73%
8 108.178  184.851 76.673 71%

As mentioned, the DFT-II is better suited for
processing bit streams of odd length with a symmetrical
structure, in contrast to the standard (even-length) DFT
(Britanak and Rao, 1999). In our experiment, we
used DFTs of odd lengths (5, 7, and 63 samples)
as well as typical even power-of-two lengths (8, 16,
and 64 samples). Randomly and uniformly distributed
binary signals were generated and modulated using M-ary
quadrature amplitude modulation (QAM) with M =
8, commonly referred to as 8-QAM. The modulated
symbols were then mapped into OFDM subcarriers.
The signals were processed using type I-IV inverse
DFTs of the selected lengths, a cyclic prefix was
added, and the resulting sequences were transmitted
through a channel with additive white Gaussian noise
(AWGN). On the receiver side, after cyclic prefix removal,
the corresponding type I-IV direct DFTs and 8-QAM
demodulation were applied to recover the transmitted data
symbols.

Channel estimation and equalization were not
performed in order to study the efficiency of the different
DFT types. The application of these transforms was
analyzed in AWGN channels, as well as in channels with
phase noise and AWGN. Phase noise is a multiplicative
noise resulting from the jitter of the local oscillator in
the OFDM system. This noise was introduced into the
carrier signal after prepending the cyclic prefix to each
symbol. Then, the received signal with the effect of
phase noise, z(t), was expressed as z(t) = y(t)e?®,
where y(t) is the received signal and ¢(t) is a random
process. The process ¢(t) is described by the following
equation (Syrjala ef al., 2009): ¢(t) = cB(t), where ¢ =
V27 BTs. Here, B and T are the phase noise parameters,
specifically the phase noise linewidth and the sampling
period, respectively, while B(t) denotes a Wiener process,
for which the differences between neighboring samples
are i.i.d. Gaussian distributed with zero mean and unit
variance.

In our experiments, the number of symbols chosen
was 100, ¢ = 0.0177, and the number of signals for
averaging was also 100. The mean phase noise level
density was -93 dBc/Hz.

Finally, the bit-error rate (BER) was calculated for
a range of values of E,/Ny. The ratio E,/Ny represents

the energy per bit (£} ) relative to the noise power spectral
density (/Np), and it is commonly used to evaluate signal
quality in the presence of noise (Akkas, 2017).

Here, £} denotes the average energy required to
transmit one bit of information, which can be interpreted
as the signal power divided by the bit rate (in bits per
second). The quantity Ng represents the noise power
spectral density, i.e., the noise power present in the
channel per unit bandwidth (per Hz). The ratio E,/Ny is
dimensionless and is typically expressed in decibels (dB).

Figure [7] presents plots of the BER as a function of
E, /Ny for various signal lengths and cyclic prefix lengths.
Let N denote the length of the DFT and P, the length of
the cyclic prefix.

Figure[7] shows that the BER initially decreases with
increasing Ej, /Ny and subsequently reaches a steady-state
value. For the AWGN channel without phase noise, the
BER curves corresponding to DFT types I-IV nearly
overlap (Fig.[(a)), and the BER stabilizes close to zero.
This behavior indicates that, in the absence of phase noise,
the application of these transforms yields comparable data
transmission performance.

However, the presence of phase noise in the OFDM
system alters this behavior, as the DFT type becomes a
significant factor influencing the BER. Figures [Z(c)—(h)
present the BER versus the Ej, /Ny curves for the AWGN
channel with phase noise and without noise compensation.
For small N, the BER stabilizes not near zero but
around a value between 0.04 and 0.08, consistent with
previous observations for the type I DFT (Bhatti er al.,
2010; Sadinov, 2017). When Np is odd and symmetric
small-sized signals are transmitted, the DFT-II exhibits
a lower BER than the other DFT types (Fig. [/e),
(g)), in agreement with prior studies (Britanak and Rao,
1999). Therefore, the proposed DFT-II algorithms and
their FPGA implementations are directly applicable to
small-sized signals in OFDM systems affected by phase
noise. For random (asymmetric) signals or even Np,
alternative DFT types may provide better performance
(Fig. [Ab), (d), (f), (h)). As Np increases, the BER
also rises; for instance, with Np = 16, the BER
ranges approximately from 0.10 to 0.22 (Fig. [(b)),
whereas for Np = 64, it varies from 0.17 to 0.31.
Consequently, the application of DFT types -1V for large
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N is recommended only after phase noise compensation,
which can be achieved, for example, by transmitting pilot
symbols at known locations to estimate the phase noise,
followed by interpolation and filtering to correct the data
symbols (Bhatti et al., 2010).

6. Summary

This paper presented odd-time DFT algorithms with
a significantly reduced number of multiplications and
additions. The developed algorithms were compared in
their computational complexity with DM VP computation.
In the range of signal lengths from three to eight samples,
the proposed DFT-II matrix factorizations reduce the
number of complex multiplications by an average of 78%
and that of complex additions by an average of 17%. The
number of real multiplications is reduced by an average of
88% and that of real additions by an average of 32%.

The proposed fast DFT-II algorithms were
implemented on FPGA platforms from Spartan 3
and Spartan 6 families, demonstrating their practical
applicability in  hardware environments where
performance and resource usage are critical. A
detailed analysis of the results was focused on the
power requirements and the amount of space occupied
by the individual logic circuits. The FPGA resource
utilization (and the number of consumed logic elements
in particular) determines how efficiently the proposed
algorithms use the available hardware. So, the number
of multiplication modules MULT18X18S is reduced
by an average of 65% compared to that of the same
blocks required for DM VP implementation. At the same
time, the number of logical elements is increased by an
average of 23% and that of lookup tables is reduced by
an average of 57%. Additionally, the maximum operating
frequencies achieved by the FPGA implementations
were increased by an average of 110% depending on the
DFT-II order. This optimization makes the DFT-II more
cost-effective for high-speed signal processing where
performance and hardware resource efficiency are critical
factors.

The obtained FPGA implementation of small-sized
DFT-II algorithms can be applied for training a
Fourier series neural network (Halawa, 2008) with
low computational complexity. The network mentioned
is constructed based on the multidimensional DFT
and used for modeling dynamic systems. Also,
interpolation-based reconstruction methods in 3D
positron emission tomography utilize interpolation
techniques to estimate missing or unevenly distributed
frequency data. This enables the use of the proposed
FPGA implementation of small-sized DFT-II algorithms
for image reconstruction (Li et al., 2008).
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