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This study explores the development of two control strategies based on the sliding mode approach for quad rotorcraft
trajectory tracking. A dynamic and an integral-type controller are designed to ensure that the sliding surface reaches
zero within a finite time, resulting in a PD-like structure. Since this structure aids in determining the gains of robust PD
controllers, it is utilized for comparative analysis. To account for uncertain dynamics and external disturbances, this work
proposes an offline linear matrix inequality (LMI) algorithm that guarantees ultimate uniform stability for both sliding mode
controllers. The primary advantage of the proposed LMI-based strategy is its ability to simplify the implementation of a
sliding mode controller in complex systems, overcoming challenges associated with their intricate tuning process. Since
the proposed algorithm applies to all three controllers, it facilitates the identification of the most effective one based on the
system’s dynamic response. A comparative analysis based on error criteria is performed through numerical simulations to
validate the effectiveness of the proposed strategies. In addition, a second comparative analysis is conducted between two
widely used robust control strategies from the literature and the proposed ISMC. Finally, the effectiveness of the designed
algorithm is evaluated using a complex reference trajectory featuring high maneuverability and high-speed flight.
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1. Introduction which makes it essential to develop robust control

techniques to mitigate their effects. To deal with this
Unmanned aerial vehicles (UAVs) have been constantly type of disturbance, different control strategies have been
evolving and changing in size, shape, capabilities, and developed to provide robustness against it.  Eltayeb
applications. Because UAVs can be used in a variety et al. (2020) designed an improved adaptive sliding
of applications, they can encounter adverse conditions mode controller that changes the value of the controller
such as strong wind gusts. A disturbance like that gain according to the uncertainties of the parameters.
represents the type with the highest rate of occurrence Raiesdana (2020) used terminal sliding mode control
when flying outdoors (Ahmad et al., 2022).  Wind with the implementation of a neuronal network learning
gusts significantly affect vehicle behavior during flight, process to synthesize the control parameters. Rehman

et al. (2021) employed sliding mode control with a
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parabolic sliding surface to converge to the sliding surface
faster than the conventional method. Da Silva and Moreira
(2022) applied sliding mode control and implemented a
Gaussian process regression for uncertainty estimation
and compensation.

Alternatively, a robust approach based on finite-time
Lyapunov stability was proposed by Garcia et al. (2019),
where the strategy was evaluated using backstepping for
the position and attitude control of a UAV. Additionally,
controllers based on linear quadratic regulators (Ordaz
et al., 2018), adaptive algorithms (Mofid et al., 2021),
and PID controllers combined with continuous sliding
mode controllers (Rios et al., 2019) serve as precedents
for strategies aimed at robust trajectory tracking and
mitigating external disturbances and uncertainties.

Sliding mode control strategies have been widely
used in UAV applications due to their key advantage:
the dynamic behavior of the system can be shaped by
appropriately selecting switching functions, rendering
the closed-loop response completely insensitive to
certain uncertainties, nonlinear dynamics, and external
disturbances (Eker, 2006). However, a major drawback is
the well-known chattering phenomenon, which occurs due
to the use of the sign function in the control law designed
to stabilize the sliding surface.

To address this undesirable phenomenon while
minimizing the effects of external disturbances,
researchers have proposed various solutions, including
integral sliding mode controllers (ISMCs) and dynamic
sliding mode controllers (DSMCs). These two controllers
incorporate diverse types of sliding surfaces such as those
resembling PID control (Ullah et al., 2020) or solutions
of differential equations based on system dynamics (Roux
et al.,2023) to enhance system robustness against external
disturbances. Although ISMCs have demonstrated better
performance in handling disturbances compared to
DSMCs, the control signal they generate leads to higher
frequency chattering than that of DSMCs does. In
contrast, because DSMCs are dynamic, their integration
produces a control signal that effectively reduces
chattering.

On the other hand, several authors have focused
on analyzing different types of sliding mode controllers
by comparing strategies such as singular terminal
sliding modes, continuous non-singular sliding modes,
and continuous twisting control to handle external
disturbances like wind gusts effectively. In this context,
Falcon et al. (2019) determined that trajectory tracking
applications under wind gusts achieve better performance
when using continuous twisting control. Similarly, several
studies have been conducted to compare the performance
of control laws based on first-order sliding modes,
second-order sliding modes, fast terminal sliding modes,
and integral sliding modes. In this comparison, the ISMC
exhibited the best performance in terms of robustness

and fast convergence (Din et al., 2018). Furthermore,
comparative studies have been conducted on sliding mode
control strategies using different sliding surfaces. For
instance, Khan and Nasreen (2021) compared a linear
sliding surface with an integral sliding one. The results
showed that the system state error converged faster with
the linear sliding surface than with the integral one.

However, despite the successful implementation of
ISMCs by various authors (e.g., Yongwei and Shunchao,
2024), controller gains are typically determined using
heuristic methods or the Hurwitz criterion. Alternatively,
Lei et al. (2024) proposed employing LMIs within an
ISMC framework for the nominal control of an uncertain
impulsive stochastic system, ensuring that the controlled
system remains uniformly almost exponentially stable.
Similarly, authors such as Herrera et al. (2020) previously
implemented DSMCs with sliding surfaces based on
PD or PID controllers, where gains were also derived
through heuristic approaches. Despite the development
of sliding mode strategies by various authors (e.g.,
Ahmad et al., 2022) to handle uncertainties and external
disturbances, most of these approaches do not account
for the disturbances encountered in real-time applications.
Instead, disturbances are typically modeled as constant
parameters or simple time-varying functions.

In this research work, a dynamic and an integral
type controller are designed to guarantee that the
sliding surface of the sliding mode controllers reaches
zero within a finite time. To account for uncertain
dynamics and external disturbances for quad rotorcraft
trajectory tracking, this work proposes an offline
LMI-based algorithm to synthesize the controller gains
guaranteeing ultimate uniform stability for both sliding
mode controllers. Since the resulting PD-like structure
aids in determining the gains of robust PD controllers, it
is utilized for comparative analysis.

The proposed LMI-based strategy simplifies the
implementation of sliding mode controllers in complex
systems, overcoming challenges associated with their
intricate tuning process.

Furthermore, since the proposed algorithm applies to
all three controllers, it facilitates the identification of the
most effective controller based on the dynamic response
of the system.

The main contributions of this research work are
summarized as follows.

* The performance of each proposed controller is
compared in stabilizing the altitude, longitudinal,
lateral, and directional subsystems of a quad
rotorcraft, all subject to wind gusts modeled by the
Dryden wind turbulence model.

* The sliding surface for the ISMC is designed to
enhance disturbance rejection and uncertainties in
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the dynamics coupled to the control, whereas the
nominal controller gains are obtained by using an
LMI approach. Unlike Lei et al. (2024), who applied
ISMC and LMI theory to solve control gains in
uncertain impulsive stochastic systems, this study
considers a class of nonlinear underactuated system
as its application.

The proposed PD structure on the sliding surface
of the DSMC reduces the effects of disturbances and
mitigates chattering without compromising robustness.

A comparative analysis based on error criteria is
performed through numerical simulations to validate the
effectiveness of the proposed strategies. In addition,
due to the nature of the variable structure, the energy
consumption of the three strategies is determined,
allowing us to analyze the adverse effects of the
chattering phenomenon. A second comparative analysis
is conducted between two widely used robust control
strategies from the literature and the proposed ISMC. In
addition, the effectiveness of the designed algorithm is
evaluated using a complex reference trajectory featuring
high maneuverability and high-speed flight.

The remainder of the paper is structured as follows.
The UAV model and problem statement description are
presented in Section [2l The design of robust controllers
for a specific class of disturbances is discussed in
Section3l An illustrative scenario for regulating the quad
rotorcraft, focusing on trajectory tracking, is presented in
Sectionfdl Finally, Section[3contains concluding remarks.

2. UAYV model

Quadrotors can adjust their orientation and position using
their four control inputs. The drone can control its
roll, pitch, yaw, and altitude dynamics by changing the
speed of its four rotors. When the orientation of the
vehicle changes, it results in a translational displacement.
Translational movement is described by the location of its
center of mass in a three-dimensional inertial reference
frame fixed to the Earth, whereas its orientation is
described in a reference frame attached to the vehicle.
Figure[Tlshows the configuration and characteristics of the
UAV used in this study.

The translational dynamic equations are described
as follows (Garcia et al., 2013):

Mp, = u,(sinpsiny) + cospcossinf) + A,
Mpy = uy(cospsinfsiny — cosysing) + A,, (1)
Mp, =u,cosfcosp— Mg+ A,

where ¢ = (ps,py,p.)T denotes the position of the
vehicle’s center of mass relative to the inertial reference
frame I; A,, A, and A, denote the external disturbance
in p,, py and p., respectively; u is the control input in
the z direction from the force of each rotor; M is the mass

Fig. 1. Multirotor vehicle.

of the vehicle; g is the gravity constant; ¢ (roll), 6 (pitch)
and 7 (yaw) represent the orientation of the vehicle. On
the other hand, the rotational dynamics are given as

Jij = C(n, 0)i + 7, )

where 7 = (¢,0,9)T € R3 holds the Euler angles of
the body frame L£; J is the inertia matrix for the kinetic
energy; C(n,n)T represents the Coriolis terms containing
the gyroscopic and centrifugal effects associated with 7;
7 = (ug, up, uy)? stands for the moments of roll, pitch
and yaw angles.

Assumption 1. The roll and pitch angles are restricted to
0 e (—n/2, n/2)and ¢ € (—7/2, 7/2).

Assumption 2. Given that the UAV’s maximum
velocity is limited by the maximum available thrust,
there is a positive constant Ac;o and Ac;p1 such that

1Ci(m, )l < Acino || 11| +Acint |7 [[oc-
In this way, Eqn. @) can be expressed as

i =J'Cln, i+ I 1T 3)

and J°' = diag(vs,70,70), Where v5 = 1/J4, v9 =
1/Jy, and vy = 1/Jy. Defining e,, = n—r, and r,, as the
desired angle trajectory, the corresponding error dynamics
yield
én =i — iy =T '+, €))
where
Gn =T C )i — iy (5)

and external disturbances given by (; are bounded.
Furthermore, it is assumed that the desired reference
is a smooth function. Consequently, equations for the
dynamics of the orientation error are derived as shown by
Liu et al. (2014):

€p = YpUg + (o,
€0 = Yous + Cp, (6)
€y = YyplUy + Cy.
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2.1. Altitude dynamics. For the reduced system of
translation in p,, the dynamics of the height error are
given by

A
éz:ﬁz—h:%cosecos¢—g+—z

= i (D)

where r, is the desired reference value at p.. Pre-control
of the linearizing compensation type is defined as u, =
M (g + u,z)/(cos 6 cos ¢), where the control input u,, =
—k,1e, — k.o€é, is introduced to stabilize the altitude
dynamic. After substituting and reducing terms, the
following error equation is obtained:

kz2 éz + sz (8)

€, = _kzlez -
where
Cz = -7, + Az- (9)

Finally, the error in altitude dynamics is defined as
Ty = [6217€z2]T~

2.2. Heading dynamics. Equation (@) considers the
dynamics of the error from v to define the control input
uy, as follows:

— ky1ey — kyaéy
o '

Uqp = (10)

This is related to the desired dynamics for 1) by €, =
—kypiey — kyoéy + Gy, With ky1, kyo being the control
gains. In this case, the error vector associated with the 1/
dynamics is defined as zy, = [ey1, ey2]T.

2.3. Longitudinal dynamics. Consider p, dynamics
after replacing u:

. sin
Do = (tanﬁcosw +tan¢ —) (94 uzz) + A
cos 6
(11D

The error function is defined as €,, = p, — 7, and
the desired dynamic as
ép — kyoép,, (12)

= _kmlepGE

x

where k1, k2 are control gains.
Then, substituting and isolating the term tan 6 yields

—kpiep. — kg, + Ty 1
tanOz( L P 2 —I<J> + Ca,
g+ v cos ¢
sin
K = tan ¢ 1/).
0s 6

(13)

Note that the subsystem = — 6 in UAV dynamics p,
can be controlled indirectly by manipulating 6. In this
way, tan 6 functions as a virtual control input that ensures

the tracking error of 6 converges to zero relative to the
reference signal (ryg). Hence, if 0 is satisfied, the dynamic
in z is controlled. Thus, it is proposed that the error in
is eg = 6 — ry. Notice that ry is described as

{ ( — kxlepx — kzgépz + TI >
r9 = arctan — K

g+ uzz
+ CI}. (14)

Ccos

From the referent error function  in (I)), the control
input is defined as €9 = —kg1e9 — kg2€9 + (o, Where
(—kgieq — kgaég + 79)

ug = . (15)
Yo

2.4. Lateral dynamics. Consider p, dynamics after
replacing u:

Ccos

Dy = (tan9 siny — tan ¢ ) (9+uzz) + Ay

(16)
On the other hand, the error function is defined by

€p, = Py — Ty and the desired dynamic as

0
cosf

€p, = —kyirep, — ky2ép,, a7

with ky1, ky2 as control gains. So, substituting into (T6),

we have
ke, + kyoe, — 7 cos
tan¢< e +> + Gy
cos Y
(18)

g+ uz

L = tan 6 sin .

Notably, p, can be indirectly controlled by adjusting
¢. This allows for virtual control over p,, through the term
tan ¢. Subsequently, the ¢ error is proposed as e =
¢ — g, and 74 is described as

-7
v, L)

{ (kylepy + ky2ép,
ry = arctan

g+tu:

cos Lo

cosyp U °

Finally, the error dynamic of ¢ is expressed as €4 =

—kg1e¢ — kg2és + (e, and the control input is given as
follows:

(19)

—kgreq — kgoép + 7
v - (“hores — koneo +79) 20)
Yo
Without loss of generality, after the previous
dynamic reduction, each UAV subsystem can be

represented as a quasi-linear system as follows:

T; = Ax; + Bju; + Q‘, 201
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01 0 .
A= |: 0 0 :|7 BZ_|: :|a Z_:E?yaza(baeaw'

qi
(22)
For ¢ = z,v, 2, the coefficient g; takes the value ¢; = 1,
and fori = ¢,0,¢, ¢; = ;.

Now, let us examine Eqn. (2I), which represents the
dynamics of a quadrotor aircraft affected by wind gusts
and unmodeled dynamics as described in the previous
differential equation. Here, the matrix A € R2*2 is
the state matrix, B; € R? is the vector associated with
the control input, and the vector ((¢,z) contains the
external disturbances and/or uncertain dynamics. Thus,
the problem involves proposing an input u that allows
the vehicle to follow a trajectory while also rejecting
disturbances such as wind. The following section studies
the design of robust controllers using the concept of
uniformly ultimately bounded stability (UUB).

Remark 1. The translational positions of the vehicle are
related to the attitude control response, and therefore the
desired orientation is different for each of the controllers
to be designed.

Definition 1. (UUB stability (Poznyak et al., 2014)) The
solution of (21)) is UUB stable with a limit or final bound b
if there is a positive constant ¢ > 0 independent of £y > 0,
such that for an a € (0, ¢) thereis T = T'(a,b) > 0 such
that

|z(to) IS a=] z()||<b, VE>to+T. (23)

3. Control strategies design

3.1. Dynamic sliding mode control. The system 21}
can be rewritten as in the work of Ullah ez al. (2020):

T = Anzi + Araxio + Gi(1),

. (24)
Zio = Ao1i1 + Aooxio + Bisup + Gia(t),

where h = zz, ¥, 0, ¢; Aq1, Ao, Ag1, Ago, Bip € R,
are associated with the state vectorz = [z]; z],]", with
21y Tz € R. The terms (;; and (o satisfy the following
restrictions:

G ())1* < 1y 1G2(@)]? < c2, 0 < (c1,¢2) < o0.

(25)
Consider a storage function given as
1
Vi(oi) = §CfiTUi, (26)

with the sliding manifold proposed as
0i = ki + Bigun, 05 €R, ki = [k kia]. (27

Knowing k;, it is assumed that |k;(;(x, t)] < §;.

Proposition 1. Consider the representation of the system
given by 24) and the sliding variable 7). If the control
signal uy, exhibits the following dynamics:

ip, = — By {kit (A112i1 + A1aziz)
+ ko (Ag12i1 + Agoxio + Bioup)
+ pisign(o;(t))},
up(0) =wuip, 0<p; €R, 61 < Amin(p) := i,
(28)

then, after time t, < @V% (0i(t0)) +to, the sliding man-
ifold @) reaches the sliding motion o;(t) = 0.

The proof of Proposition[Tis as follows.

Proof.  Let us define the time variation of the storage
function (26) as

Vi(o) = ol (t) (ki@ + kiodio + Biotin) - (29)

By considering the dynamic control law given by (28), the
following statement is derived:

Vi(o) = o] (t) (ki (t) + KkizGia(t) — pisign(oi(t)) .
(30)
Normalizing the previous equation and using the
constraints given in (23), the following inequality yields

Vi(o) < 01loi(t)] — of (t)pisign(oi(1))

(31)
< oi(®)|kircr + kizca| — Amin(p)|oi (1)]-

By considering that 0 < Apin(p) — §; = 7, the next
inequality is obtained:

Vi(o) < —yloi(t)] = —V29VE(e3),  (32)

which indicates that o; converges after time ¢ < ¢,, and
Proposition[d]is proved. [ |

Assuming that Proposition [l is satisfied, the sliding
motion is induced after time ¢t < ¢,, s0, c = 0 and 6 =
0. This implies 1, = (B2 K;x;)~!, and the closed-loop
system (24) yields

& = (A = ky)xs + Ai(x4,t),

o (R @) e —k] (L) kg ] [sign(oy)
Az($17t) - 0 1 4-12('%1,15) bl
zi(ty) = it , tr <t €RT,
(33)

where L = k;1k];. The procedure for deriving Eqn. (33)
is detailed by Ordaz et al. (2019). The problem statement
is to get a gain K; to ensure the stability of (33) robustly,
specifically in the context of UUB stability in this study.
Furthermore, if k;; is large in magnitude, then the term
kT, (ki kT,) " is small; therefore, uncoupled uncertainties

6amcs
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are rejected. The next step in designing the control
strategy is to obtain the necessary conditions to ensure
the UUB stability of the system (33). To achieve this,
let us consider Proposition 2l which is used to deduce
the gains of the PD robust controller by solving a convex
optimization problem.

Proposition 2. If there exists a set of solutions (0 < a,
0<e0< P eR™?and K; € RY2) such that the
matrix inequality

W, =
| o —el
<0
(34)
holds, then the system (33) arrives at the invariant set
n 9 ed
Q {:Cz(t) e R |||zi]|” < o (Pla } (35)
in finite time,
0 1 tg) — €d
p= =S +oz»y7 T= —ln{iav( o) —¢ }+t0, (36)
Q@ Q@ by

for a sufficiently small positive scalar ~y. This means that
the system is stable in the UUB sense.

Proof.  The gain matrix k. is determined through an
analysis of the following energy function:

Vi(z;) = 2] Puay, (37)

where P € R?*? is a positive definite matrix. The time
derivative of the energy function along the trajectories of
the system is given as

Vi(z;) = x]P {Ax; — Bikjx; + (;} (38)
+ {a] AT — 2Tk B] + (T} P,

with u, = —k;x;. Notice that (38) is equivalent to

. T — TP QT )
i | = | )
(39)
where Q = P B; K;. By adding and subtracting the terms
aVi(x;), €||¢G]|? for the positive scalars v and ¢, the
following expression is obtained:

. . T — —
Vi () = [ﬂ [PA Q—i—A;)P QT +aP I;I]

< 2] - avite + el
(40)

which is equivalent to

i) = 2] wi[2] - avite +elal . @n

where W is given by (34). Now, assuming that ||(;||? <
5’

1% (x;) < {?] ' W, {?] —aVi(z;) + €0, (42)

and, if W; = W] < 0, then

IN

Vi(z;) {xl] ' Wi [Z] —aVy(x;) + &b

Gi
< —aW; (1171) + €6.

(43)

Applying Schur’s complement to W;, the next matrix
inequality is obtained:

1
PA+ATP—PBiKi—KiTBiTP+aP—EPQ <0. (44)

A necessary condition for Eqn. (@4) to be satisfied is that
the pair (A, B) be controllable. This means that there
exist a set of solutions (P, K;,a,¢) that guarantee the
negativity of matrix inequality W; and (3) is fulfilled.
Next, by applying the comparison lemma,

M (-2 45
E—*Oé 1*5, (45)

the solution is given by

Vi(t) = (wm - @) exp {~alt — 1)} + 2. @6)

«

Using the Rayleigh-Ritz quotient, the previous
equation leads to

x exp {—a(tn)} + %},

where t,, = t — tp. Then, for a sufficiently small ¢, the
energy function satisfies

)
>\min (P)Oé

Therefore, for x;, uniformly ultimately bounded stability
is guaranteed. Thus, from ([@9), we have

lim ||z;)% < (48)
t—oo

(Pl (49)
and the time 7" at which the previous inequality is fulfilled
is defined by (36).

This is because there is a Vi(x;) > 0 such that
Vl(xl) < §, where z; € By and b form (36) as the last
bound. From (@9), it can be seen that, for control law
design, o determines the speed of convergence, whereas €
defines the size of the attraction region. n

] ]
<V1 (to) — %) emalt=to) 4 %ﬂ <
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The control inputs for orientations v, 6, and ¢, as
well as the height (p.), are defined as follows:

Uyr = — B ko1 (A7 + Ajaz.o)
+ k.o (Ao + Agex.o + Boou..)  (50)
+ p.sign(o.(¢))},

g = —Byy {ko1 (A11791 + A12202)
+ ko2 (A21201 + Agaxg2 + Boaug) (51
+ posign(og(t)) },

iy = =By {ko1 (An1z1 + A12go)
+ ko (Ag1241 + Aoz + Beatsy) (52)
+ pysign(as(t))},

iy = = Byy {ky1 (Anzyn + Araays)

+ kyo (Ao1zy1 + Agaxyo + Byouy) (53)
+ pysign(oy (t))}-

The control strategy developed in the previous

section is used similarly for the translational movements
Dy and py.

3.2. Integral sliding mode control. The mathematical
representation of the system used for the design of the
ISMC was shown in Eqn. 21)). The integral sliding mode
strategy design involves two control actions. In general,
the control input is defined as (Ullah et al., 2020)

Up = Up1 + Un2, (54)

where uy,; is used to stabilize the nominal system in the
form of @I) or in dynamic blocks as in @4), upo is
designed to attenuate the effects of the disturbance, and
h represents the dynamics of z, ¢, # and .

Proposition 3. Consider a sliding manifold

t
S; — Gl <.’,EZ — X0 — / (A.’,EZ + Biuhl)dT) 5 (55)

to

where G; € R?*1 is a weight gain. If the control law up»
is given by

up2 = —BIG] p; sign(s;), 56)

Pi = (GlGI)ilRl, O0< R; € RQXI,
where B; = TB;, T = [Np;, Bi|T and N is the null
space of B;, subsequently, after time t < t,, the dynamic
system (21) is free of the (; effects.

The sliding surface is related to the solution that
guarantees convergence to zero and uses the entire vehicle
dynamics. Additionally, G; is a parameter that aids in
vehicle convergence.

Proof. Define a storage function as V(s;) = s]s;. Its

dynamic under the control law (36)) is given by
V(si) = —s]R; sign(s;) + sT GG, (57)
which means that
V(s:) < dilsi| —sT Ry sign(s;) < —av2V;Y(s;), (58)

where o = tr(R;) — §;. This implies that, at time ¢ > ¢,.;,

the sliding surface converges to zero. n
Therefore,
t
Ty = T40 —+ / (sz + Biuhl) dT, (59)
to

and the time variations of the previous relation satisfy the
dynamic system

T; = Az; + Biupa, (60)

where the input control aim is designed to stabilize this
nominal system.

Note that the stabilizing control law w.,; can be
designed as a standard conventional linear controller as
follows:

upt = —kix;, ki € RYX2, (61)

where k; = [ki1, ki2]T and k;1,ki2 € R are control
gains. The procedure for obtaining the control gain k;
is similar to that described in Proposition[2l In the case
of the dynamic nominal system described by (60), we
have (; = 0, indicating that the bound is § = 0. Thus,
according to (@9), the trajectories reach a trivial solution
in exponential form with a convergence speed determined
by a. The nominal control gains are determined using
the optimization process discussed in the previous section.
The use of LMI gains improves the performance of
nominal control. Furthermore, in the context of ISMCs,
the control inputs for the orientation dynamics and height
p. are defined as follows:

Uzl = —ko Tz, k= [k.1, k2],

ug1 = —kgTo, ko = [ko1, ko2]T,

Ug1 = —k¢Ts, ky = [kg1, kg2]T,

Uy = —kyxy, ky = [ky1, ky2]T,

Uoap = —BIGTp. sign(s.),  pz = (G-GI)"'R.,

uge = —BJG] pg sign(se), po = (GoG}) ' Ry,

ugy = —BJGYpy sign(se), ps = (GyG}) ™' Ry,

ug2 = —BJGpy sign(sy),  py = (GyGl) "' Ry.
(62)

3.3. Adaptive sliding mode controller (ASMC). A
widely used controller for stabilizing system dynamics

aamcs
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is the ASMC. While its structure resembles that of the
ISMC, it differs in the definition of uy; and the design
of up2. In this study, we employ an ASMC with a sliding
surface defined as in the work of Seung-Hun ez al. (2021):

Sh = €p + Aep, (63)

where e, = xp — r, and A € R™*™ are positive definite
matrices. Adaptive sliding mode control uy, uses the same
structure as defined in (34), and w1 is designed as

up1 = —ksp, (64)
while the control that mitigates disturbances is defined as
upa = —B ™oy, sign(sy), (65)
with the dynamics of the adaptive term defined as
kn (W) (), if0 < Dy, ming |sp| > e,

ﬁh = Iilhligh|3h|_1, if o, = 0, miny |3h| > €a,

0, otherwise,
(66)
where w = k5, |spl, ¥(t) = sign(|sp| — 1), €1 is a
predefined error boundary and e = £1/10 > 0

34. H., controller. An alternative method for
stabilizing system dynamics is through optimal control,
specifically, H, control. Its goal is to design a stabilizing
controller that minimizes the H., norm of the system’s
transfer function. Put differently, H., control is a
robust control design strategy that limits the maximum
energy amplification (the H,, norm) from disturbances
and reference inputs to the resulting errors and control
actions, thereby ensuring reliable performance even under
worst-case conditions.

The employed H, controller is defined by Razmavar
etal. (2021) as

av "
uhgT(x)<%) =bY —an,  (67)

where a, b are constants and Y is given as

sin ¢ sin 6 cos ¢ — sin ¢(cos ¢ + cos )
Y = | —sinf(1 + costpcos ) — sint)sin ¢
cos 1) sin @ sin ¢ — sin(cos ¢ + cos )

. (68)

4. Numerical simulation results

This section presents simulation results obtained in
MATLAB Simulink for the control algorithms depicted in
Fig. [l evaluated under two different scenarios. First, the
performance of the DSMC, the ISMC, and a PD controller

Table 1. Parameters of the UAV used for simulation.

Parameter Value
M 1.6 K,
Jg, Jo, Jy | 1.2 Nm/rad?
g 9.8 m/s?

Table 2. Values of each gain used for simulation.

Gain Value Gain Value
k.1 11.0762 | pg, po, py 40
k.o 7.9104 Dz 30
ka1 2 Ry 1
kao 2.4 Gy [0.1,0.1]
ko1 11.0762 Ry 1
koo 7.9104 Go [0.1,0.1]
ky1 2 Ry 2
ky2 5 Gy [0.1,0.1]
kg1 11.0762 R, 2
kg2 7.9104 G, [0.1,0.1]
kg1 11.0762 kyo 7.9104

(tuned using an LMlI-based algorithm) is compared in
terms of disturbance rejection capabilities, with particular
emphasis on wind effects during trajectory tracking.
Subsequently, the proposed approach is assessed against
two widely adopted robust control strategies from the
literature, an adaptive sliding mode controller and an H,
one, in order to highlight the advantages of the proposed
strategy. In both scenarios, the Runge—Kutta method is
used with a fixed step of A = 0.001 s and a simulation
time of 500 s.

4.1. Comparison with classic controllers. This
simulation aims to compare the performance of the
DSMC, the ISMC, and the PD controller (tuned by an
algorithm based on the solution of LMIs) by analyzing
their ability to reject disturbances such as wind during
trajectory tracking. Still, the LMI method does not include
translational control. To do this, errors were assessed
using performance indices. Similarly, the algorithm
for the convex optimization problem based on LMIs
was implemented using the CVX Toolbox in MATLAB,
and the process to obtain gains was performed offline.
This indicates that the gains were generated before the
trajectory tracking tests. The parameters of the quadrotor
UAV depicted in Fig.[Tlare listed in Table[Tl

The initial conditions for the positions (p,;, p,) were
defined as 2 m and 3 m, respectively, while the initial
value of p. and the initial conditions for the orientations
(0, @, 1)) were set to zero. The simulation consists of
trajectory tracking of the vehicle’s translational positions
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Fig. 2. Block diagram illustrating the simulation process.
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Fig. 3. External disturbances applied to the UAV dynamics.

(Pz» Py, P-) given by

ry = 5 cos(0.15t),
ry = 5sin(0.15¢), (69)
re=4/(14 e 0200y,

Table [2] presents the control gains used for each
control strategy implemented in the UAV. The terms py,
Pés P Pz, and Gg, G4, Gy, G, correspond to the DSMC
and ISMC.

These values were obtained heuristically to achieve
the desired vehicle performance with each implemented
strategy. Conversely, gains from k;; — k;2 were obtained
by solving the optimization problem of the linear matrix
inequality described in Proposition[2l

The MATLAB CVX Toolbox was used to generate
these gains by setting o« = 0.89 and € = 0.05. These
values were chosen after performing numerous tests.

The Dryden wind turbulence model was employed as
an external disturbance to compare the robustness of the
proposed control laws. This model simulates the effects of
turbulent air currents, leading to unpredictable variations
in the vehicle’s positions and orientations. Wind gusts
are modeled using the Dryden turbulence model given
by Yeager (1998), considering parameters for low altitude
and light turbulence given as L,, = L, = 200 m, L,, =
50 m, o, = 0, = 1.06 m/s, o, = 0.7 m/s and an altitude
of = 4 m, where o¢,,, 0,, and o, are the intensities of the
turbulence along the vehicle frame axes, while L,,, L, and
L,, are spatial wavelengths.

Figure [ illustrates the disturbance signals used
in the simulation tests. The A, line represents the
disturbance on p,, while the A, and A, lines represent
the disturbances on p, and p, respectively.

Figure [ shows the translational error signals for p.,
Dy, and p.. It should be noted that the ISMC strategy
resulted in significantly lower errors than the PD one.

This is more noticeable in the graph for p,, because
when the disturbance occurs the error for the DSMC
and ISMC practically stays at zero, whereas in PD the
value remains constantly changing. The behavior of the
responses obtained for each control strategy between 160
and 200 s is emphasized. This interval corresponds to the
time when external disturbances are introduced into the
UAV dynamics.

Figure [3 presents the attitude performance of the
vehicle. It shows a close-up in the interval from 160 s to
170 s to highlight the performance of the controllers when
external disturbances are introduced.

Figure 6] illustrates each controller’s performance
when the vehicle tracks the same path. Also, it shows that
the PD controller exhibits more oscillations the moment
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Fig. 4. Translational error signals. Solid line: PD controller er-
ror signal, dash-dotted line: DSMC error signal, dotted
line: ISMC error signal.

the disturbance is introduced.

The performance indices IAE, ISE, ITAE, and ITSE
were used to assess the effectiveness of control strategies
and establish a clear comparison. The indices are defined
as follows:

t t
IAE:/ le(r)|| dr, ISE:/ lle(r)||? dr,
0 0
t t

ITAE:/ |le(7)| dr, ITSE:/ 7(le(r)||? dr,
0 0
(70)

where ||e|| = (eTe)% and ||e||? = eTe. The ISE index
analyzes the difference between the underdamped and
overdamped responses of the vehicle. The ITSE index
provides the same information as ISE but penalizes the
vehicle’s performance based on the time elapsed between
the start of the flight and its actual position. The IAE
index provides information on transient responses and
assesses performance adequacy, while ITAE offers similar
information but penalizes performance over time.

Table [3] displays the results of the error index
(UAV orientation) described earlier for the flight mission
performed by the multirotor vehicle. For example, the
table shows that the ISMC reduced the error by 36.88%
compared to the PD strategy for the IAE criterion. The
ISE criterion indicated that the ISMC reduced the error by
20.31% compared to the DSMC. Furthermore, the ITAE
and ITSE criteria showed that the ISMC outperformed the
DSMC and the PD controller in terms of error.

Furthermore, Table d shows the analysis of IAE,
ISE, ITAE, and ITSE for the position p,. The results
demonstrate the effectiveness of the proposed control
algorithms. The ISE analysis showed that the ISMC
outperformed the PD controller by 44.06% in terms
of performance, particularly in relation to transient
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Fig. 5. UAV attitude during the flight mission. Dashed line rep-
resents the desired position, solid line: angular posi-
tion signals obtained from the PD controller, dash-dotted
line: DSMC, dotted line: one obtained with the ISMC.
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Fig. 6. UAV 3D view of all paths of the vehicle with the ISMC,
DSMC and the PD controller.

Table 3. Error indices of the UAV orientation.

Controller | IAE ISE ITAE ITSE

PD 2.562 0.079 526.8 2.856

DSMC 2.533 0.064 569.7 4.842

ISMC 1.617 0.051 345.6 0.997
responses. Furthermore, the values obtained for the

ITAE index exhibited a reduction of 24.36% compared to
IAE, indicating that, as time passed, the ISMC showed
better performance. However, based on these altitude
results, the DSMC strategy outperforms the PD and ISMC
approaches.

Additionally, the obtained values for the ITSE
index exhibited a 28.27% reduction compared to the PD
controller, indicating that, as time progressed, the ISMC
showed better performance compared to the PD controller.
Based on the errors indices of the UAV orientation,
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Table 4. Error indices of the UAV altitude.

Controller TIAE ISE ITAE ITSE
PD 10.32  0.652 2426 1542
DSMC 0.8344 0.0039 186.4 0.8275
ISMC 1093 0.3647 3463 110.6

Table 5. Errors indices of the UAV translation.

Controller | TAE ISE ITAE ITSE

ASMC 834.5 3414 2 x 10° 8.16 x 10°
Ho 817.9 3407 1.95x10° 8.12x 10°
ISMC 796.7 3289 1.89 x10° 7.83 x 10°

5
-10 -5 5 0

-10 -10
y (m) x (m)

-10 -5 0 5

Fig. 7. 3D trajectory of the UAV under H., the ASMC, and
the ISMC. Solid line: Ho controller, dash-dotted line:
ASMC, dotted line: ISMC, dashed line: desired trajec-
tory.

the ISMC strategy outperforms the PD and DSMC
approaches. In Table[3 the error vector e includes errors
associated with ¢, 6, and 1. In contrast, Table [l describes
the error indices concerning only altitude dynamics.

To analyze the energy consumption of the resulting
control laws, the following energy equation is used:

t
Eu:/ u(T)Tu(r)dr. (71)
0

The results show that the energy consumed during
the flight mission by the PD control was E,,, =
1.322 x 10° N?m?s, for the DSMC it was E,,q,c =
1.253 x 10° N%?m?s, and for the integral sliding mode
control it was Ey,¢,,. = 1.570 x 10° N*m?s. The
PD controller reduced the required energy consumption
by 15.8% compared to the ISMC, while the DSMC
consumed 20.2% less energy. Based on these data, it
is clear that the DSMC outperformed the ISMC and PD

control strategies in terms of energy consumption.
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Fig. 8. UAV attitude during the flight mission. Dashed line: de-
sired position, black line: H controller, dash-dotted
line: ASMC, dotted line: ISMC.

4.2 Comparison with robust controllers. An
analysis of the ISMC, the ASMC, and the H, controller
is presented. Figure [7] shows the translational tracking
errors obtained with each controller when applied to a
four-leaf rose trajectory. It should be noted that the ISMC
strategy is the controller with the lowest steady-state error
compared to the other two. The H., controller and
the ASMC show similar performance with or without
disturbance. In contrast, Fig. [8] shows that the ASMC
exhibits the best behavior when the controller follows
the desired attitude trajectory, and Table [5] reinforces this
observation.

The energy consumed by each controller to perform
the rose trajectory was E,rsyc = 1.614 x 105 N?m?s,
Eug.. = 1.342 x 10°N?m?s and E,a5mc = 1.343 x
10°N? m?s. The ASMC saves 16.79% energy compared
to the ISMC, and H., saves 0.074% compared to the
ASMC. The data indicate that the ISMC has the best
performance in the translation dynamics, but the best
behavior in attitude dynamics is obtained with the ASMC.

5. Conclusions

This study presented an LMI-based algorithm for offline
tuning of dynamic and integral sliding-mode controllers
(DSMC and ISMC) for quadrotor trajectory tracking. The
approach ensured finite-time convergence of the sliding
surfaces, yielding PD-like structures while guaranteeing
ultimate uniform stability under uncertain dynamics and
Dryden-modeled wind disturbances. Simulation results
showed that the DSMC reduced altitude errors by 94.61%
compared to the alternative controllers, while the PD
controller achieved superior transient response with a
29.94% error reduction. For rotational dynamics, the
ISMC demonstrated strong disturbance rejection (79.40%
performance index) but introduced significant chattering,
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whereas the DSMC provided smoother responses with
lower energy demand. Thus, the ISMC offered higher
disturbance attenuation, while the DSMC proved more
effective for practical implementation due to reduced
chattering.  Overall, the proposed LMI-based tuning
strategy simplified controller design and facilitated
systematic comparison, enabling the selection of the
most suitable control scheme according to system
performance requirements. The second comparative
analysis demonstrates the advantage of using the ISMC
in quadcopters with the use of a rose trajectory. In
translational dynamics, the ISMC demonstrates around
4.52% better performance in contrast to the other two
controllers, which is supported by the error indices. But,
the ASMC denotes the best trajectory tracking compared
with H., and the ISMC. Finally, the H,, controller
consumed less energy.

Future work will involve performing model-,
software-, and hardware-in-the-loop simulations to assess
the proposed strategies in a controlled environment,
followed by validation of their feasibility using a physical
prototype.
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