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ABSTRACT

In this paper, a modified progressive Type-1I censoring scheme is introduced.
Relationships between the modified progressive Type-II censoring scheme and
a randomized Type-1I censoring scheme are discussed. The maximum likeli-
hood estimators (MLEs) of the parameters of Weibull distribution are derived
and EM-algorithm is used to obtain the estimates as well as the asymptotic
variance-covariance matrix. Monte Carlo simulation is used to evaluate the
performance of the MLEs in terms of biases, mean square errors and some
commonly used optimal criteria in experimental design. Finally, a numerical
example is provided to illustrate the methodology presented here.

Keywords: EM-algorithm, Maximum likelihood estimates, Optimality crite-
ria, Progressive censoring, Asymptotic variances, Missing information

1. Introduction

Because of the increase in global competition and the customer expectations
for reliable products, manufacturers need to improve the product quality and
reliability and to provide a longer warranty period in order to stay competitive
in the market. In reliability engineering, knowledge about failure time distribu-
tion of the products are valuable in determine optimal warranty policy (Wu and
Huang, 2012) and product design improvement. To obtain knowledge about
product lifetime distribution, life-testing experiments are run at different prod-
uct development and testing stages before the product can be put on the market.
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When the product are extremely reliable or the cost of a failing a product is
high, a censoring scheme is always imposed in the life-testing experiment in
order to save time and cost of the experiment. One of the commonly used cen-
soring schemes is the Type-II right censoring scheme whereas the life-testing
experiment is terminated as soon as the m-th (where m is pre-fixed) failure
is observed. Then, only the first m failures out of n units under test will be
observed. The data obtained from such a restrained life-test will be referred
to as a Type-II censored sample. A generalization of the Type-II censoring
scheme, called progressive Type-II censoring scheme, has been proposed in
the literature. Under the progressive censoring scheme, n independent units
are placed on a life test and m failures are going to be observed. Immedi-
ately following the first failure time (say, X£,,.,), R1 of the surviving units
are randomly selected and removed from the experiment. Then, immediately

following the second failure time (say, X. R

2imem)s It2 of the surviving units are

removed, and so on. This experiment terminates at the time when the m-th

failure is observed and the remaining n — m — Ry — -+ — R,,—1 surviving
units are censored. Here, XB < X}~ <... < XR describe the pro-
gressively censored failure times where R = (Ry, ..., R,,) is the progressive

censoring scheme. Two books dedicated to progressive censoring were written
by Balakrishnan and Aggarwala (2000) and Balakrishnan and Cramer (2014)
and a comprehensive review of the subject was provided in a discussion paper
by Balakrishnan (2007). Inference and generalizations based on progressive
censoring scheme were studied by Cohen (1963), Mann (1971), Gibbons and
Vance (1983), Viveros and Balakrishnan (1994), Yuen and Tse (1996), Bala-
sooriya et al. (2000), Wu (2002), Ng et al. (2002, 2004), Soliman (2005),
Asgharzadeh (2006), Wu et al. (2006a, 2006b, 2007), Kus and Kaya (2007),
Kus and Wu (2008), Wu and Kus (2009) and Saracoglu et al. (2012).

Recently, some modifications of the progressive Type-II censoring scheme have
been studied. For example, Kundu and Joarder (2006) proposed a progressive
hybrid censoring scheme, Wu and Kus (2009) introduced a progressive first fail-
ure censoring scheme, Ng et al. (2009) proposed an adaptive progressive cen-
soring scheme and Bairamov and Parsi (2011) proposed a flexible progressive
censoring scheme. Extensive research has been done related to these modifica-
tions of the progressive censoring, see, for example, Lin et al. (2009), Cramer
and Iliopoulos (2010), Soliman et al. (2012a, b), Wu and Huang (2012) and Lio
and Tsai (2012).
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In this paper, a simple modification of the progressive censoring, which can
be viewed as a randomized Type-II censoring scheme, is developed. The main
objective of this paper is to compare the proposed modification with the pro-
gressive Type-II censoring scheme. For this purpose, the performance of the
estimators for the Weibull parameters based on data obtained from the modi-
fied censoring scheme as well as the progressive censoring scheme are exam-
ined. The rest of this paper is organized as follows. In Section 2, we describe
the formulation of the modified censoring scheme (MCS) and the relationship
between the MCS and a randomized Type-II censoring scheme. In Section 3,
we consider Weibull lifetimes and obtain the maximum likelihood estimates
(MLESs) of the parameters based on log-lifetimes under the MCS by EM algo-
rithm. Fisher information matrix of the MLE:s is also obtained by using missing
information principle. Section 4 presents the results of a Monte Carlo simula-
tion study for assessing the performance of the MLEs under MCS. A numerical
example is presented in Section 5 to illustrate the methodology presented in this
paper. In Section 6, some concluding remarks are provided.

2. Modified Censoring Scheme

In a progressively Type-II censored experiment, 7 independent units are placed
on a life test simultaneously. Suppose that the experimenter decided to observe
m(< n) failures and the progressive censoring scheme R = (Ry, Ra, ..., Ry)
are prefixed, then R; units are randomly removed from the test as soon as the
i-th failure is observed (¢ = 1,2, ..., m). Denote the i-th observed failure time

from this scheme as X the exact failure times of the R; censored units

mmmn’

cannot be observed beyond X®

mm:mn’

ing scheme proposed here, we allow the R; (¢ = 1,2,...,m — 1) units to be

i = 1,2,...,m. In the modified censor-

monitored until to the end of the progressively censored experiment, i.e., until
XR . is observed. Hence, the exact failure times of some of the Z:i_ll R;
censored units in the progressively censored experiment can be recorded in ad-
dition to the progressively censored order statistics. We can see that the number

of total observed failures before X

m:m:mn?

say m + K, is a random variable,
where K is a discrete random variable with support {0,1,2,...,n —m}.

This modified censoring scheme (MCS) can be viewed as a randomized Type-II
censoring scheme in which the first m 4 K failures are observed among the n
units with K being a discrete random variable with support {0,1,2,... , n—m}
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and probability mass function (p.m.f.)

Pr(K =k)=pg,k=0,1,...,n—m,

n—m

where 0 < p,, < 1 and Z pr = 1. Therefore, the observed ordered failures

from the MCS can be denoted as X1, < Xoyp < -+ < XjutKwm, Where

Xi.n, 1s the i-th ordinary order statistics from a sample of size n. Note that
d

Xm+K:n = err}mn

Here, the p.m.f. of K is determined by the progressive censoring scheme R.
For instance, the progressive censoring scheme R = (0,0,...,0,n —m) (a
conventional Type-II censoring scheme) gives the p.m.f. of K as

Pr(K =0)=1and Pr(K =k)=0,k=1,2,...,n —m;

and the progressive censoring scheme R = (0,0,...,0,1,n —m — 1) gives
the p.m.f. of K as

n—m 1
it ) n—m+1’ t ) n—m+1’
Pr(K=k) = 0,k=23,...,n—m.

This result can be seen by observing that the event { X' = 1} is equivalent to
that the R,,,—1 = 1 item being removed at the the time of the (m — 1)-th failure
is the item with the shortest lifetime among the (n — m + 1) surviving items.
In general, the p.m.f. of K can be expressed as (Ng, et al., 2014)

PI“(K = k) = Pr(Xrl};mn = m+k:n)
bmfl
az=a1+1 az=az+1 am—1=am—2+1

' n— a1
m—1 23:1 Rj —ai+1+1+1

i=1 T
23:1 Rj —a; +1

for K = 0,1,....n — m, where a9 = 1, an, = m + Kk,
b; = min (ai_l + Z;‘:l R; + 1,n>.

Since the number of observed failures under the MCS must be greater than or

equal to m, one should expect to obtain the same or more information about
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the lifetime distribution compare to a progressive Type-II censoring scheme.
The MCS guarantees at least m observed failures are available for statistical
inference and the total time required for the experiment is determined by a
chance process.

Suppose that the lifetimes of the units are independent and identically dis-
tributed (i.i.d.) with probability density function (p.d.f.) f(z; @) and cumulative
distribution function (c.d.f.) F(x; @), where 6 is the parameter vector. Then,
given K = k, the conditional likelihood function based on a sample obtained
from MCS can be written as

m+k
L(032) o< (1= F (Zmsken: )" ] f(2i:n:60), 0 €0, (21)
i=1

where x;.,, is the observed value of X;.,, and ® is the parameter space.

3. Statistical Estimation with Weibull Lifetimes

Suppose n independent units are placed on a life-test with the corresponding
lifetimes X3, X, ..., X, being identically distributed. We assume that Xj,
i =1,2,...,n arei.i.d. Weibull distributed with p.d.f. and c.d.f.

sar = e (2)')

T

B
and G (z; A, 8) = 1—exp{—<)\) }, x>0, A>0, >0,

respectively, where A > 0 is the scale parameter and 8 > 0 is the shape param-
eter. For 0 < 8 < 1, the Weibull distribution has a decreasing hazard function.
For 8 > 1, the Weibull distribution has an increasing hazard function and for
B = 1, the Weibull distribution reduces to an exponential distribution which
has a constant hazard rate. Here, we can consider the log-transformed lifetime
Y = In X which has an extreme-value distribution with location parameter
4 = In X and scale parameter o = 3. Specifically, the p.d.f. and c.d.f. of Y’

f(y;0) = %exp <3€M> exp{—exp (y;u)} (3.1

and F' (y;0) = 1—exp {— exp <y;M> } , (3.2)

are

fory >0, u € R, o > 0, respectively, where @ = (11, 7). Since the extreme-
value distribution is a member of the location-scale family of distributions and
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it is easier to work with, therefore, the log-lifetimes are used in the statistical
analysis (see, for example, Ng et al., 2002).

Under the progressive Type-II censoring scheme, the MLEs of the Weibull pa-
rameters A and 3 (or equivalently x and o) and Fisher information matrix were
obtained by Ng et al. (2002) using EM-algorithm and missing information prin-
ciple, respectively. Since the MCS is a randomized Type-II censoring scheme,
given the value of K = k, the conditional statistical inference can be done by
using the results from conventional Type-II censoring, which has been well-
developed in the literature. Therefore, we only briefly present the computa-
tional formulae for the MLEs and the Fisher information matrix as well as the
steps required for EM-algorithm if it is chosen to be used to obtain the MLEs.

3.1. Maximum Likelihood Estimates

Given K = k, based on the ordered log-lifetimes Y., < Yo, < -+ < Ytk
the MLE of parameter o can be obtained by solving the following equation with
respect to o

Jj=1 J=1

Sy — Yjn—9(o)
+(n—m—k) (yjn g(g)>6]‘7g}7
g

where
g9(o)
k
= olog b % exp (y]—n) +(n—m—k)exp (M>
m+k = o o

Numerical methods, such as the Newton-Raphson method, can be used here to
solve the above non-linear equation. After obtaining the MLE of o, say &, the
MLE of x4 can be obtained as i = g(&).

Besides using direct optimization numerical methods, Expectation-Maximization
(EM)-algorithm can be used as an alternative tool here to obtain the MLEs of
w and o. One of the advantage of EM-algorithm is that the second derivatives
of the log-likelihood is not required to implement the EM-iteration. It is es-
pecially useful if the complete data set is easy to analyze (see, for example,
Adamidis and Loukas, 1998; Adamidis, 1999; Ng et al., 2002; Karlis, 2003;
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Adamidis et al., 2005; Kus, 2007; Tahmasbi and Rezaei, 2008; and Morais and
Barreto-Souza, 2011). The analysis with the data from MCS can be viewed as
an incomplete data problem. We first denote the observed and censored (miss-
ing)dataas Y = (Y1, Youn, ..o, Yinakwm) and Z = (21,22, .., Zp—mn—k),
respectively. Combine Y and Z to form the complete data W. The E-step of
the (h + 1)-th EM-iteration requires the conditional expectations

E (Zyg 0(h>) = Eyo® 4
E (exp (Z]o) |£, ) = /e <6£—|- 1)
E (Z exp (Z/o)|€, 0 h)> = /o™ |:O'(h)E2 + puM (eg + 1)}
)

_ /e [(C,(h))Q B,

2P0y — ()’ (e + 1)} ,

E (Z exp (Z/0) €, 0

(h)

where ") = (M, (M) is the current estimate of 8, £ = % and
B, = E<Z H h))
g
_ et (p + 2) L (pH1)E
o +Z I'(p+2) [“w(l)];)r(pm’
Ey, = E<Z;Mexp<Z_M>‘§79(h))
_ of eP+2ee (p + 3) 2 (2
= ¢(2) +p§% Tt 3 [5“/’(2)];;(“3)7
2
E3 = F <Z;M> exp <Z_M> 679(h)]
= (¢ (@) +¢*(2) e
24260 (2) + 0 (2) 42 (2)) S s
—(E@+292)+¢' (2) + 9 ());W
e(P2)Ey, (p+3)
+2<£+w<2>>p§jo T+ 3)
p+2 [w/ (p+3) Q,ZJQ (p+3)]
+pzo T(p+3) '
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The M-step in a EM-iteration is maximizing the likelihood based on complete
sample over @, with the missing values replaced by their conditional expecta-
tions. Thus, in the (h + 1)-th EM-iteration, 8"+1)_is given by

m—+k
> yjnes /7" L —m— k) E (21 exp (Z1/0) I€, 9<h>)
a(h+1) _ Jj=

m+-k
Z eyjin/a(h+1) 4 (n —m — k) E <exp (Z]_/U) |€7 O(h)>
7=1

m-+k

Zy]n (n—m—k)E (Zly§,0<h>>
and

m—+k
phth = 5t log{ [Z Yjin /oD

t(n—m—k)E <exp (Z1)0) |€, 0<h>> ] }

3.2. Asymptotic Variance-Covariance Matrix

Louis (1982) developed a procedure for extracting the observed information
matrix when the EM-algorithm is used to obtain the MLEs based on incomplete
data. The idea of the missing information principle can be expressed as (Louis,
1982 and Tanner, 1993)

Observed information = Complete information — Missing information.

In this subsection, we describe the use of the missing information for comput-
ing the conditional variance-covariance matrix of the MLEs under the MCS,
given K = k. The observed information, complete information and missing
information are denoted by I'y (6), Iw (0) and I zjy (0), respectively.

The complete information I'yy (@) is given by

O?X (0; W) n 1 1—x
Iw(0)=-F|——— | = = )
w ( ) < 802 0-2 1— v 62
where v = 0.577215665 . . . is the Euler’s constant and ¢? is 72 /6 + (1 — 7)2 .
The Fisher information matrix in one observation which is censored at the time
of the m-th failure can be computed as

0?1 Z;i1Yms kins 0
T,y (0)=-F ( °g<fZa<802|y i 0))

),j:1,2,...,n—m—k,
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where
2 (s -
0%log (fZJ ézjlym-i—k:na 09)) _ % <€£ _ e(]au>> (3.3)
0 o
2] (s 0 1 zj—p
0% log (fZJ (zj|ym+k:.na )) iy s + fe _ €< e ) (3.4)
Oudo o2
-(Z”‘) )
2 (s N2 e
0% log (fZJ (zj|ym+k:na i 1+ 5265 + 256 Zj — M e(%)
Oo? o2 o
(3.5
() (55 o ()|
o o
Then, the missing information matrix is
Therefore, the observed information matrix is presented by
Iy (6)=1Iw (0)—Izy (0). (3.6)

The Fisher information matrix Iy (@) can be obtained by the missing infor-
mation principle. Hence, the asymptotic variance-covariance matrix of the
MLE:s of 1 and o can be obtained by inverting the observed information matrix
Iy (0).

Under some mild regularity conditions, the MLEs 0 = (fi,6) is approxi-
mately bivariate normal with mean @ = (u, o) and variance-covariance matrix
I,' (). In practice, I3 (0) is estimated by T;l =1 <§>

4. Monte Carlo Simulation Study

To evaluate the performance of the MLEs and the effect of the choice of pro-
gressive censoring scheme, a Monte Carlo simulation study is conducted. With-
out loss of generality, we consider the parameter setting ¢ = O and ¢ = 1
with different values of n, m and different censoring schemes. Based on 1,000
simulations, the estimated biases, mean square errors (MSEs) and the average
number of iterations of the EM-algorithm required to obtain the MLEs under
MCS and the conventional progressive censoring scheme are presented in Ta-
ble 1. Here, convergence is assumed when the absolute differences between the
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successive estimates are less than 107, We also present the expected number
of observed failures for the MCS (i.e., E(K) + m) in Table 1. As we expected,
the biases and MSEs of the MLEs based on the MCS are smaller than or equal
to those based on progressive censoring scheme with the same values of n and
m. It is also observed that the average number of EM-iterations required to
obtain MLEs based on the MCS are less than or equal to those based on pro-
gressive censoring scheme in all cases considered here. This is due to the fact
that the number of observed failures is always m for the progressive censoring
scheme while the number of observed failures in the MCS is a random variable
with support greater than or equal to m. The MCS and progressive censoring
scheme are equivalent when R = (0, ...,0,n — m), which is also the Type-II
censoring scheme.

In order to assess the accuracy of the approximation of the variances and co-
variance of the MLEs determined from the information matrix, the aforemen-
tioned simulation study is used. For the MCS, the simulated values of Var(j1),
Var(c) and Cov(ji, o) as well as the estimated values by averaging the cor-
responding values obtained from the f;l are presented in Table 2. For the
conventional progressive censoring schemes, the results are presented in Table
3 (Ng et al., 2002) to compare the simulation results of MCS. We can observe
that the approximate values determined from f;l are quite close to simulated
values for moderate values of m. Furthermore, it is noted that the approxima-
tion becomes more accurate as m increases.

Besides the biases and MSEs of the MLEs, we also compare the MCS and the
progressive censoring scheme based on some commonly used optimal crite-
ria in design of experiment. Since the parameter vector @ = (u, )’ is two-
dimensional, optimality can be defined in terms of the following criteria (see,
for example, Wu et al., 2008):

(1) D-optimality: Maximizing the determinant of the Fisher’s information ma-
trix. It is known that the determinant |I ()] is proportional to the recip-
rocal of the volume of the asymptotic joint confidence region for 8 so
that maximizing this determinant is equivalent to minimizing the volume
of confidence region. Consequently, a larger value of the determinant of the
Fisher’s information matrix would correspond to higher joint precision of
the estimators of 6.
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(2) A-optimality: Maximizing the trace of the Fisher’s information matrix. This
optimal criterion is also known as trace criterion. It maximizes the sum
of the diagonal entries of Fisher’s information matrix. This means that
the A-optimality criterion does not implement all available information the
parameters.

(3) E-optimality: Maximizing the largest eigenvalue the Fisher’s information
matrix. This criterion maximizes the smallest non-zero eigenvalue of Fisher’s
information matrix. This also means that not all available information are
used.

The average values of the objective functions for D-, A- and F-optimality cri-
teria based on different MCSs and progressive censoring schemes are presented
in Table 4. Since the expected number of observed failures for MCS is always
> m, these values of the objective functions based on MCS are always better
than those based on progressive censoring scheme with the same R..

S. Illustrative Example

A real dataset from Lawless (1982) is used to illustrate the methodology devel-
oped in this paper. The dataset contains the failure times of n = 15 electrical
insulating fluids that were subjected to a 32kV voltage stress. The dataset is
presented in Table 5. If the lifetimes are assumed to be Weibull distributed, the
MLEs of the Weibull parameters based on the complete dataset are X = 25.936
and B = 0.561. Kolmogorov-Smirnov goodness-of-fit test statistic based on the
complete dataset is 0.135 with p-value = 0.913, which indicates that Weibull
distribution is a reasonable model for this dataset.

Suppose a progressive censoring plan with m = 5 and censoring scheme R =
(10,0,0,0,0) are imposed in this life-testing experiment. Using this scheme,
we generated the progressively censored sample is obtained by removing ran-
domly selected 10 units from the test when the first failure is occurred at z1% . =
0.27 (i.e., at log-lifetime yT% ;. = —1.3093). The corresponding log-lifetimes
and the 10 randomly selected units at the first observed failure (denoted by
asterisk) are presented in Table 6. Hence, the progressively censored ordered
log-lifetimes based on the progressive censoring scheme is (-1.3093, -0.2537,
1.0116, 4.4170, 4.4919).

Under the MCS, it is equivalent to use a Type-II censoring scheme where the
first m + K failures are observed. The p.m.f. of K is presented in Table 7.
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Based on the random generation described above, we obtained £ = 8 and the
first 13 failures are observed.

The MLEs, the observed Fisher information matrices, the variance-covariance
matrices and the values of the objective functions for D-, A- and E-optimality
criteria based on complete sample (n = 15), progressively censored sample
(m = 5) and the sample obtained from MCS (m + k& = 13) are presented
in Table 8. In this example, initial values for the EM-algorithm are chosen as
ty = 1 and o) = 1 in the two schemes and the number of EM-iterations
required are 29 in both cases. The approximate 95% confidence intervals of
w1 and o based on MCS are given by (2.2798,4.3466) and (1.0281,2.7323),
respectively, while the corresponding 95% confidence intervals of i and o are
obtained as (1.8459,4.7959) and (0.7896,2.5761) based on the progressive
censoring scheme.

6. Conclusions

The progressive censoring scheme and the modified censoring scheme with the
same censoring scheme R are terminated at the same time but the MCS col-
lects more data on average. The relationship between the MCS and a random-
ized Type-II censoring scheme is discussed. Since more failures are observed
based on the MCS, from the simulation results, it can be seen that the estimation
of parameters based on MCS is more efficient than the progressive censoring
scheme. Briefly, if the experimenter wants to estimate the distribution param-
eters efficiently and randomize the number of observed failures to be greater
than m, then MCS scheme will be a suitable censoring scheme for the life test.
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Table 5. Complete ordered lifetime data from Lawless (1982)
2.75 391 988 1395 1593 27.80

0.27 0.40 069 0.79
53.24 82.85 89.29 100.58 215.10

Table 6. Complete ordered log-lifetime data presented by Lawless (1982)
-1.3093  *-0.9163 *-0.3711 -0.2357 1.0116 *1.3635 *2.2905 *2.6355

*¥2.7682  *3.3250  *3.9748  4.4170 44919 *4.6110 *5.3711

Table 7. Probability mass function of K in the illustrative example (the number
of observed failure is m + K) based on the MCS

k 0 1 2 3 4 5
Pr(K =k) 0.285714 0.219780 0.164835 0.119880 0.083916  0.055944
k [§ 7 8 9 10

Pr(K =k) 0.034965 0.019980 0.009990  0.003996  0.000999

Table 8. Results for the illustrative example in Section 5

Complete Sample MPC Scheme PC Scheme

m 3.2556 3.3132 3.3209

g 1.7812 1.8802 1.6828
7. <§> 4.728  1.999 3.677 0.659 1.766  0.004
¥ 1.999 8.622 0.659 5.410 0.004 4.815
71 <§> 0.235 —0.054 0.278 —0.034 0.566  —0.001
Y —0.054  0.129 —0.034  0.189 —0.001  0.208

D-optimal 36.765 19.462 8.502

A-optimal 13.349 9.088 6.581

E-optimal 3.884 3.456 1.766
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