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ABSTRACT

Performing a survival analysis, allows investigating factors that contribute
to outcome over time. Though a considerable amount of literature has ad-
dressed this area, analysis of multiple survival responses has not received
sufficient attention in past literature. The joint modeling fits well when there
are multiple survival responses for the same study unit and it can provide im-
proved results than fitting univariate models separately since the correlation
between the responses can be captured through a joint model. Therefore, the
aim of this study was to propose a joint modeling approach, in which the link-
age between two survival responses(for simplicity, in this research bivariate
lifetime data have been considered) was derived by sharing a common random
effect under different random effect distributions through parametric forms of
the baseline hazard function. In this study, Gamma and Normal random effect
distributions and Exponential and Weibull parametric survival distributions
were considered. The performance of the Shared Frailty model was compared
with two Ordinary Proportional Hazard models through a simulation study, by
fitting models for simulated data in three different sample sizes with 20% and
40% censoring proportions in different correlation structures. Bias, Cover-
age Probability (CP) and Mean Squared Error (MSE) were the performance
measures used. Parameter estimates showing relatively low bias, high CP,
and minimal MSE under the joint random effect model confirmed the suit-
ability of the proposed model to capture joint survival data, surpassing the
fit of two univariate models. Also, the results interpreted, Gamma distributed
random effects to be more suitable with Exponential survival times while Nor-
mal random effects with Weibull survival times.
Keywords: survival, joint model, shared frailty, simulation
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1 Introduction

Survival analysis was originally developed and used by medical researchers
and data analysts to measure the lifetime of a certain population. Neverthe-
less, over the years, it has been applied to many other fields. As a branch of
survival analysis, multivariate survival analysis has emerged; however, ana-
lyzing such multivariate survival data remains a challenging task due to the
model specifications on the association between endpoints.

Multivariate survival data covers the field where independence between sur-
vival times cannot be assumed (Laux , 1985). Thus, in analyzing these data,
the key element is an appropriate account for dependence between event times.
Performing univariate analysis for each response separately may not be appro-
priate due to the correlation among the responses (Rondeau , 2019). Hence, it
is important to fit a joint model that specifies independence among observed
data items, conditional on a set of unobserved or latent variables. This is de-
fined as Frailty models which are extensions of the proportional hazard model,
where the random effect (the frailty) has a multiplicative effect on the baseline
hazard function.

In common practice, shared frailty models are used in event times of related
individuals, for similar organs, repeated measurements, etc., under the clus-
tering scenarios by assuming to share the same frailty. Though clustering is
not considered here, the shared frailty model concept has been used to capture
the behavior of bivariate survival responses by forming one random effect as
a multiplication of the other random effect, incorporating a shared constant.

With the recent surge of research studies on survival data, joint modeling
has become popular over the past few years. Recently, Sunethra and Soori-
yarachchi (2020) have introduced a novel method for joint modeling of sur-
vival data and count data for both simple randomized and cluster-randomized
data, while Karunarathna and Sooriyarachchi (2019) have proposed a joint
multilevel model for analyzing the length of stay of patients through compet-
ing endpoints in dengue epidemiology. Recently, Li et al. (2020) have intro-
duced a multivariate joint frailty model for two types of recurrent events in
the presence of a dependent terminal event with right-censored survival data.
Joint modeling of multivariate longitudinal and multivariate survival data has
been considered by Chi and Ibrahim (2006) in their research and Ratcliffe et
al. (2004) have developed a joint model for the analysis of longitudinal and
survival data in the presence of data clustering.

However, analyzing multiple survival responses with joint modeling approaches
remains a gap in multivariate survival analysis. This work is novel since there
is no such analysis was found in local literature where joint modeling of two
survival responses was considered. Hence, this research is of great signifi-
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cance, which will emphasize the efficiency of fitting a joint random effect
model to the survival responses rather than fitting univariate models sepa-
rately.

The main objective of this study is to propose a joint modeling approach
(shared frailty model) for analyzing bivariate lifetime/survival data in the
presence of censoring through different parametric forms of baseline hazard
function and frailty term distributions. Apart from that, to emphasize the im-
portance of modeling survival responses jointly, rather than fitting univariate
models for each response separately.

The rest of the paper is organized into four sections, of which the first section
is the introduction and some literature related to the research problem and the
next succeeding sections follow as mentioned below.

Section 2: The theories and methodologies behind the simulation study have
been discussed in this section.

Section 3: Implementation of the simulation study, the results obtained for the
parameter estimates with the performance of the estimators are mentioned in
this section.

Section 4: Summarizes major conclusions of the study and discusses the lim-
itations and future work to be carried out in this area.

2 Theory and Methodology

This section discusses the theoretical background and the parameter estima-
tion procedure of the Shared Frailty Model for non-clustered multivariate
censored survival data. This mainly explores the distributional functions and
models for survival responses, different frailty term distributions that capture
the unobserved heterogeneity in models of survival data, and the key perfor-
mance measures that are used in comparing the simulation study results.

2.1 Distributional functions in survival analysis

Survival data are summarized using the survival function and the hazard func-
tion. The survival function is defined as the probability of surviving beyond
a specified time t. T denotes the time until the occurrence of a certain event
(death) with Cumulative Distribution Function (CDF) F(t), on the interval [0,
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), then its survival function is denoted by S.
S(t):P(T>t):/f(u)du:l—F(t) (1)
t

The hazard function, conventionally denoted h, is defined as the instantaneous
probability of an event (death), which is the limit probability of an item or a
person dying in the interval (t, t+06t) that has survived for time t.

. t§T§t+6tyth)_
6t— 0 ot _S(t)

(2)

Approaches that have been widely used to model survival data are non-parametric
and semi-parametric methods due to their less complexity with fewer assump-
tions than parametric methods and as there is no distributional assumption that
needs to be imposed on the survival times. Despite these advantages, paramet-
ric models being an alternative to the Cox model, which is a semi-parametric
model, have performed better with valid distributional assumptions, resulting

in more efficient parameter estimates in the sense of having smaller standard
errors as compared to those in the non-parametric models. Highlighting these
reasons, this research study has been done under parametric modeling ap-
proach.

A parametric model is defined by a survival function or hazard function with a
specified distributional form such as exponential, Weibull, Gompertz, gamma,
log-normal and log-logistic (Lee and Go , 1997). Among these commonly
used survival time distributions, only the exponential, Weibull, and Gompertz
distributions share the assumption of proportional hazards with the cox model.
In this research study, exponential and Weibull distributions were considered.

2.2 Frailty model

Multivariate survival analysis is considered a branch of survival analysis that
deals with two or more events per subject. Since the various events occurred
in the same individual, the survival times will not be independent in general.
Thus, an appropriate account for the dependence between event times has been
the key element when analyzing multivariate survival data.

The most commonly used and the very general approach is to specify the inde-
pendence among the responses, conditional on a set of unobserved variables.
This is defined under frailty models, where the heterogeneity of the model
is captured by incorporating a random effect into the model (Ibrahim et al. ,
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2001).
h(t:) = ho(t;)exp(Bo + £1.X; + Vi) (3)

here 1 is the observation, ¢; is the time, X; is the covariate, 5, and [3; are
the regression coefficients, V; is the random effect, and hy(¢) is the baseline
hazard function.

Since the model is formulated through the hazard function, the appropriate
survival times are not straightforward. For that, the inverse cumulative hazard
method should be considered with respect to the specified distribution form
of the survival times.

2.2.1 General considerations

The survival function of the random effect model (3) is given by,
S(ti) = exp(—Ho(t:) x exp(Bo + 51 X; +V;)) 4)

where Hy(t) = fot ho(u)du is formulated as the cumulative baseline hazard
function.
Thus, the distribution function can be denoted as,

F(t;) =1 —exp(—Ho(t;) x exp(Bo + /1 X; + V;)) (5)
If Y is taken as a random variable with distribution function £, then U =
F(Y) follows a uniform distribution on the interval [0, 1], i.e. U ~ Uni[0, 1]

and if U ~ Uni[0, 1], then also (1 — U) ~ Uni|0, 1]. More details can be
referred from Mood et al. (1974).Then with reference to the equation (5),

U; = exp(—Hy(t;) x exp(Bo + 51.X; + Vi) ~ Uni|0, 1] (6)

The survival time T of the random effect model (3) can be expressed as fol-
lows, given that hg(t) > 0 for all t, by modifying the equation stated by Bender
etal. (2003),

T; = Hy''[~log(Us) x exp(—(Bo + B1.X; + Vi) )

This equation (7) has been used in the simulation study for the generation of
survival times.

2.2.2 Exponential survival time distribution

The exponential distribution with scale parameter ¢ consists of a constant
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baseline hazard function. Thus, the cumulative baseline hazard function is

given by,
t

Hy(t) = /Hdu =0t (8)
0
Therefore,
Hi'(t)=0""t 9)

By inserting (9) into equation (7), the expression for the survival time under
exponential distribution can be obtained as follows.

T; = 0~ [—log(U;) x exp(—(Bo + frX; + Vi))]
- log(Us) (10)
a 0 x Gl’p(ﬁo + /BIXZ + ‘/z)

2.2.3 Weibull survival time distribution

The Weibull distribution is characterized by two positive parameters, the pa-
rameter 6 is known as the scale parameter and v is the shape parameter. Ac-
cording to Bender et al. (2005), when v = 1, the hazard function reduces to
the exponential distribution and it decreases monotonically for 0 <v <1 while
it increases for v > 1. The cumulative baseline hazard function is given by,

t
Hy(t) = /9 x v X u'"'du = 6t (11)
0
Therefore,
Hy'(t) = (07't) (12)

By inserting (12) into equation (7), the expression for the survival time under
the Weibull distribution can be obtained as follows.

T, = (07" [~log(U;) x exp(—(Bo + i X + Vi)
0 x exp(Bo + b1X; + V;)

(13)

S|

2.2.4 Distributional functions of random effects

The right choice of the frailty distribution has become an important aspect in
arriving at a good description of the dependence structure between the corre-
lated observations because the frailty distribution has got the ability to grab
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these dependence changes. In this study, Gamma and the Normal distribution
were used as the frailty term distributions as most of the software has limited
the choice of the frailty distribution to these cases.

Models were fitted using the SAS NLMIXED procedure to obtain the maxi-
mum likelihood estimates from the marginal likelihood. Though Gamma and
Normal random effect distributions were used, SAS NLMIXED only allows
the random effects to be normally distributed. Thus, a numerical integration
approximation (probability integral transformation) has been used in this study
to transform a normal random effect into a non-normal random effect (Nelson
et al. , 2004).

2.3 Estimation procedure

The parameters of the models can be estimated by the Maximum Likelihood
Estimation (MLE) using the marginal likelihood, integrating over the random
effects in SAS NLMIXED. The likelihood function for the survival function,
in general, is denoted as,

L= Hh(ti) Hs(ti) (14)

where h(t) and S(t) are defined as the hazard function and the survival function
of the parametric distribution selected, and n and r are the total number of
observations and the number of uncensored observations, respectively.

Since this study is focused on bivariate survival data, the estimation of the joint
random effect model is considered. The maximum likelihood estimates are
derived as the modes of the log-likelihood function corresponding to the joint
distribution of the observed outcomes (77;, 414, T;, d2;), under the assumption
that the responses are independent relative to random effects. Thus, the log-
likelihood contribution for the i** observation can be formulated as follows
(Rizopoulos, 2012).

logp(Ths, 014, Toi, 0243 0) = ZOQ/P(TU’(SM’T?Z”‘S%Vi;e)dvi
= log/p(Tu,51iM;9t17ﬁ)p(T2i>52i|>‘V;39t2>ﬁ)f(‘/;>dvi
= log/p(Tu,51z‘|Vz’;9t1>5)d%

‘f‘lOg/p(T2i762i|/\V;;9t27ﬁ)d‘/i+log/f(‘/;)dv;
(15)
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where, T; and Tb; are the two survival times, d;; and d; are the censoring
indicators, V; is the random effect of i'* observation, corresponding to the
first survival time 77;, A is the shared constant which formulated the random
effect of T5; and 6 is the parameter set. If we take U; as the second random
effect, then U; = A\V.

Here,
p(Thi, 61i|Vi; 0, B) = H h(t1i, 01 H S(ths, 014) (16)
i—1 i=1
(T, 62i|Ui; 012, B) = H h(tai, 02 H S(tai, 02:) (17)
i—1 i=1

2.4 Performance measures

For comparing the performance of the joint random effect model with two
ordinary proportional hazard models that can be fitted separately for the two
survival responses, bias, Coverage Probability (CP) and Mean Squared Error
(MSE) was used.

Biasedness:
The bias of an estimator is defined as,
Bias(d) = E() — 0 (18)

Where 6 is an estimator of 0, if E(0) = 6, then the estimator is unbiased.

~

If E(f) # 0 then the estimator is said to have a positive or negative bias.
That is, on average the estimator tends to over (or under) estimate the original
parameter. Thus, the lower the bias the better the parameter estimates.

MSE:
MSE of an estimator is defined as,

MSE(6) = E[(6 — 6)%] = Var(0) + [Bias(0))? (19)
It can be observed that the MSE is a one-to-one trade-off between the vari-
ance and the squared bias of the estimator. Smaller MSE values closer to zero

interpret better parameter estimates.

CP:
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Confidence intervals are considered an important and often underused area of
statistical inference. The CP is defined as the proportion of the time that the
interval contains the true value of interest. Thus, the higher the CP value, the
better the parameter estimate.

Using bias alone as a performance measure to compare the parameter esti-
mates of models is not a good practice because a biased estimator with a small
variance may outperform an unbiased estimator with a large variance. Simi-
larly, MSE or CP alone cannot evaluate the performance of models accurately.
Hence, the MSE criterion along with bias and CP, have been used in this re-
search study to evaluate the performance of the models.

2.5 Simulation study

The joint random effect model for the analysis of two non-clustered survival
responses in the presence of censoring is considered in this simulation study.
The shared frailty model under different parametric survival distributions by
changing the frailty term distribution simultaneously is examined through a
simulation study by considering various combinations of parameters with re-
spect to the lower and higher correlation effects of the two survival responses.
The theory behind the joint random effect model was presented in the previ-
ous section. This section explains the approach to carrying out the simulation
study. Results and conclusions are given by examining the performance pa-
rameters of univariate random effect and joint random effect models.

2.5.1 Design outline of the simulation study

Data for the simulation study were generated using R software as follows,

1. A Single explanatory variable (.X;) was simulated with Bernoulli
~ (0.5).

2. Shared random effects were generated as V; ~ N (0,02), V; ~
Gamma (1,1) and U; = \V;.

3. Two Survival times were generated by considering inverse cu-
mulative method with reference to (Bender et al. , 2005), as
hi(t) ~ Exp(1), hi(t) ~ Exzp(2) and hi(t) ~ Weibull(scale =
1, shape = 2), ha(t) ~ Weibull(scale = 3, shape = 4) with
given parameters, selected using a trial and error method to
reduce the complexity of the simulation study.

4. Exponential distribution was used to generate censoring time
with 20% and 40% censoring proportions (Qian et al. , 2010).
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Table 1: Parameters used in simulating data under Normal and Gamma
random effect distributions

Normal random effects
Survival Time Distribution | Correlation | Bo1 | S11 | Bo2 | B2 | A | 0 /k
Exponential 0.92 I 0.3 05[T157]0.1
0.33 I 201 2 0.0T 1
Weibull 0.97 I 0511 05| 1.5]0.1
Gamma random effects
Exponential 0.95 I I I I 0871
0.26 I 201 2 0.0T 1
Weibull 0.95 I 0511 05151

5. Censoring indicator variables d; and d, were obtained with re-
gard to the two survival times indicating 1 if the event occurs
during the study period and 0 if the survival time is censored
by the end of the study period.

6. Finally, the new response variables Y; and Y5 were created by
taking the minimum time point out of survival time and cen-
soring time.

The joint model consists of (1, 5p2, £11 and P12 as fixed effects parameters.
Here, So1 and [y, are intercepts for the two survival responses and 3;; and
(12 are treatment effects respectively. A is the shared constant used in obtain-
ing random effects and o2 is the variance of the normally distributed random
effect. Since there was no valid reference to refer for the parameters, various
combinations of association between endpoints were taken into consideration
as positive high correlation, positive low correlation, negative high correla-
tion, and negative low correlation. Among the set of parameters for each corre-
lation criterion, the set of parameters that gave the highest positive correlation
and the lowest positive correlation was chosen. Obtaining a negative associ-
ation between the two survival responses was a difficult task with reasonable
values for shared constant and the random effect variance, which confirms the
fact addressed in (Ibrahim et al. , 2001) as a limitation of using shared ran-
dom effect in the model. Thus, only positive association was selected for the
simulation study. The following table represents the selected parameters for
the simulation study. Under Weibull survival time distribution, a positive low
correlation could be obtained only with a high variation of random effects and
a very low shared constant, which results in the non-convergence of datasets.
Therefore, only positive high correlation was considered in this data simula-
tion.

The sample size is an important feature of any empirical study of making
inferences and it is also important in simulation studies. In this study, simula-
tions were carried out corresponding to three different sample sizes small (n =
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50), moderate (n = 500), and large (n = 1000). Under each sample size, 1000
datasets were generated by changing the parameters as stated in Table 1.

3 Results and Discussion

The above-explained procedure was followed for each of the three sample
sizes and the models were fitted for 1000 data sets in each case separately.
This section summarizes these results in order to evaluate the performance of
the models.

Table 2: Simulation results under Exponential survival time distribution for
sample size 50, censoring proportion 20%

|5 Normal random effects (Corr(Y7, Y3) =0.92)

Q

5 Bias CP MSE

5 Univariate] Joint Univariate] Joint Univariate] Joint

Bo1] -0.436 -0.432 0.634 0.659 0.230 0.227

B11] -0.209 -0.205 0.984 0.984 0.127 0.124

Boz| -0.463 -0.460 0.621 0.639 0.244 0.235

Bi2] -0.298 -0.293 0.981 0.982 0.213 0.208

Oy -0.058 I 0.0T0

A -0.156 0.429 0.062

Gamma random effects (Corr(Yy, Y3) = 0.95)

Bo1] 0.044 0.011 0.974 0.979 0.049 0.047

Bi1] -0.202 -0.198 0.926 0.946 0.115 0.104

Boz| -0.356 -0.337 0.904 0.957 0.203 0.197

12] -0.288 -0.280 0.881 0.892 0.188 0.181
0.007 | 0.005

When sample size increases, only a mild improvement in the results could
be observed, and with the increase of the proportion of censored observations,

Table 3: Simulation results for positive low correlation under Exponential
survival time distribution with Gamma distributed random effect for sample
size 50, censoring proportion 20%

8 Corr(Y1, Y5) =0.26

Q

5 Bias CP MSE

& | Univariate] Joint Univariate] Joint Univariate] Joint
Po1| 0.054 0.031 0.774 0.745 0.031 0.046
P -0.177 -0.117 0.741 0.752 0.254 0.232
Boz| -0.229 -0.185 0.652 0.741 0.234 0.211
Pia| -0.279 -0.220 0.611 0.612 0.248 0.199
A 0.009 1 0.166
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parameter estimates were more deviated from the true values irrespective of
the distribution used. When dealing with real-life applications in survival anal-
ysis, analyzing a larger dataset is a rare situation. Thus, focusing on these as-
pects, only the results with the smallest sample size (50) and 20% censoring
proportion are given in Table 2, Table 3, and Table 4.

When looking at the results shown in Table 2 and Table 3, it can be noticed
that both univariate and joint models significantly performed well, showing
relatively low bias, high CP, and minimal MSE under the joint model com-
pared to the univariate models’ results.

When focusing on the bias, both models of univariate, and joint random ef-
fect models acted similarly since there was not any significant variation in all
models. It should be noted that all the bias values calculated for the parameters
under normal random effect distribution are negative, interpreting an under-
estimation.

The simulation study was extended under normal random effect distribution
to capture parameter estimates with positive low correlation (p = 0.33). But
the simulation results that correspond to the initial parameters (8y; = 1, 811 =
-2, B =1, P12 =2, 0,=1and A = 0.01) had converging issues. Therefore,
those simulation results were not presented. With gamma random effect dis-
tribution, both positive high and positive low correlations could be obtained
without any convergence issues and more satisfactory results were obtained
compared to the simulation results with normal random effects.

With the insight of results, the joint random effect model performed compar-
atively better than univariate models under exponential survival time distri-
bution. As per the prior results of the simulation under exponential survival
time distribution, Table 4 indicates that the joint random effect model per-
formed better than univariate models even with Weibull survival time distri-
bution with respect to the performance indicators of relatively lower bias, high
CP, and minimal MSE.

When comparing the results obtained under normal random effects and gamma
random effects, it is visible that under Weibull survival time distribution, sim-
ulation results with normal random effects outperform the simulation results
obtained with gamma random effects.

In summary, the simulation study indicates the suitability of the proposed joint
random effect model over the univariate models in each and every combina-
tion presented in the study.
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Table 4: Simulation results under Weibull survival time distribution for
sample size 50, censoring proportion 20%

|5 Normal random effects (Corr(Y7, Y3) = 0.97)

)

g Bias CP MSE

E Univariate| Joint Univariate| Joint Univariate| Joint
Bo1| -0.134 -0.006 0.937 0.977 0.059 0.053
511 -0.080 -0.072 0.976 0.988 0.088 0.083
Bo2| -0.073 0.046 0.950 0.968 0.060 0.049
B12] -0.039 -0.031 0972 0.983 0.089 0.082
oy 0.045 0.493 0.026
A -0.016 0.969 0.001

Gamma random effects (Corr(Y7, Y3) = 0.95)

Bo1] 0.821 0.785 0.375 0.343 0.796 0.606

Bi] -0.140 -0.098 0.983 0.960 0.220 0.183

Boz| 1.071 1.034 0.029 0.249 1.313 1.115
Bi2]| -0.062 -0.031 0.919 0.938 0.280 0.206
A -0.406 0.593 0.225

4 Conclusion

This section summarizes the final outcomes of the simulated data sets with
limitations of the study and suggestions for possible further work.

4.1 Shared frailty model for analyzing multivariate survival data

Multivariate survival analysis which has become a popular area of study in the
research field is the targeted topic in this paper. There has been much research
on analyzing various forms of multivariate lifetime data, such as multilevel
data, recurrent event data, and competing risks. For simplicity, the bivariate
nature has been taken into consideration in most of the past studies as well as in
this research. However, analysis of non-clustered multiple survival responses
where each study unit experience more than one event has taken less attention.
Thus, this research was able to fill that gap by introducing a joint random ef-
fect model, where the frailty term of one survival response is a multiplication
of the other frailty term. Since all the subjects share the frailty terms with the
same constant for the two survival responses, the name “shared frailty model”
was given to the proposed joint random effect model. This model was fitted
under Exponential and Weibull survival time distributions, also by changing
the frailty term distribution to be Normal and Gamma.

With respect to the above requirements, thirty-six sets of data were simulated
having 1000 datasets in each. The joint random effect model was compared
with the univariate models that were fitted for the two survival responses sep-

TASSL ISSN-2424-6271 117



J.C. Liyanage and G.H.S. Karunarathna

arately to achieve the objectives of the study.

With regard to the simulated results under the changes of distributions, cen-
soring proportions, and sample sizes, it was confirmed the suitability of the
joint random effect model, in analyzing non-clustered correlated survival re-
sponses with the presence of censoring. Other than the demonstrated results,
AIC values that were fitted for the models, also confirmed the suitability of
the joint random effect model by giving a smaller AIC compared to the total
of the two AIC values obtained with the univariate models.

Apart from that the results interpreted, Gamma distributed random effects to
be more suitable with Exponential survival times and Normal random effects
with Weibull survival times.

4.2 Limitations of the study

There were a few limitations when carrying out this study.

* Only positive association between the two survival responses
could be captured with the use of shared random effects

» Was able to obtain negative associations with high variances
and low shared constants (high negative values), which are
considered to be extreme values, and thus, the convergence
of datasets was difficult

* As PROC NLMIXED only allows normal random effects, to
capture non-normal random effects, i.e. gamma random ef-
fects, probability integral transformation was applied. To fol-
low the steps, scale and shape parameters were fixed to 1

4.3 Suggestions for further work

The following suggestions can be made for further work of this study.
» Extend the study by considering the Copula model
 Use correlated frailty terms instead of shared frailty terms

» Compare the model performances by changing different ac-
ceptable values for the parameters with more correlation struc-
tures

* Further, apply different frailty term distributions other than
normal and gamma distributions
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