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ABSTRACT

Sample surveys are used to estimate interest about the population parameters.
But, the objective of this study is to estimate about the sub-populations
(termed domain). The proposed method is based on direct generalized
calibration estimator for domain total using auxiliary character. The
properties of the estimators also studied using simple random sampling
process. It is also evaluate a class of estimators for domain total. A
comparative study of the proposed estimator is given theoretically in the
support of the problem. It was found that that the high level calibration
approach better than the low level calibration approach with respect to
(Sarndal et al. 1992, appendix B). A real data set is used to illustrate our
methodology.

Keywords: Calibration Approach, Domain, Direct Estimator, Auxiliary
Character, Ratio and Regression Estimator.

1. Introduction to Research Problem

Sample surveys are basically used to estimates the information for population
parameters. But, we are seldom estimates the information for the sub-
population (domain) rather than the population. The imminence of estimation
of domain parameter has become very elegant regarding the formulation of the
program and policy. The main idea of the domain estimation is that, the
number of sufficient sampling units available in the study domains, and to
gain in the desire level of the accuracy for the estimator. In this relation,
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imminence books (Sarndal et al., 1992 and Rao, 2003) have been discussed
about the small area estimation. | consider generalized linear regression
(GREG) estimator for domain total which depends on the single auxiliary
character x and use calibration approach under different sampling procedure.
The main idea of the use of calibration estimator is to improve the efficiency
of the estimator with help of the available information of the auxiliary
character. (Horvitz and Thompson, 1952) have been contributed to estimate

the population total using usual sampling designs with weights d; =1/7; is
given by
A n
Yyr = _Zldi Yi 1)
i=
Later by using new weights w; and proposed the calibration estimator for
population total has been discussed (Deville and Sarndal, 1992)
A n
Yps = _zlwi Yi (2)
=
where, W; is nearer to d; under the calibration equation with available
auxiliary character
n
=
With the assumption that the minimum chi-square type distance function is
given by
2
n (w; —d;)
=1 W0

(4)

where, Q; is suitable chosen constant, and using the calibration equations (3)

and (4) with help of the Lagrange’s multiplier A, the new weight is obtained
using the calibration functions is given by

0 (w, —d, ) 0

ZM—M(X—ZdiXi]:O (5)
i1 WG, i1

Partially differentiate w.r.to A and equate to zero, then substitute the value of A

in the Equation (3), then we have

W =d, + ndiini (X _idixij (6)
> dig;x? =
i=1

Substitute in the Equation (2), then the new estimator is given as:
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. n 2digixy; n
Yps = 2dy; +'_,11—(X _Zdixij
i=1 Zdiqixiz i=1
i-1

The estimation of variance of the Equation (7) has been considered at two
levels using calibration approach which are ratio and regression. Various
estimates using the low level calibration approach have been considered
(Sarndal, 1996) in which they utilize only available single auxiliary character
x for population total. However, in the high level calibration approach, use of
population total as well as available variance for the auxiliary character.

(7)

2. Methodology
In the present context, | am studying the sub-population characters. In this
connection, the estimation of domain total has been considered by (Tikkiwal

et al., 2013). Let us consider pre-defined a" domains Q, :{a =1,2,........ A}
where,
A
Ql+QZ+QS+ ............ QA:zQa (8)

Probability sample of a” domains s,{s, = Q,} is drawn with known
sampling design, p(.). The inclusion probability of i"" unit for a™ domains,
7i o = P{i, €5,32>0, the inclusion probability of j unit for a" domains,
7ia =P {ja €5,3>0 and the inclusion probability of i and j" units for a"
=P{i,and j, €s,}>0 9)
The propose direct generalized regression estimator of domain total is given
by

j

domains, 7jj,,

A Na
YPD,a = _zglwi,a Yia (10)

1=
It is obtaining weights of the a™ domains Wi, (i=12,........... ,N, ) which is
close to d; ., under the assumption, and property of unbiased of the Horvitz

and Thompson estimator. It got the value of the new weight w; , using the

calibration estimator for Equation (10). (Deville and Sarndal, 1992) estimator
has been discussed for population character. But here, | apply in the case of
the domain. The calibration equation of the domain total using the auxiliary
character x is given by
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ZWla |a:Xa (11)

Under the assumption of minimizing the chi-square type distance function is
given by

%‘: (Wi,a - di,a)2
i1 Wjalia

where, q;, is suitably chosen constants, now proceeding using the

(12)

calibration equations (11) and (12), the new weights obtained by using the
calibration function:

f(w,, 4, )= iw—zz [x —Zd,a,aJ 0 (13)

i=1 |aq| a 1

Partially differentiate w.r.to A, and equate to zero, then substitute value of

A, in the Equation (11), then we have

d o .Xx n
Wi,a = di,a +nalyaq#)(lya(xa _Zdi,axi,a] (14)
Zwi,aqi,axiz,a =
i=1

Now substitute in the Equation (10), then the new form of the proposed
calibration estimator is given by

zdlaqla |aya|

PDa Zdlayla ”a [X Zdla |aj (15)

2
Wi,aqi,axi,a
i=1

o5

3. Estimation of Calibration Estimator for Domain

3.1 Estimation of Variance of the GREG Using Low Level
Calibration Approach

Using variance of the population total using the calibration approach for
population total has been discussed (Yates and Grundy, 1953)

I ~ 1nn
VYG(YDS)zi_zl.leij(diyi _djyj)2 (16)
i=1j=
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n
Ty — T R n Zdiyi
where, D;; = 71[ ‘,iij,ei:yi_ﬂxiandﬂ:'?_
! 2dix;

i1

It may also write for estimation of the domain total:

A A 1n n
Vve (Yep,ps,a) == E:EDlja( |ayi’a_dj,ayj’a 17)
T AT o — Ty
Where, D, LIS LE LT
Tij,a

Zdlayla

:yia ﬂa ia and :Ba _na—'

Zdla |a

Special cases of the variance of the propose estimator is given as follows:

X Zd|axlay|a
Case (i)YYG,l,a zdlayla na—( zd'a 'aj
Zdl alia

if g, =1 (Regression estimator) (18)

Zdl ayl a l
Case (i) Yygoq = = X, if g, =—— (Ratio estimator)

Na ! "

.Zldi,axi,a ha

i=

(19)
The variance of the members of the proposed estimator using Equation (16) is
given as:

A 1 na na )
V(YPD,DS,a)_ ZZZDua( |a_Wj,aej,a) (20)
i=1j=1
Tja~Tiajia : | N
where, Du a—T 17 1,€a=Yia _:Baxi,a (21)
ij,a

The Equation (18) may be written in the other form which is given as:
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A A 1NaNa| Tiin — 7T; 47T ; A Na
V(YPD,a,DS) = Z Z(MJ(di,aei,a - dj,aej,a)2 + lIIal(xa - Zidi,axi,a)
i=

2i=1j=1 Tija

2
n n
+\Pa2(xa_ﬁdi,axi,aj (22)

1=
where,
Na Ng

Z z Dij,a(di,aei,a -d j,aej,a )(di,aqi,axi,aei,a -d j,aqj,an,aej,a)

5 i=1j=1

Yy = Na )
Z‘idi,aqi,axi,a
j=:
(23)
Na Na
22 Dij,a(di,aei,a —dj.€ja )(di,aqi,axi,aei,a —d j,an,an,aej,a)
LI"] , = i=1j=1
a

Na 2 2
Z(Edi,aqi,axi,aj

(24)
Special cases 1: Value of the Equation (18) under the SRSWOR
Ny na(na _1)
Tig =Tja=——andm, =————-= (25)
1,a J.a Na 1J,a Na(Na—l)
- NZ(@1-f,)na
V(Y. e 26
L( YG,l,a) na(na _1) 5 i,a ( )
A n
where,e; , = y;, — X ,and f, = 2
a
- N2 f,)m , (X, )
Vi (Yygoa)=—2—22>8",| == | ,isaspecial case of (22) (27)
2 n ) 5%,
_ ) N
where, €, = Via —X—axiaand Xy =—23%,
' ' a N, i=
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The estimator V, (YAYG,Z,a) is a special case of the estimator of variance of the
ratio estimator of domain total (Deng and Wu, 1987)

- N2 T o (Xa )
Vi Vyosa) = —2——2L5e2 | 22 | for g=2 ”
L(Mve3a) na(na —1) i=1 |,a(an ’ -

9
A X
where, e, =V, — /X, and expand [){‘J and neglecting third and
a
higher, we have

9 2
)Ea =|1+g >fa ~1|+9g(g-1 )Ea ~1] +.... (29)
Xa Xa Xa

X
If [ 2 ] =1, it reduces into linear form of the class of estimators (28)
a

N a% (1_ fa ) @ 2
na(n, -1 )

Which is similar to the es.timator\7L (\fYG’l’a) in this situation there is no

VL NYGA,a) =

choice of an improved efficiency of the estimation of variance of the ratio and
regression estimator and there is no any other option of q; , which reduces to
(7). Estimation of variance of GREG of domain total is obtained which is near
to a class of estimators have been proposed (Deng and Wu, 1987). This idea is
also applied for estimation of domain character. The next section devoted to
the high level calibration approach which is consist of the low level calibration
approach as a special case. The efficiency of the high level calibration
estimation is more preferable than the low level calibration approach.

3.2 Estimation of Variance of GREG Using High Level Calibration
Approach

Calibration approach is used to estimate the variance of the GREG estimator
for (9). The weight D;; . using (Yates and Grundy, 1953) for estimation of

variance for domain total is given in the Equation (12) are calibrated such as

ij,a
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the estimator of variance for the auxiliary character is exact variance. The
proposed estimator for domain total is given by

1 na Na

V\(YAPD,DS,a) = E_zlzlgij,a (WLaei,a —Wja€ja )2 (31)

i=1j=
where, Qij’a is the modified weights which is related to (Yates and Grundy,
1953) form of the estimator and very close to Dij’a with respect to the

calibration equation is given by
1 na Na 5 A A
521 _ZIQij,a (di,aei,a —d j,aej,a) =Vye (X HT,a) (32)
i=lj=

where
Vi ()2 HT,a):%:\ig(ﬂi,a”i,a —”ij,a)(di,axi,a _dj,axj,a)2
Represent the known variance of the estimator of the auxiliary total
X, :@Z&;xi'aj is given by X, :_NZjdi,axi’a on right hand side. To
i= i

compute the value of (17), we need to either information on every unit of the
auxiliary character for the interest domain or it may be obtained by the past
survey or specific pilot survey, census register or administrative records. The
known variance of the auxiliary character has been discussed (Das and
Tripathi, 1978), (Singh and Srivastava, 1980), (Srivastava and Jhajj, 1980,
1981) and (Isaki, 1983). (Singh, et al., 1995) have reviewed class of estimators
for unknown population parameters, making use of the known variance of

auxiliary character. The idea of an adjustment of weight Dij’a has discussed

(Fullar, 1970) via regression type estimation tools. | restrict ourselves to the
two dimensional chi-square type distance D, of n, xn_ grids formed by the

and D

new domain weight Q ijafori, j=12,... n,, is given by

ij,a
2
_lham (@42~ Dya)
2 i=1j=1 I:)ij,a Qij,a

For a" domain Qjja =1, it reduced to linear regression estimator and

D (33)

1 . . .
Qij 2 = — , reduce to ratio estimator, also some other types of choice can be
, X,

possible. My aim is to minimize (33) under the restriction that (32), the then
modified weights for the a™ domain is given by
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R 1 na Na 5
Qij,a - DIJ a + Pa {VYG(X HT,a) zlle” a( i,a la _dj,axj,a) :|
= J_
(34)
2
where, P, = (d' Xia ~dja%; a) .
1 Na Na
*ZZDanua( dja ja)
i=1j=1
For optimum choice of the Lagrange Multiplier A, given as
n 1 ha Na 5
VYG(XHT,a) lelDlja( |a |a_dj,axj,a)
Ay = 1= . (35)
1 Na Ng 4
*Z ZDUaQU a( iaXia _dj,axj,a)
i=1j=1
Now, substitute the value of Q,J afrom (34) in (31) then regression estimator
is given by
Vss (XGREG,a ) =Vys (X DS.a )"‘ Pa B/YG (X HT.a )_VYG (X HT.a )] (36)
Where,
Na Na 2 2
_Zl_leij,aQij,a(di,aXi,a _dj,axj,a) (Wi,aei,a _Wi,aei,a)
A i=1j=
Pra="wm - (37)
zlzDanlja( _dj,axj,a)
The special cases of the higher level calibration are given as follows:
Case 3211 If q;, = = , low level calibration weights and
ia
l - - - - th -
Qija = > high level calibration weights for a" domain
(dl aXI a d j,an,a)
and the proposed estimator reduced to
2
- NZ(1-f,)m , (X, ) [SEa
Vi (Y y=—2— 2 3ye | 2 ’ 38
H\'YG la na(na _1) = i,a Xa Sia ( )
where, s> ——%(X —X )2 and S2 —;’\f(x - X )2 I
1 9x,a (na —1)i=1 i,a a X,a (Na _1) = i,a ajj o

know sample variance is an unbiased estimator for domain variance.
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Case 3.2.2: If g; , =1, low level calibration weights and Q;;, =1, for all i
and j for each domain and | got

A A N-(L—f 5 n 5 2.
VH(YG,Z,a):ﬁgela"'Wla(x Xa)""//z,a(xa_xa) +l//3,a(sf,a_
(39)
where,
. nilnilDua( ia |a dja ja)(qlaqlaxlaela dj,aqlaxlaeja)
Via = : na ) ( Zdla |aj
Eldi,aqi,axi,a
(40)
ng n
. Zallza;Dua(qlaqla i.aCia dj,aqlaxl aeja)2 2
V2a = == . 2 ( Zdla |aJ
a
2[i:zldi,aqi,axi2,aj
(41)
. NZ(1- f Xa—Xa X2 =X
V3a = naa( a) . (Xi,a_xj,a)(ei,a_ej,a)+( : iax '23
na_z(xi,a B Xj,a) _zxi,a
i=1 i=1
(42)

From the equations (38) and (39), it is clear that the high level calibration
estimator is not same as given by Deng and Wu (1987). These estimators are
member of a class of estimators for estimating variance of the GREG has been
discussed (Srivastava and Jhajj, 1981)

- s N2(1-f, ) X, Sia
Vs (YYG,z,a)—(ﬁizleiz,aJL[ = J (43)

Xa Sx,a

where, L(.,.) is a parametric function such that L(1,1)=1 and satisfied certain
regularity conditions. The Equation (43) is superior to the Equation (17),
(Srivastava and Jhajj, 1981)), the Equation (21) and (Deng and Wu, 1987).

IASSL ISSN-2424-6271 19
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4. Class of Estimators of Domain Total

| consider u = X Zd.a i 2 and V:V(XHT,a)\i(XHT,a) , a class of

estimator is given as:
n n 1 "a Na
VSS(YYG,Z,a) { ZZDIJa( la i,a djaeja) }L(U’V)' (44)

where L(u,V) is a parametric function of u and v for example L(1,1)=1and

which pose the following regularity condition:
1: The function L(u,v)exists for all the values of (u,v) and it contains the

points ( /Zd, aXia ( HT,a) \7()2 HT,a)jin a bounded subset D of two

dimensional real spaces.
2: The first and second order partial derivatives of L(u,v)exists and are

continuous and bounded.
There are so many members of the class of estimator which pose the regularity
conditions. But here some member of the class of estimators for domain total
which exist are given as

a _1+a(u—l) _
L(u,v)=u*v”, L(u,v)_m, L(u,v)=1+a(u-1)+ A(v-1) and

L(u,v):{1+a(u—1)+,8(v—1)}_1 are special cases of the higher level
calibration approach where, o and £ are unknown parameters involved in
the function L(u,v). In each of the estimators value of the constants ¢ and /3
are different in the Equation (44) leads to the asymptotic same variance has
shown by (Srivastava and Jhajj, 1983) and (Singh and Singh, 1984). The
extension of the present estimators using two phase sampling has been
discussed by (Hidiroglou and Sarndal, 1995). But, here | consider for
estimation of the domain total. The next section is devoted to the studied the

performance of the proposed estimator using both calibration approaches
through comparative study.

20 ISSN-2424-6271 IASSL
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5. Comparative Study

Comparative study via theoretically is also a view to show the
performance of the proposed calibration estimator of domain total, the
variance of the high level calibration approach and the low level calibration
approach of the ratio estimator from equations (38) and (42) for a™ domain are
given as:

2
- NZ(L-f)m , (X, ) [Sia
Vi Vg 1a )= 2o ta)ste2 | Za | ] X 4
H(YG,l,a) na(na _1) Eel,a Xa Sia (5)
and
2
. (o NZ(L-f,)ma , [ X
VLY. =2 &8 el | =2 46
L(YG,l,a) na(na _1) iglel'a Xa ( )
SZ
If,[ ;’a}<1 (47)
Sx,a
ie. \7H (YAYG,l,a )< \7|_ (YAYG,l,a ) (48)

The comparison between low level calibration approach and high level
calibration approach of the regression estimator from the Equation (39) and
(41) for a™ domain is given as:

A

Vil )- 25(1— fa)

(49)
And
2
\7L (YAYG,Z,a): %__fi)) inéeiz,a + l/}l,a (xa - )Za )+ l/}z,a (Xa - >Za )2 (50)
From Equation (47), (Sf’a - sf,a): —-ve
i.e. \7H (YAYG,Z,a)<\7L (YAYG,Z,a) (51)

Hence, High level calibration is a better choice than the low level calibration
approach for both ratio and regression estimator of a™ domain total.

IASSL ISSN-2424-6271 21
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6. Simulation Study

For the purpose of simulation study, | have taken a real data set (Sarndal et al.
(1992), in appendix B). In which | take only four geographical areas
(domains) (1, 2, 7 and 6) out of the eight geographical areas (domains) 1, 2, 3,
4,5, 6, 7 and 8. The study domains have sizes 25, 48, 15 and 29. | select a
sample of approximately 20% units from each domain by study and auxiliary
character y and x. The variance of the estimator for domain total of low level
calibration approach and high level calibration approach of the ratio estimator
and generalized estimator for a” domain total are obtained which are given in
the equations (45), (46), (49) and (50) section of the proposed estimator.

Study character and auxiliary character are given as:
y= Population 1985 (in thousands), x= Population 1975 (in thousands)

Table 1: The value of the variance of the ratio v, (v,q,, ), V,, Vs, ). and
regression estimators v (v, ,., ): v, (Vs ) fOr domains (1, 2, 3 and 4):
Estimator Domain Values

1 2 3 4
Vi Visra) 471503 568342.3 997231.3 1270265
Vi Viera) 42210.6 589590.1 970261.2 110055.2
VL(YYGZa) 49521.4 5913234 | 1004598.7 1370265
( = a) 45356.7 582127.6 984123.4 121037.9

It is obtained from the table 1 that the variance of the ratio estimator using
high level calibration is less than low level calibration approximately (3% to
15%) for the domains. It is also seen, that the variance of the regression
estimator using high level calibration is less than the low level calibration
approximately (2% to 13%) for the domains (1, 2, 3 and 4). Hence, high level
calibration approach is better than the low level calibration approach for both
the estimators.

7. Results and Discussion

The important points are obtained which are given as follows:
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1. It is obtained that from the equations (26) and (27), low level ratio
calibration estimator is lower than the low level regression estimator of a™
domain and from the equations (48) and (51) high level ratio calibration
estimator for domain total is lower to high level regression estimator for
domain total.

2. It is seen that high level calibration approach is better than low level
calibration for both the estimator ratio and regression estimator for domain
total.

3. It is obtained that from real data using simulation study, theoretical
point is justified through simulation study. The variance of the high level
calibration approach is less than the low level calibration approach for all
domains.

4. It is also seen that proposed estimator is a better choice than the (Deng
and Wu, 1987) estimator for domain mean and the proposed estimator for
domain mean is a special case of the GREG by (Srivastava and Jhajj, 1981)
given in the Equation (43).

8. Conclusion

The High level calibration approach is used when the variance of each domain
of the auxiliary character is known. The proposed direct generalized
calibration estimator for domain total gives good option when sufficient
number of the units present in the interested domain. It is option that high
level calibration approach is better option to low level calibration via
theoretically and empirically.

The proposed calibration approach may apply for domains problem such as
health related problem (COVID-19), environmental problem and welfare
program in the deprived area of the country.
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