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ABSTRACT

In this paper, we consider Bayesian estimation for the parameters of bivariate
weighted exponential Distribution based on generalized exponential distribution
(BWEGE). The BWEGE has four parameters, two scale parameters and two shape
parameters, which makes it more flexible to describe different types of real data
than its sub model, the three-parameter bivariate weighted exponential distribution
with weighted exponential marginal (BWE distribution). This four-parameter
BWEGE has explicit joint probability density and distribution function. The Bayes
estimators of the parameters under squared error loss function are obtained using
the Lindley’s approximation method due to the lack of explicit forms of estimators.

Keywords: Bivariate Weighted Exponential Distribution; Bivariate Bayesian
Estimation; Quadratic Loss Function.

1. Introduction

A shape parameter may be introduced to an exponential distribution in many ways
and the different methods result in variety of weighted exponential (WE)
distributions. For example, the gamma distribution, and the generalized exponential
distribution are different weighted versions of the exponential distribution. Gupta
and Kundu (2009), introduced a shape parameter to an exponential model using the
approach of Azzalini (1985), which resulted in a new class of WE distributions.
This new WE model has the probability density function (PDF) whose shape is very
close to the shape of the PDFs of Weibull, gamma, log-normal and generalized
exponential distributions. Therefore, this model can be used as an alternative to any
of these distributions. It was observed that the proposed weighted exponential
distribution is very flexible and can be used quite effectively to analyze positively
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skewed data and censored data. Al-Mutairi et al (2011) considered a new bivariate
absolute continuous distribution whose marginals are WE distributions and called
this new bivariate distribution as the bivariate distribution with the weighted
exponential marginals (BWE). This BWE has three parameters, two scale
parameters and one shape parameter. It was observed that this three-parameter
BWE distribution has several desirable properties and it can be used as an
alternative to the several three-parameter absolute continuous bivariate
distributions. Mahdavi, et al. (2017) introduced an additional parameter to the above
distribution and constructed a new flexible model, the four parameter weighted
bivariate exponential distribution and they named it as bivariate weighted
exponential Distribution based on generalized exponential distribution (BWEGE). It
has two scale parameters and two shape parameters, which makes it more flexible to
describe different types of real data than its sub model, the three-parameter bivariate
weighted exponential distribution with weighted exponential marginals (BWE
distribution). Several properties of BWEGE distribution have been established by
them. It was found that the joint probability density function (PDF) and the joint
moment generating function (MGF) can be expressed in explicit forms. As the
maximum-likelihood estimators (MLES) of unknown parameters cannot be obtained
in explicit forms, they were obtained by solving four nonlinear equations. For
illustrative purposes, they have analyzed the real bivariate data set using the
BWEGE model and it was observed that BWEGE provides better fit than BWE
model. Moreover, the generation of random samples from the BWEGE is
straightforward.

In this paper we consider the Bayesian estimators of the parameters of BWEGE.
The Bayes estimators of the parameters under squared error loss function are
obtained using the Lindley’s approximation method due to the lack of explicit forms
of estimators. The rest of the paper is organized as follows. In section 2 we
presented the model. In Section 3 we derived the Bayesian estimators of the
parameters of BWEGE. In Section 4 we calculated the proposed estimators for a
numerical data.

2. Bivariate weighted exponential distribution with weighted
exponential marginals

The random variable X is said to have weighted exponential distribution with the
shape and scale parameters as o > 0 and A > 0 respectively and denoted by WE(a,
L), if it has the following PDF

fy (X a,l) o+l e (1-e ), x=0 @
(94
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Note that the WE(a, A) can be obtained by Gupta and Kundu (2009) exactly the
same way Azzalini (1985) obtained the skew- normal distribution from two
independent and identically distributed (i.i.d) normal distributions. Suppose X1 and
Xz are i.i.d exp(}), i.e. an exponential distribution with mean 1/A, then for o > 0
consider a new random variable X = X, if aX1> X». Then X follows WE(a, X) . It is
observed that the PDF of WE(a, A) is unimodal, and it has increasing hazard rate for
all values of a.

Al-Mutairi et al (2011) introduced a three parameter absolute continuous bivariate
distribution with weighted exponential marginal denoted by BWE(LA1, A2, A3) .

A bivariate random variable (X1, X2) has the BWE distribution if the joint pdf of
(X1,X2) is as follows:

fxl,xz (X1, %,) = % g Mg (1—9_%2), X 20,x, >0
3

where z=min{x,,x,}and A =4, + 4, + 4,
)

Mahdavi, et al. (2017) introduced an additional parameter to the above distribution
and constructed a new flexible model, the four parameter weighted bivariate
exponential distribution. A bivariate random variable (X1, X;) has the bivariate
weighted exponential Distribution based on generalized exponential distribution
(BWEGE) with positive parameters A1, A2, A, 0 if the joint pdf of (X1,X2) is as
follows:

/1 =4 X] 4~ X -al
fux, (X %;) :m e e (1-e77), x,20,%,20 3)

. +2 p . .
where z=min{x,,X,} and & A 7 2 and B(a,b):Jta‘1 (1-t)"*dt s the beta function.
0
Note that when 6=1, BWEGE reduces to three parameter BWE.

The generation of random samples from the BWEGE is straightforward. The
following result may be used to generate random samples from the BWED.

Result: Suppose Ui ~ exp (A1), Uz ~ exp(X2) and V~ BE(6, A+1, a), and they are
independently distributed, where BE is the beta exponential distribution introduced
by Nadarajah and Kotz (2006).1f we define X;= U;+V and X,= Up+V, then
(X1, X2) ~ BWEGE (A4, A2, 0, 0) with joint pdf

/11/12

foo (X, X)) = ——2  gug R (1) x>0 x, >0 4
xl,xz( 11 %) 1B(%,0+) ( ) 1 2 (4)

1
where z=min{x,, x,} and 2 Atk and B(a,b)= J t* (1-t)"*dt s the beta function.
a

0
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3. Bayesian estimators of the parameters of BWEGE

In this section, we discuss the Bayesian estimators of the unknown

[N

parameters........ We have bivariate sample of size n’:
D ={(Xy1, X51), (Xp24 X0 )eees (Xpy X5, )} from BWEGE with pdf (3) .

The likelihood function is obtained as

=— 2‘1 12 - p Mg 4" egigllog(lfe’z‘“) (5)
A'[B(4,0+1)]

L=1(0| x)

The form of the likelihood suggests a prior for (A1, A2, A, 0) with density

g (Q) —k /lel—lﬂzpz—le—llﬂh g oM =% (A+1) g ~fol [ﬂ(/l, 0 +1)]—Uo
(6)

Here m,m,,p, p,.v,.,, 5, are the hyperparametersand are all positive.
Thesymbol k stand for the normalising constant.

So that the posterior density turns out to be
F(O]x) oc A7 25 e e e e A [B(A,0+ D] ™

where z, =, - > _log(l—e ™)
i=1
m =m +Y,, my=m,+Y, ,p; =Nn+p,, p,=N+p,, v=N+0,

If the R.H.S of (7) is denoted by Iy, then the Bayes estimator of a function
U= U(A1, A2, A, 8) under squared error loss function is the posterior mean
and is given by

ijjuuv%w%e)hd%dﬂzdide

M Ao

[]]1d4dzd2de

Iy 20

which cannot be obtained in closed form. Therefore, in such a situation, we resort to
the use of a numeric integration technique such as Lindely’s approximation. Lindely
(1980) developed an approximate procedure for the evaluation of the ratio of two
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integrals. This procedure, applied to the posterior expectation of the function U (1)

foragiven X, is

j U(4)e®?dA

E(U () %)= [

, where Q(4)=1(2)+p(4) ©)

I(1)is the logarithm of the likelihood function and p(A4) is the logarithm of the
prior density of A.

Using Lindely’s approximation, E(U DY )_() is approximately estimated by

E(U(4)/x)=U +%ZZ(uij +20,0,)0; +%ZZZZ L 00U, + termsof ordern”* or smaller  (10)
i ] K

For the four parameter case, Lindely’s approximation leads to

4
E(U (®)/X):U ©) +;ZUiiO-ii +Uy0y U0y +Uy 0y, +U 30, +U 09 +U 0 +

=]

Alp +a)+A (0, +3,)+ Ao +25) + A (o, +2,) (12

Where
| v . _op. __ 2
oA, " an04,00,

i onon, YT 6a,

]

©=(4,4,40); U,

a;+p;=oyly;toply; touly; +touly; +o;+
2(012 L12j +O—13Ll3j + 0oy L14j +O'23L23j 0y L24j +O'34L34]))
and
A, =U0,+U,0,,+U;0,;+U,0,,

for j =1,2,3,4.

From equations (5) and (6), we obtain logarithm of likelihood and logarithm of
prior as follows:
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1(©) =logL=-4Y,-1,Y, +nlog 4, +nlog 2, -nlog A —nlog ﬁ(/i,9+1)+9z|og[1_efzia]

p(0) =log g(0) = -m 4, —m,2, +(p; ~1)log 4, +(p, ~1)log 2, ~v, log (4,0 +1) -, (4 +1) - 5,0

Then

p -1 _ P, — :
pL=—M + 1/11 ; P, =—M, + 222 d
ps =0 WD) -w(A+0+D)]-a,;  p,=-0,lw(@+) -y (2+6+1)]- 5,

(13)
where w(x) is the digamma function.
-n_0 n Z e ZZ e (e -2z _1)

- ﬂl f Flem) e‘”‘) e ﬂq PG e

3 4z 2t

L121 = L112 = JE 21: a e(l ieza) 1): L221 )
n 2 -

L141 = 114 ="77 z el

— (1 e ) 224

L Z” e ) a0 +2,) -2 T 22 (G + e
131 113 (1 3 e_zia )4 223 123

_-n nozle™ 28 e e (g7 —1)
L, —Tg_?;m, Ly, = ﬂ, - z (1 e’”’)

Ly ==l () -y G0+ - A TR S B E S [0+ 2) - 2200-7)]

-1 (l e’”‘)2
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L, =-ny'(@+1) —y'(@+1+ )], Ly, = -nw"(@+1) —yw"(0+1+ 1)],
Ly, =ny"(A+0+1)

1& z2e™

Luw =L =0=Lgy =Ly, Ly =Ly =Ly = __Zﬁ
e )

Liss = Lus = Lo = Zzie_zia (zia—1+e ™) =Ly, =Ly =Ly, , o are

i=1

obtained using L;

In Equation (11), choose U= A1, U= X,, U= A and U= 0 respectively to obtain the
Bayes estimators of A1, A2, A and 6 under squared error loss function. Thus Equation
(12) reduces to

E(4/X)=4 + 0 (p, +8,) + 0 (0, +8,)+ 0y (0, +85) + 0 (0, +8,) (14)
E(A, 1X)=4, + 0, (p, +8,) + 0 (0, +,)+ 0 (05 +8,) + 0, (0, +8,) (15)
E(A1X)=A+ (o, +8,)+0,(0, +8,)+ 0y (0, +85) + 0 (p, +a,) (16)
E(0/x)=0+ 0y, (p, + )+ 0y (P, +8,) + 03, (05 +3;) + 04 (P, +2,) (17)

where all the functions at the R.H.S are to be evaluated at the MLE’s.

4. Data analysis

In this section, we consider a real-data example from Al-Mutairi et al. (2011) which
consist of scores from 25 first graduate students in Probability-1 and Inference-1 of a
premier Institute in India. The data set is presented as follows:

X1: 58, 55, 85, 87, 22, 23, 25, 93, 51, 62, 53, 32, 43, 47, 30, 88, 59, 49, 42, 71, 41,
82,75, 93, 37

X2: 89, 90, 59, 50, 25, 29, 54, 62, 39, 25, 89, 32, 33, 63, 38, 77, 55, 41, 31, 66, 57,
32,43, 88, 34

Since the smallest values of Akaike information criterion (AIC) and Bayesian
information criterion (BIC) are obtained for BWEGE distribution, Mahdavi, et al.
(2017) fitted the same data to the BWEGE and obtained the MLE of the parameters
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and we used the same estimated values for deriving our Bayesian estimators. Using
equations (14) -(17) we derived the Bayesian estimators for the same data and are
reported in Table 1.

Table 1. Estimated parameters for the score data set

Parameters M A2 A 0
MLE 0.0485 0.0597 216.4 1
Bayesian 0.0398 0.0488 2215 0.99

5. Comparison between MLE and Bayesian estimators

Monte Carlo simulation method is used out to assess the performance of MLE and
Bayesian estimator. The BWEGE distribution with parameter A;= 0.08, A, = 0.09, A
=230 and 6 = 1 is used for the simulation. The bias and mean squared error (MSE)
of the estimators are calculated and the obtained values are presented in Table 2. It
is observed that the MSE of the Bayesian estimator was less as compared to MLE.
Hence Bayesian estimator is preferred to MLE.

Table 2(a). Bias and MSE (in brackets) of MLE

0.06747 0.09230 0.20651 0.35225

(0.00610) (0.01079) (0.05587) (0.14337)

Table 2(b). Bias and MSE (in brackets) of Bayesian estimator

0.02730 0.03548  0.08023 0.15520

(0.00108) (0.00184) (0.00845) (0.03652)
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