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ABSTRACT

The generalization of linear programming is a fractional programming where the objective
function is a proportion of two linear functions. Likewise, in fractional transportation
problem the aim is to optimize or improve the ratio of two cost functions or damage
functions or demand functions. Since the ratio of two functions is considered, the fractional
programming models become more appropriate for dealing with real life problems. The
fractional transportation problem (FTP) plays a very important role in supply
management for reducing cost and amending service. In real life, the parameters in the
models are rarely known exactly and have to be evaluated. This paper investigates the
fractional transportation problem (FTP) with some discount cost that avails during the
shipment time. The transportation problem, which is one of integer programming
problems, deals with distributing any commodity from any group of 'sources' to any group
of destinations or 'sinks' in the most effective way with a given 'supply' and 'demand'
constraints. The volume of goods to be transported from one place to another incurs some
discount cost that could effectively reduce the shipment cost which is directly related to the
profit associated with the shipment. This paper is aimed at studying the optimal solution
for the problem has been achieved by using Karush-Kuhn-Tucker (KKT) optimality
algorithm. Finally, a numerical example is illustrated to support the algorithm.

Keywords: Fractional Programming, Transportation Problem, Non-linear Programming,
Karush-Kuhn-Tucker (KKT).
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1. Introduction

Fractional Programming Problem (FPP) is a mathematical language used for describing the
optimization problems. It is based on parameters, decision variables, objective function
(rational form) subject to various types of constraints. FPP is an extension or
generalization of linear programming problem where the objective function is in the form
of ratio with linear constraints. The fractional programming problem has received the
interest of many researchers due to its application in numerous essential fields such as
production planning, financial and corporate planning, health care and hospital planning. It
can be seen in many practical optimization problems where the objective functions are
quotients of two functions which are used to achieve the highest ratio of outcome to cost,
profit to time, profit to cost, output to employees, return to cost, actual cost to standard cost
and minimizing inventory to sales, cost to time, student to teacher ratios etc., where the
ratio representing the highest efficiency of a system. Several methods were suggested for
solving this problem such as the variable transformation method Charnes and Cooper
(1962) and the updated objective function method by Bitran and Novaes (1973).

Transportation problem is one of the most widely used applications of mathematical
programming. Mainly, transportation problem is concerned with shipping methods or
selecting routes in a product distribution network among the manufacturing plants and
distribution warehouses situated in different regions or local outlets. In literature, it has
been used in number of ways. The problem commonly faced in the distribution of goods
from various supply points to different destination points is known as the transportation
problem, first studied by Hitchcock (1941). Dantzig (1951) adapted the simplex method to
solve the transportation problem formulated earlier by Hitchcock. Charnes et al. (1954)
derived an intuitive presentation of Dantzig’s procedure called the stepping-stone method
which follows the basic logic of the simplex method but avoids the use of the tableau and
the pivot operations required to get the inverse of the basis.

Originally, Swarup (1966) studied a fractional transportation problem under the
assumption that the denominator is always positive and it has an important role in logistics
and supply chain management for reducing cost and improving service. Transportation
problem with discount cost has been studied by many researchers viz., Shetty (1959)
formulated an algorithm to solve transportation problems taking non-linear costs. He
considered the case when a convex production cost is included at each supply centre
besides the linear transportation cost. Dhingra, et al.(2012) have proposed an algorithm to
solve multi-objective fractional bottleneck transportation problem with restrictions. Haruna
et al. (2012) gave an algorithm for a transportation problem with non-linear discount cost
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and applied this algorithm successfully on GALCO Company Limited (Kumasi,
Ghana).Jain et al. (2012) have studied the time minimizing transportation problem with
fractional bottleneck objective function. Nuran et al. (2012) have obtained a solution
proposal to the interval fractional transportation problem. Acharya et al. (2013) developed
a new algorithm for obtaining the optimum solution of discounted generalized
transportation problem. Ekezie et al. (2013) focused on the application of transportation
problem with volume discount on distribution cost using Porthar Court Flour Mills
Company.

Mubashiru (2014) focused on the model of the non-linear transportation problem for a
particular company in Ghana, where he used KKT optimality algorithm to solve the
company’s problem. Singh (2015) have studied the multiple-objective fractional costs
transportation problem with bottleneck time and impurities. Saifet al. (2017) have
discussed the uncertainty in linear fractional transportation problem. Sadia et al. (2018)
have considered a multi-objective fractional transportation problem in fuzzy environment.
Liu (2016) have presented a fractional transportation problem with fuzzy parameters. A
non-linear version of the transportation problem with a fixed number of sources was
studied by Cosares et al. in (1995). Other approaches to the non-linear variants of the
transportation problem were discussed by Ilich et al. (2001), Jo et al. (2007), Klansek et
al.(2010)and Anholcer (2015).

In this paper, we have proposed a method for fractional transportation problem to find out
the per unit profit associated with each shipping along with some non-linear discount cost.
We have also used KKT condition to get the optimal solution. The methodology has been
verified through a numerical example.

This paper is organized in the following way. In Section 1, we have presented a
background study of fractional programming problem and transportation problem. In
Section 2, preliminaries used for solving fractional transportation problems and the KKT
optimality condition have been discussed. In Section 3, algorithms for solving the
fractional transportation problems are presented. The effectiveness of the algorithm is
proven by the practical application in section 4. Finally, in section 5, concluding remarks
are outlined.

2. Preliminaries

This research seeks to apply the existing general non-linear programming algorithms to
solve the problem. Before formulating the problem of interest, it is necessary to have a
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good understanding of the background of non-linear programming which is reproduced
here from Mubashiru (2014):

2.1 Polyhedral Sets

A set P in an n dimensional normed vector space E™ is called polyhedral set if it is the
intersection of a finite number of closed-half spaces, i.e. P={X :PX <a.,i=1,2,...,m}

where, P is a non-zero vector in E" and @, is a scalar. A polyhedral set is a closed

>0

convex set and can be represented by a finite number of inequalities and/or equations.

We consider the polyhedral set {x: AX =b, X>0}; where, A is an m x n matrix and b is

an m-vector, also assume that the rank of A is m. If not, assuming that AX=Db is
consistent, we can leave aside any redundant equations. Let P be non empty convex set in

E". A vector X € P is called an extreme point of Pif X = X, +(1— )X, with X and X,
elements of P and S € (0,1).

Theorem 1: Let P={x:Ax=Db, x>0} be a non-empty polyhedral set in E"where, A

ism x n matrix of rank m, and b is an m vector. A point x is an extreme point of P if and
only if A can be decomposed into [B, N] such that,

Lol o)

where, B is an m x n invertible matrix satisfying B™'b > 0.Any such solution is called a
basic feasible solution for P. The number of extreme points of P is finite.

Theorem 2 (Existence of extreme points): Let P={x:Ax=Db, x>0}be a non-

emptypolyhedral setin E" where, A is an m x n matrix of rank m and b is an m vector. Then
P has at least one extreme point.

2.2Extreme Direction

Let P be a non-empty polyhedral set in E" . A non-zero vector d in E" is called direction
or recession direction of P if X+ £d € P for each X € P and for all £ > 0. Therefore, it

follows that, d is a direction of P if and only if Ad =0 and d > 0.
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Theorem 3(Characterization of Extreme Directions): LetP ={x: Ax=Db, x>0}be a
non-empty polyhedral set in E" where, A is an m x
n matrix of rank m and b is an m vector. A vector d is an extreme direction of P if and

only if A can be decomposed into [B, N] such that B‘laj < 0 for some column a; of N and

B-la,

e.

d is a positive multiple of d :(
]

J where, €; is an n-m vector of zero except for in
position j which is 1.

Theorem 4(Representation theorem):Let P={x:Ax=Db, x>0} be a non-
emptypolyhedral set in E"and let X, X,,..., X, be the extreme points of P and d,,d,,...,d,

be the extreme direction of P. Then X € P if and only if x can be written as:
K |
X=> BX + > 70,
j=1 i=1

k
D Bi=1 20, 5,20
j=1

Theorem 5(Existence of Extreme directions): Let P ={x: AX=Db, x>0} be anon-

empty polyhedral set in E"where, A is an m x n matrix with rank m. Then, P has at least
one extreme direction if and only if it is unbounded.

2.3The Karush-Kuhn-Tucker (KKT) Optimality Condition for Non-Linear
Programming Problem (NPP)

Given the non-linear programming problem:
(NPP) min f(x)
st. g:(x) <0, i=12,..k (1)
hj(X)=0, j=12,...1

In the following subsections, we have discussed about the necessary and sufficient
optimality conditions of KKT.
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2.3.1KKT Necessary Optimality Conditions

Theorem 5: Given the objective function f : R'—Rand the constraint functions are g, : &
— Rand hj ‘R >Rand | = {i: gi(x*) = 0}. In addition, suppose they are continuously
differentiable at a feasible point x* and Vg,(x") for iel and Vh;(x") for
j=1,2,...,1 be linearly independent. If x* is minimize of the problem (NPP), then there
exist scalars/Ti, i=1,2,...kandz;, j=12,..,I minimize called Lagrange multipliers,
such that,

k |
AF(X)+ D A4VG, (x)+ > 1, Vhi X =0
i1 i1

49;(x)=0,%20; 7, eR
Further, iff and g; are convex, each h;as affine, then the above necessary optimality

condition will also be sufficient.

2.3.2 KKT Sufficient Optimality Conditions

Let X be any feasible point different form x*. From the first KKT conditions, we obtain,
* * K - * ! * *
VE (X)X - )=—LZ&Vgi<x )+ 2 H, V(X)X =X )J
i=1 j=1

Since, each g, (X) is convex, A, >0, we have, Vh; (xXH(x=x)=0Vj.

Also,
> A9g,0)x=x) < D Al0,00 - 9,06)]= VX )x=X) 2 =3 46,02 0

rom convexity of f(X), we get,
f(X)— f(X)>0< f(x")< f(X)for any feasible X.
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2.3.3 KKT Optimality Condition for Fractional Transportation Problem

The general fractional transportation problem is modeled as:

m

P(X) i ZZ P X; + Py

i=1 j=I

CX) Zm:Zcijxij +c,

i=1 j=1

Max (or Min)Z =

n
st. D % <a,i=12,..,m

2T
vV
=
Il
\:—‘
o
3
N

2

We suppose that D(X) >0, VX=(X;) €S, where, S denotes a feasible set defined by

constraints. Further, we assume thata; >0,b; >0, i=12,...,m; j=L12,..,nand total

supply is not less than total demand, i.e.,

iai = ibj
= =

The fractional transportation table can be represented as:

0Z(X) z® ],

X, | i 1 1

0Z(X) e

aXiJ oo oo | |

0Z(X) oz | . |,

axnl o o axnm " "
b, o L] b,
v, U IO A

where, X is the current basic solution.
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The Lagrange function for the non-linear fractional transportation is formulated in the

form:

Z(X, A, W) :%er(b— AX) — AX

where, 4 and w are Lagrange multipliers and 4 € R™
The optimal point X should satisfy the KKT conditions:
X
vz -vP® a0
c(X)
AX=0, 1>0,Xx>0.

Specifically, for each cell (i, j), we have,

o0z  8Z(X)
— =—"2—(u,Vv)(e,8,,;
x  ox, YN ’

] 1

A% =0, %20, 4; 20.

where,k =1,...,nmand w=(u,v)=(U,,U,,...,U,V,,V,,...,V.),e, eR™™ is a vector of

> Yo

)_ﬂ’ij =0 3)

zeros except at position kK which is 1. From the condition (3) and A > 0, we get,

Z_2Z®) s
x;  oxy !
u£= i aZ(X)—ui -Vv; =0, x; 20
OX; OX;

General solution procedure for the NTP:

e Initialization: Find an initial basic feasible solution X .

e lteration: Step 1- If X is KKT point, stop. Otherwise, go to the next step.
Step 2- Find the new feasible solution that improves the cost function and go to step 1.

3. Algorithm for Solving Non-linear Fractional Transportation Problem

Step (1): First convert the problem into L&J form.
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Step (2): Find the initial basic feasible solution of the FTP by using anyone of the well-
known method for solving transportation problem.

Step (3): Determine the value of objective function at X i.e.Z = %

Test for Optimality (or improvement):

After obtaining the initial feasible solution, the next step is to test whether it is optimal or

not. If the solution is non-optimal, then we improve the solution by exchanging non-basic

variable for a basic variable. In other words, we rearrange the allocation by transferring

units from an occupied cell to an empty cell that has the largest net cost change or

improvement index and then shift the units from other related cells so that all the rim

(supply, demand) requirements are satisfied. This is done by tracing a closed path or closed

loop.

Step (4): Add au;to the RHS of the transportation tableau and an Vv; at the bottom of

the tableau.
Step (5): Determine the values of U; and V; by using the relationship,
of
— =U; +V,
OXg.
ij

. . of
We can determine the values of U;andV; by assigning one U;’s the zero value. Also, 8_
Xp
ij

values can be obtained from non-linearity condition defined earlier, where X are the basic
ij

variables.

oz

ij
aXNBij

Step (6): If —U; -V, >0for all X. non-basic, X is KKT point.

ij

Otherwise, go to step (7), where, X\, are the non-basic variables.
ij

Step (7): Check the following given conditions:

—_— i : . .
L Ifall o, 0, the solution under test is optimal and unique.
ij

2. Ifall

> 0, with at least one

g, g,

= 0, the solution under test is optimal

and alternative solution exist.
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3. Ifat least one <0, the solution is not optimal.

Xng,
oz . | OZ(X . .
Calculatea— = mm{# —(u; +v; )}XrI will enter the basis. Allocate X,, = @, where,
Xn Xij

0 is found as in the linear transportation case. Adjust the allocation so that the constraints

are satisfied. Determine the leaving variable say, X, , where, X, is the basic variable

Brk ’
comes to zero first while making the adjustment. Then, find the new basic variable and go
to step 1.

The feasible set of our problem is a non-empty polyhedral set. And by definition, a
polyhedral set P is a set bounded with a finite number of hyper planes from which it
follows that it possesses finite number of extreme points. In each step of the algorithm, we
jump from one extreme point to another looking for a better feasible solution implying that
the algorithm will terminate after a finite iteration. In addition, since for all i and j,

0 < x; <max{a;,b;}, P is bounded that guarantees the existence of minimum value.

4. Numerical Example

In this section, we consider a computational study of the above solution procedures.
Emphasis will be given to a FTP where discounts are given to volume on quantity of goods
transported which is concave in nature. Consider the following FTP with profit and
shipping cost. We formulate the problem to maximize the per unit profit associated with

shipments. Profit matrix P =|| p; ||, which determines the profit p; gained by a

transportation company if a unit of the good is shipped from supply point i to demand
point j are shown in Table 1.

Table 1: Profit associated with shipments, where A, B, C and D are sinks and E, F
and G are sources with cost (in Rs.) of shipments

A | B | C | D |Supply

E 12 | 18 | 10 | 14 150
F 10 | 14 | 16 | 10 250
G 11 8 17 | 11 200

Demand | 100 | 250 | 100 | 150 | 600
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Cost matrix C = ¢; ||,,.,, which determines the cost C;; of shipping a unit of the good from

supply point i to demand point j are shown in Table 2.

Table 2: Cost of shipments (in Rs.) where A, B, C and D are sinks and E, F and G are
sources

A | B | C | D | Supply

E 17 | 14 | 18 | 10 150
F 12 8 15 | 14 250
G 15117 | 14 | 12 200

Demand | 100 | 250 | 100 | 150 | 600

Due to some shipping policy, there is a discount cost D =|| d;; | ., associated with each

mxn

shipment and it is directly related to the unit of commodity purchased and transported and
the discount (%) are shown in Table 3.

Table 3: Discount Cost (%) where A, B, C and D are sinks and E, F and G are
sources

A B C D
E | 0.02 | 0.03] 0.05 | 0.02

F | 0.03 | 0.01 | 0.005 | 0.02
G | 0.014 | 0.04 | 0.013 | 0.04

If we suppose that discount cost associated with each shipping from i to j, then the non-
linear fractional transportation problem can be formulated as follows:

12X, +18X,, +10X,; +14Xx,, +10X,, +14X,, +
Max 7 — P(X) _ 16X, +10X, +11%;, 48Xy, +17X;; +11x,,
C(x) 17x, +14x, +18%,; +10%,, +12X,, +8X,, +
15X, +14X,, + 15X, +17X;, + 14X, +12X;,

subject to constraint
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X, + X, + X5 + X, =150,
Xy; + Xy + X3 + Xy, =250,
X3, + X5, + X35 + Xy, = 200,
X, + Xy, + X5, =100,

X, + Xy, + X5, =250,

Xj; + X3 + X33 =100,

X4 + X,y + X, =150.

X; >0,1=123; j=1,2,3,4.

Therefore, we get the following terms of cost function:

Py 2 P,; 2
X :0-71X11_d11X11’ d X23:1-1X23_d23X23’
11 23
P, 2 P,4 2
—=X,, =1.28%,, —d, X}, , —=X,, =0.71x,, —d,, X5,
12 24
Pis 2 P, 2
—=X;; = 0.55%,; —d,;X3, —=X;, =0.73%;, —d;,X3,,
13 31
P4 2 Ps, 2
d_X14 =1.4x, - d14X14’ - X5 = 0-47X32 _d32X32’
14 32
P, 2 P33 2
—=X,, =0.83x,, —d, X5, —= X3y =1.22X;;, —d,5X5;5,
21 33
p22 _ 1 75 d 2 p34 _ 0 92 d 2
Xy = 170X, =0,,X55, X3y =U.92X5, —03,X5, .
22 34

If we allow the discount on each transported product i from the source to each of the

destination j as given in Table 3, the cost function becomes:

%xn = 0.71x,, —0.02x, %XB
11 23

Py —128x,-0.03x2, Pasy |
12 24
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%xw = 0.5, — 0.05X2, %xﬂ = 0.73%,, —0.014x%,,
13 31

P14 _ 2 P;, _ B 2

— X, =1.4x%,, —0.02x%,,, —=X;, = 0.47X;, — 0.04x;,,
d14 32

Paiy  =0.83x,, - 0.03%2, Pss g —122x,-0.013%2,

d21 d33

a2y —175x, - 0.01%2, Py —0.92x,, —0.04x2,.
d22 34

Using any known method for solving transportation problem, we get the initial basic
solution. The solution tableau is shown below:

Table 4: Solution Tableau

A B C D Supply
12 50 13 10 100 14
D
150
17 14 13 10
10 | 50 |14 50 16 10 | 150
E
12 8 15 14 250
11 8 200 17 11
F
15 17 14 12 200
Demand 100 250 100 150 600

From the Table 4, the initial basic feasible solution is:
X =(50,0,100,0.50,50,0,150,0,200,0,0)
And the value of objective function at X is:

7 P(X) 12x50+10x100+10x50+14x50+10x150+8x200
C(xX) 17x50+18x100+12x50+8x50+14x150+17 %200

= 0.6448.
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Now, we use the KKT optimality conditions to improve our solution. The partial
derivatives at X for the required function are given as:

a—Z:—1.29,a—z=1.28,a—z=—9.45,—=1.4,6—Z=—2.17,6—Z=O.75,
aXl 1 aXl 2 aXl 3 aXl 4 aXZ 1 aX22
oz =1.1, oz =—5.29,a—Z=0.73,a—Z:—15.53,a—Z=1.22,a—Z:0.92.
OXy3 0%y 0X5, OX OX35 OX;,4

Next, we find the cost equation of the occupied cell using the equation

oL

—=U,+V,

OXg

ij

Using the above values of partial derivatives, we get,

Z
92y +v, =u, 4y, =129,
Xy,

z
Z 4, by, s, 4y, =217,
OX,,

Z
(’ﬂ_zuﬁv4 =Uu, +v, =-5.29,
2

Z
G2 v, =, v, =945,
OX3

Z
6—:u2 +Vv, =>u, +v, =0.75,
0X,,

z
a—:u3+v2 =>Uu,+v,=-15.53.
0Xs,

Letting U, = 0 in the above equations, we obtain the following values:

u, =0, u, =—0.88,u, =—17.16,
Vv, =—129,v, =1.63,v, =-9.45,v, = —4.41

Next, we find the net evaluation factor or reduced cost for the non-basic variables using the

following equation:
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Therefore, after substituting the values of U,, U,, U, and V,, V,, V;, V, in the above
equation, we get,

oL oZ
=———U, -V, =-0.35, =———U, -V, =5.81,
Q12 aXlZ 1 2 Ql4 8X14 1 4
oL oL
Q2328723_u2_v3:11-43> Q31:6731_u3_\/1:19'18’
oL oL
Q33:aT33_u3_v3:28_33, Q34:ax_—u3—v4:22.99.

34

The presence of negative value for the reduced cost signifies non-optimality. From the
above equations, the minimum reduced cost for the non-basic variable is X,, . Therefore,

X;, should enter the basis since it is the only negative reduced cost. We then move to the

next iteration, the initial basic feasible solution is

X' =(0,50,100,0,100,0,0,100,0,200,0,0) and the value of objective function at X' is:

, _ PO _ 8x50+10x100+10x100+10x100+8x200 _ ..
C(X) 14x50+18x100+12x100+14x100+17x200

Again, we use the KKT optimality conditions to improve our solution. The partial
derivatives at X for the required function are given as:

2 01, %72, % 945, % 14 P 517, %% s,
aXl 1 aXlZ aXl 3 axl 4 6X21 aX22

O 10,9 2 5290, %% 073, 9% - 1553, % 130, % _ .02,
aX23 6)(24 aX3 1 aX32 aXS 3 X34

Next, we find the cost equation of the occupied cell using the following equation:

oL

=U; +V,
2
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Using the above values of partial derivatives, we get,

8—Z:u1+v2 =u, +v, =-1.72, 8—Z:u1+v3 = U, +V; =-9.45,
X12 X13
A A
a—:u2+v1 =u, +v, =-5.17, 8—:u2+v2 =u, +v, =1.75,
0X,, 0X,,
8—Z:u2+v4 =u, +v, =-5.29, a—Z:u3+v2 = U, +Vv, =—15.53.
aX24 aX32

Letting U, = 0 in the above equations, we obtain the following values:

u, =0, u, =347,u, =—13.81,
V, =-8.64,v, =—1.72,v, =—9.45,v, =-8.75.

Now, we find the net evaluation factor or reduced cost for the non-basic variables using the
following equation:

oz
aXNBij

=, —VJ-

Qij

Substituting the values of U,, U,, U, and V,, V,, V;, V, in the above equation, we get,

oz oz
QllZaT”_u]_V1:9-35> Q14=6714—U1—V4:10-15a

oz oz
Q23:aTz3_u2_V3:7'08a Q31:aT31_u3 -V, =23.18,

oz oz
Q3326733—U3—V3=24-48a Q34=6734—U3—V4=23-48-

>0at X' (KKT optimality

Since, all the reduced cost for the non-basic variable

Xng,
point), it means the current solution is optimal. Therefore, from the above mathematical
calculations using KKT optimality algorithm on a hypothetical data, it is observed that the
optimal solution that give maximum achievable per unit profit are the supply of 50 units of

E to B at a discount of 3% , 100 units of E to C at a discount of 5%, 100 units of F to A ata
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discount of 3% , 100 units of F to D at a discount of 2%, 200 units of G to B at a discount
of 4%.

5. Conclusion

In this paper, we have demonstrated that how fractional transportation problem can be
solved efficiently for maximizing the per unit profit. This paper aimed at solving fractional
transportation problem with volume discount on quantity of goods shipped which is a non-
linear fractional transportation problem. We applied KKT optimality algorithm to solve the
fractional transportation problem. Maximization of profit is realized with discounts on
large volumes, which means the determination of the best transportation route that would
lead to low transportation cost and the effective transportation of these goods. This method
can be used in all cases where discount cost, road tax, damage during the transportation is
given. We then conclude that given discount on the cost of shipment could lead to
increased productivity of producers. It provides the decision maker an alternative view to
finding out the positive extent while transporting a product and hence this technique can
contribute significantly to the literature of fractional programming,.

Acknowledgements
The authors would like to thank the anonymous referees for constructive comments on an
carlier version of this paper.

References

1. Acharya D. Basu M.and Das A. (2013). Discounted generalized transportation
problem. International Journal of Scientific and Research Publications, 3(7): 1-6.

2. Anholcer M. (2015). The non-linear generalized transportation problem with
convex costs. Croatian Operational Research Review, 6(1): 225-239.

3. BitranG.R. and Novaes A.G. (1973). Linear programming with a fractional
function. Operations Research,21(4): 22-29

4. CaoB. and Uebe G. (1995). Solving transportation problems with non-linear side
constraints with tabu search. Computers and Operations Research, 22(6): 593—
603.

5. Charnes A. and Cooper W.W. (1954). The stepping stone method of explaining
linear programming calculations in transportation problems. Management
Science, 1(1): 49-69.

TASSL ISSN-2424-6271 203



Sri Lankan Journal of Applied Statistics, Vol (18-3)

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

TASSL

Charnes A. and Cooper W.W.(1962). Programs with linear fractional functions.
Naval Research Logistics Quarterly,9: 181-196.

Cosares S. and Hochbaum D.S.(1994). Strongly polynomial algorithms for the
quadratic transportation problem with a fixed number of sources. Mathematics of
Operations Research, 19(1): 94-111.

Dangalchev C.A. (1996). Partially-linear transportation problems. European
Journal of Operational Research, 91: 623—633.

Dantzig G.B.(1951). Application of the simplex method to a transportation
problem. Activity Analysis of Production and Allocation, 13: 359-373.

Dhingra R. Jain M. Singh, P. and Saxena P.K. (2012). An algorithm to solve multi-
objective fractional bottleneck transportation problem with restrictions. Asian
Journal of Current Engineering and Mathematics, 1: 271-278.

Ekezie D. D. and Opara J. (2013). The application of transportation algorithm with
volume discount on distribution cost (A case study of Port Harcourt Flour Mills
Company Ltd.). Journal of Emerging Trends in Engineering and Applied
Sciences, 4(2): 258-272.

Gupta S. Raina A.A. Ali . and Ahmed A (2018). SAI method for solving job shop
sequencing problem under certain and uncertain environment. Sri Lankan Journal
of Applied Statistics. Accepted (In Press)

Haruna 1. Ahmed M. and Emmanuel A. (2012). The network transportation
problem with volume discount on shipping cost.International Journal of Science
and Research, 3(12): 1840-1843.

Hitchcock F. L. (1941). The distribution of a product from several sources to
Numerous Localities. Journal of Mathematical Physics, 20: 224-230.

Ilich N. and Simonovic S.P. (2001). An evolution program for non-linear
transportation problems. Journal of Heuristics, 7: 145-168.

Jain M. and Saksena P.K. (2012). Time minimizing transportation problem with
fractional bottleneck objective function. Yugoslav Journal of Operations
Research,22(1): 115-129.

Jo J.B. Li Y. and Gen M. (2007). Non-linear fixed charge transportation problem
by spanning tree-based genetic algorithm. Computers & Industrial Engineering,
53:290-298.

KlansekU. and Psunder M. (2010). Solving the non-linear transportation problem
by global optimization. Transport, 25(3): 314-324.

Liu S.T. (2016). Fractional transportation problem with fuzzy parameters. Soft
Computing, 20(9): 3629-3636.

Mubashiru A.S.S. (2014). Transportation with volume discount: a case study of a
logistic operator in Ghana. Journal of Transport Literature, 8(2): 7-37.

ISSN-2424-6271 204



Sri Lankan Journal of Applied Statistics, Vol (18-3)

21.

22.

23.

24.

25.

26.

27.

28.

TASSL

Nuran G. Ybrahim E. Fatih T. Copkun G. and Mustafa S. (2012). A solution
proposal to the Interval Fractional Transportation Problem. International Journal
of Applied Mathematics& Information Sciences, 6(3): 567-571.

Sadia S. Gupta N. and Ali Q. M. (2018). Multi-objective fractional transportation
problem in fuzzy environment. International Journal of Mathematical Archieve,
8(12):197-209.

Safi M. and Ghasemi S.M. (2017). Uncertainty in linear transportation problem.
Int. J. Nonlinear Anal. Appl., 8(1): 81-93.

Shetty C.M. (1959). A solution to the transportation problem with non-linear costs.
Operation Research, 7(5):571-580.

Singh P. (2015). Multiple-objective fractional costs transportation problem with
bottleneck time and impurities. Journal of Information and Optimization Sciences,
36(5): 421-449.

Swarup K. (1966). Transportation technique in linear fractional functional
programming. Journal of Royal Naval Scientific Service, 21(5): 256-260.

Tuy H. GhannadanS. MigdalasA. and Varbrand P. (1993). Strongly polynomial
algorithms for a production-transportation problem with concave production cost.
Optimization, 27: 205-227.

Tuy H. Ghannadan S. Migdalas A. and Varbrand P. (1996). A strongly polynomial
algorithm for a concave production-transportation problem with a fixed number of
non-linear variables. Mathematical Programming, 72(3): 229-258.

ISSN-2424-6271 205





