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ABSTRACT 

In this paper, we propose generalized multivariate ratio and 

regression type estimators of a finite population mean using a linear 

combination of two auxiliary variables and obtain the expressions for 

biases and mean square errors for the proposed estimators. The 

conditions under which the proposed estimators are more efficient 

then the relevant estimators have been obtained. An empirical study 

has been done for the support of the problem.  

Keywords: mean square error, generalized ratio and regression type 

estimator, coefficient of variation, auxiliary variable. 

 

1. Introduction 

An important objective in any statistical estimation procedure is to obtain the 

estimators of parameters of interest with more precision. It is also well known 

that incorporation of more information in the estimation procedure yields 

better estimators, provided the information is valid and proper. Information 

on variables correlated with the study variable is known as auxiliary 

information that may be utilized either at preparation stage or at design stage 

or at the estimation stage to arrive at improved estimator compared to those, 

not utilizing such auxiliary information. For example, if the study variable is 

the quantity of fruits produced in each plot, then auxiliary variable can be the 
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area of the each plot or the production of fruit in the same plot in previous 

year, another auxiliary variable can be the number of workers in each plot.  

Use of such auxiliary information is made through the ratio and regression 

method of estimation to obtain improved estimators of population mean. The 

ratio method of estimation uses the auxiliary information to improve the 

precision which results in improved estimators when the regression of the 

study variable     on the auxiliary variable     is linear and passes through 

origin. When the regression of   on   is linear, it is not necessary that the line 

should always pass through origin. Under such condition, it is more 

appropriate to use the regression type estimators.  

The use of auxiliary information in sample surveys is widely studied in the 

books written by Cochran (1977) and Sukhatme, Sukhatme and Asok (1984). 

Further, the use of supplementary information provided by auxiliary variables 

in survey sampling was discussed by several authors (Upadhyaya et. al, 1999; 

Kadilar et. al, 2005, 2006, 2007, 2009; Bacanli et. al, 2008; Gupta et. al, 

2007; Al-Omari et. al, 2009; Tailor et. al, 2011; Khare et. al, 2011, 2015) 

In this paper, we propose generalized multivariate ratio and regression type 

estimators using a linear combination of two auxiliary variables. The 

expressions for biases and mean square errors of the proposed estimators are 

obtained and a comparison of the proposed estimators has been made with 

the relevant estimators. 

 

2. Materials and Methods  

The classical ratio and regression estimators for the population mean  ̅ of the 

study variables     using an auxiliary variable      whose population mean 

 ̅  is known are given by 

   
 ̅
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   is the regression 

coefficient of   on   ,   is the number of the units in the sample (Cochran 

1977),   
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 are the population mean squares of   and    respectively. 

    
 is the population covariance between   and    (Cochran, 1977). 

The bias and mean square errors of the    are given by 

        (
 

 
 

 

 
) {  

       
        

}                            (3) 



A Generalized Multivariate Ratio and Regression Type Estimator for Population Mean  

IASSL ISSN 2424-6271 21 

      
 

 ̅ 
(
 

 
 

 

 
) {    

      
}                                    (4) 

where,   is the number of units in the population,    
 ̅

 ̅ 
  is the 

population ratio and  ̅ and  ̅  are the population means of the study variable 

  and the auxiliary variable    respectively.  

The mean square error of the regression estimator     is  

         (
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 )                                   (5) 

where,     
 

    

     

  is the population correlation coefficient between    

and   . 

Kadilar and Cingi (2003) proposed the chain ratio estimator using one 

auxiliary variable for  ̅ which is given by 

     ̅ (
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 ̅ 
)
 

                                                    (6) 

where,   is an arbitrary constant. 

Lu J (2013) proposed the multivariate chain ratio type estimator and 

regression type estimator using a linear combination of two auxiliary 

variables which is given as follows: 
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where,    is an arbitrary constant,  ̅      ̅     ̅ and  ̅      ̅  
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negative values (      [
   

   
])              for the     unit of the 

population                                     on the study variable     and  

auxiliary variables (  *
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The mean square errors and the bias of the estimators   and     are given by 
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Differentiating (9) with respect to    and    separately, equating them 

to zero and solving the equations, we get 
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Similarly, differentiating (11) with respect to   , equating it to zero and 

solving the equation, we get 
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Putting the optimum value            
  in the    and   , we have  
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Now putting the optimum values            
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   ̅     
  

 
  
         

 

 
  
 ,                                  (20) 

where,   
 

 
  

  and    is the coefficient of variation of     

 

3. The Proposed Estimators and Their Mean Square Error (MSE) 

We propose a generalized multivariate ratio type estimator      and 

regression type estimator    ) for the population mean  ̅ in simple random 

sampling using a linear combination of two auxiliary variables, which are 

given as follows 
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The expressions for the MSE of the proposed estimators          up 

to the term of order    are given as follows: 

        (
 

 
 

 

 
) [         

    
 (  

   
    

    
   

    
  

              
)                                        (        

         
)] ,

                                     (23) 



Sanjay Kumar and Priyanka Chhaparwal 

24 ISSN 2424-6271  IASSL 

      (
 

 
 

 

 
) *

        

 
(  

   

 ̅ 
   
    

   

 ̅ 
   
       

  

 ̅ 
     

)  

       (
  

 ̅ 
    

 
  

 ̅ 
    

)+                                         (24)                                     

 

        (
 

 
 

 

 
)         

      
  ,                           (25) 

where, 

   
   ̅ 

   ̅         ̅ 
     

 
       ̅ 

   ̅         ̅ 
     

  
(             )

 

  
 (  

    
    

    
            )

   
    

Differentiating (23) with respect to    and    separately, equating them 

to zero and solving the equations, we get 
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Similarly, Differentiating (24) with respect to   , and equating it to zero 

and solving the equation, we get 
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Putting the optimum value            
  in the     and   , we have, 

        
  

  ̅ 

  
  ̅  (    

 ) ̅ 
   

                                         (29) 

        
(    

 ) ̅ 

  
  ̅  (    

 ) ̅ 
   

                                          (30) 

   
  

(  
        

     )
 

  
 (  

     
    

     
     

   
      )

    
                             (31) 

Now putting the optimum values            
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Many estimators turn out as special cases of           which are given as 

follows: 

(i) Putting      in (20) then the proposed estimator    reduces to 

Searls’ estimator   ̅ . 



A Generalized Multivariate Ratio and Regression Type Estimator for Population Mean  

IASSL ISSN 2424-6271 25 

(ii) If   =1 and      then the proposed estimator    reduces to 
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(iv) putting       in equation (20), the proposed estimator    

reduces to Li J estimator  

    ̅ [
   ̅     ̅ 
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(v) putting   =1,       and     , then the proposed estimator 

   reduces to traditional ratio estimator     
 ̅

 ̅ 
 ̅  , 

(vi) if      ,     and     , the proposed estimator   reduces 
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  ̅ (

 ̅ 

 ̅ 
)
  

   

(ix) Putting       in (21), the proposed estimator    reduces to 

Searls estimator   ̅  , 

(x) putting      in (21), the proposed estimator    reduces to          

       ̅      
  ̅   ̅  , 

(xi) putting      in (21), the proposed estimator    reduces to          

       ̅      
  ̅   ̅  , 

(xii) putting     ,      in (21), the proposed estimator    

reduces to traditional regression estimator       ̅  

    ̅    ̅   . 
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4. Comparison of the Proposed Estimators with the Relevant 

Estimators 

On comparing the                 with    ̅   and other relevant 

estimators, we get certain conditions under which the proposed estimators 

have less mean square errors than the relevant estimators and the conditions 

are as given below: 
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5. Determination of the Sample Size for a Fixed Cost 

One aspect for choosing the sample size so that the available resources are 

used in an effective way is to maximize the precision of the estimator for a 

fixed cost.  

Let    be the total coat (fixed) of the survey apart from the overhead 

cost. The cost function    can be written as 

      ,                                                     (44) 

where,    is the cost per unit in the sample. 

Since    will vary from sample to sample, so the expected cost can be written 

as 

                                                          (45) 

The expression for    {    }                           can be written 

as follows: 
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where,       ̅                                        

    
   

                                    and               

    and     are the coefficients of the terms of 
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 respectively in 

the expression of     {    }  

To find the optimum values of   and minimum values of    {    } in case 

of the fixed cost     , let us define a function   which is given by 

      {    }    {        }         ,                   (47)   

where,    is the Lagrange’s multiplier. 

Now, differentiating   with respect to    and equating it to zero, we get, 

  √
   

      
                                                     (48)    

Putting the value of   in (44), we get 

√   
 

  
√                                                     (49) 

Putting the value of    in (48), we get 



Sanjay Kumar and Priyanka Chhaparwal 

28 ISSN 2424-6271  IASSL 

  
  

  
                                                         (50) 

It has also been seen that the determinant of the matrix of second order 

derivative of   with respect to   is negative for the optimum values of    The 

minimum value of    {    }  for the optimum value of   are given as 

follows: 

   {    }    
     

  
 

   

 
                                     (51) 

Neglecting the term of order     , we have 
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6. Determination of the Sample Size for a Specified Variance 

Another aspect for choosing the sample size so that the available resources 

are used in an effective way is to minimize the cost of the survey for a 

specified variance.  

Let    be the variance of the estimator fixed in advance, then we have, 

   
   

 
 

   

 
                                                   (53)   

The total cost apart from overhead cost is minimized by obtaining the 

optimum value of   and for specified precision     . For this purpose, we 

defined a function    which is given as follows:    

         [   {    }    ]                                  (54)  

where,    is the Lagrange’s multiplier. 

After differentiating    with respect to   and equating it to zero, we get, 

  √
     

  
                                                    (55) 

Putting the value of   in (53), we get 

   
     

  
                                                        (56) 

Putting the value of    in (55), we get 

  
   

  
                                                        (57) 

It has also been seen that the determinant of the matrix of second order 

derivative of    with respect to   is negative for the optimum values of    

which shows the solution for   given by (55). 

We can obtain the value of   for which the estimator    {    } attains the 

variance    with expected cost given by 

 [   {    }   ]  
     

  
                                      (58) 
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7. Empirical Study  

The data on physical growth of 100 fish (Laengelmavesi on Lake, near 

Tampere, Finland) has been taken under study. Our goal is to estimate the 

average weight of fish and it is also well understood that incorporation of 

more information in the estimation procedure yields better estimators. So for 

the purpose, the study variable    , auxiliary variable      and the additional 

auxiliary variable      are taken as follows: 

 - weight (in g) of the fish,  

  - Length from the nose to the beginning of the tail (in cm), 

  - Length from the nose to the notch of the tail (in cm). 

Since the auxiliary variables are positively correlated with the weight of the 

fish, the information on these two auxiliary variables will yield better 

estimators.  

The values of parameters of the population are given as follows: 

 ̅          ̅         ̅          
               

  

          
              

             
              

         

 

 

From Table 1, we see that the proposed estimator    has minimum mean 

square error than  ̅     and other special cases of the estimators. The 

proposed estimator    has minimum mean square error than  ̅       and other 

special cases of the estimators. Also the proposed estimator    has minimum 

mean square error than      Further, we observe that the special estimator 

    
 has minimum mean square error than the estimators        and   . Also 

the estimator      has minimum mean square error than         
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Table 1: Relative efficiencies of different estimators 

 ̅                   
         

       and      (for the fixed values of           ).  

Estimators Efficiency (MSE) 

 ̅  (eq. no. 20) 100.00 (790.52) 

   (eq. no. 21) 625.212  (126.44,              ) 

   (eq. no. 7) 618.873 (127.74) 

   (eq. no. 22) 
625.137 (126.46,          

      ) 

    (eq. no. 8) 618.878 (127.74) 

    
(special case no. viii) 492.98 (160.38)  

   (special case no. vi) 487.99 (162.00)  

  (special case no. ii) 254.95 (310.07) 

  (special case no. v) 251.11 (314.82 ) 

    (special case no. x) 493.93 (160.05) 

    (special case no. xii) 488.99 (161.67) 

  

Figure1: MSE of different estimators for different value of    and     
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Figure2: MSE of different estimators for different value of   
 . 

We obtained the values of mean square error of the proposed estimator    and 

   for different values of    and    respectively. Similarly, the values of 

mean square error of the proposed estimator    for different values of   
 . 

After plotting the mean square errors of the estimators       ̅       

                   and         , we observe from figure 1 that the 

proposed estimator    has minimum mean square error than  ̅     and   . 

Similarly from figure 2, we observe that the proposed estimator    has 

minimum mean square error than  ̅      and    .  

    

From table 2, we observe that the proposed estimator    is more efficient than 

 ̅     and other special cases of the estimators. The proposed estimator     is 

more efficient than  ̅       and other special cases of the estimators. Also the 

proposed estimator    has minimum mean square error than    . Further, we 

observe that the special estimator     
 has minimum mean square error than 

the estimators        and   . Also the estimator      has minimum mean 

square error than          

 

   𝜌 
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Table 2: Relative efficiencies of different estimators 

 ̅                   
         

        and      (for the fixed cost           and        ) 

Estimators      Efficiency (MSE) 

 ̅  (eq. no. 20) 50 
100.00 

(2371.573) 

   (eq. no. 21) 50 
625.212 

(379.323) 

   (eq. no. 7) 50 
618.870 

(383.210) 

   (eq. no. 22) 50 
625.136 

(379.369) 

    (eq. no. 8) 50  
618.876 

(383.206) 

    
(special case no. viii) 50 492.98 (481.07) 

   (special case no. vi) 50 487.99 (485.99) 

  (special case no. ii) 50 254.95 (930.21) 

  (special case no. v) 50 251.11 (944.45) 

    (special case no. x) 50 493.93 (480.14) 

    (special case no. xii) 50 488.99 (484.99) 

From table 3, we observe that the proposed estimator    has minimum cost 

than  ̅     and other special cases of the estimators. The proposed estimator 

   has minimum cost than  ̅       and other special cases of the estimators. 

Also the proposed estimator    has less cost than    . Further, we observe that 

the special estimator     
 has minimum cost than the estimators        and 

  . Also the estimator      has minimum cost than           

 

8. Monte Carlo Simulation Study  

In the present Monte Carlo simulation study, we consider another data set on 

physical growth of upper socio-economic group of 100 school going children 

of Varanasi under an ICMR study, Department of Pediatrics, B.H.U., during 

1983-84 has been taken under study. The study variable    , auxiliary 

variable      and the additional auxiliary variable      are taken as follows: 

 - weight (in kg) of the children,  

  - chest circumference (in cm) of the children, 
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  - skull circumference (in cm) of the children.  

 

The values of the parameters of the      and    variables for the given data 

are taken as follows: 

 ̅         ̅         ̅           
          

          
  

         

    
          

           
          

          
          

 

Table 3: Expected cost of different estimators  ̅                   
          

       and      (for the fixed variance                 ) 

Estimators      Expected cost 

(Rs.) 

 ̅  (eq. no. 20) 79 158.10 

   (eq. no. 21) 13 25.28 

   (eq. no. 7) 13 25.54 

   (eq. no. 22) 13 25.29 

    (eq. no. 8) 13 25.54 

    
(special case no. viii) 16 32.07 

   (special case no. vi) 16 32.40 

  (special case no. ii) 31 62.01 

  (special case no. v) 32 62.96 

    (special case no. x) 16 32.00 

    (special case no. xii) 16 32.33 

  

From the population of 100 schools going children of Varanasi, a sample of 

different sizes 25, 35, 45 and 60 are taken by simple random sampling 

without replacement. The above process is replicated 1000 times. Simulated 

mean square error of                             are calculated as follows: 

    {    }  
 

    
∑ {       ̅}

     
    , 
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Table 4: Simulated percent relative efficiencies (with respect to  

 ̅ ) of different estimators                  for the fixed values of               

(                   

E

st. 

   

25 35 45 60 

 ̅  
100.00 

(4185.74) 

100.00 

(2249.81) 

100.00 

(2132.10) 

100.00 

(1034.99) 

   
364.36 

(1148.78) 

366.74(61

3.46) 

396.32 

(537.97) 

433.14 

(238.95) 

   
361.43 

(1158.12) 

357.98(62

8.48) 

387.64(55

0.02) 

427.61 

(242.04) 

   
361.62 

(1157.51) 

372.31(60

4.28) 

402.44(52

9.79) 

437.47 

(236.46) 

    
360.68 

(1160.52) 

366.27(61

4.28) 

394.69(54

0.19) 

432.39 

(239.37) 

    
 

295.82 

(1414.95) 

271.59(82

8.37) 

320.99(66

4.23) 

334.96 

(308.99) 

    
291.45 

(1436.17) 

265.61 

(847.03) 

316.87(67

2.87) 

333.30 

(310.53) 

   
269.93 

(1550.67) 

255.53(88

0.46) 

308.87(69

0.28) 

330.05 

(313.59) 

   
268.65 

(1558.07) 

251.02(89

6.28) 

306.26 

(696.17) 

329.05(314

.54) 

     
314.55 

(1330.71) 

307.99 

(730.47) 

382.10 

(557.99) 

396.85 

(260.80) 

     
313.56 

(1334.91) 

306.63(73

3.72) 

380.75 

(559.97) 

395.78 

(261.50) 

*Figures in parenthesis give mean square errors of the estimators. 

 

From table 4, we see that the proposed estimator    has minimum mean 

square error than  ̅ ,    and other special estimators. The proposed estimator 

   has minimum mean square error than  ̅ ,     and other special estimators. 

Also the proposed estimator    has minimum mean square error than      The 

special estimator      has minimum mean square error than the estimators 

       and   . Also the estimator      has minimum mean square error than 

      Further, we observe that when the sample size increases, the mean 

square errors of the estimators decrease.      
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9. Conclusions 

In this work, we have proposed generalized multivariate chain ratio and 

regression type estimators with a linear combination of two auxiliary 

variables and using known coefficient of variation of study variable. The 

conditions under which the proposed estimators have minimum mean square 

errors are mentioned in the section 5. A generalization can be made with 

more than two variables also. Here, we conclude that the information on 

coefficient of variation of study variable is fruitful in increasing the precision 

of the estimators compared to those, not utilizing such information. However, 

these values depend on the population parameters where prior information 

can be used. In lack of prior information, the estimated values of the 

parameters based on sample values can be used. For the support of the 

problem, an empirical study as well as a Monte Carlo simulation study has 

been made. The results obtained from the Monte Carlo simulation study are 

found to be similar to the results based on the empirical study. On the basis of 

the empirical study, we observe that use of known coefficient of variation of 

the study variable in the proposed estimators for population mean is found to 

be more useful in increasing the precision of the proposed estimators with 

respect to the relevant estimators for the fixed cost     . The total cost for 

the proposed estimators is also less than the relevant estimators for the 

specified variance        
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