Sri Lankan Journal of Applied Statistics, Vol (16-3)

A Generalized Class of Estimators of The Ratio of
Two Population Means Using Auxiliary Information
R. Karan Singh (Rtd.) and Nazia Naqvi

Lucknow University, Lucknow-226007, India

“Babasaheb Bhimrao Ambedkar University, Lucknow-22600, India
“Corresponding Author: nagvi.nazia8@gmail.com

Received: 21, January 2015/ Revised: 11, November 2015 /Accepted: 04, December 2015

©lAppStat-SL2015
ABSTRACT

Using known population mean of an auxiliary variable, a generalized class of
estimators of population ratio of two population means of study variables is
proposed, its bias and mean square error are found and comparative aspects
have also been studied and given.
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error, estimated optimum values and efficiency.

1. Introduction

Statisticians often make use of the information available on an auxiliary variable
which is highly correlated with the variable under study for improving the
efficiency of an estimator. Some examples of estimation of ratio estimators are
the estimation yield rates in a crop survey, input-output ratios in an industrial
survey, the ratio of corn acres to wheat acres, the ratio of expenditures on labour
to total expenditures, or the ratio of liquid assets to total assets.

In order to have a better understanding of the ratio method of estimation
(Cochran, 1977; Murthy, 1967), let us consider an example where y may denote
the number of bullocks on a holding and X its area in acres, the ratio R giving
an estimate of the number of bullocks per acre of a holding in the population. The
product of R,with the mean acreage of the holdings gives an estimate of the
mean number of bullocks per holding.

Let (yl, y2) be the two study variables of interest with their population means
(7172) respectively, and X be the auxiliary variable with known population

mean X . Let (Yy,Yo, X;) be the i" (i=1,2,....N) values on the variables
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(Y1,¥2,X) in the population of size N respectively, (i, 250,01, ) be the

correlation coefficients between {(yl,x),(yz,x),(yl, yz)} and (Clz,sz,Cg)

be the coefficients of variation of ( Yy, Y, X) respectively.

Further, let
— 1 <N — 1 - 1 <N
Yl:NZizlYli ' YZ_NZ  Vai s X =N2izlxi '
2 l N <, 2 2 1 N <, 2
SVl = (N _1) Zizl(Yli _Yl) ! Syz - (N _1) Zi:l(Y2i _Yz) !
2 2
82 _ C2 i 2 _i
x N —1 i=1 1 —2 2T —2 1!
(N-1) ] Y,
s? S o
Cr=x P =2 S = y ~Y)(X, = X) ,
- .S, W (N-1)== !
1 oy oy o S,
S = _ =Y )(X. —X) , —
YoX (N —l) i=1 2)( i ) plO S S
S _ 1 N Y_ Y_ _ SY1Y2
VY —mzi_l(Yn =YYy —Y,) P = ﬁ

Also, a simple random sample of size n without replacement is taken from the
population of size N and let (Yy, Y,;,% ) be the observations on (Y3, Ys,X)

respectively for the i (i=1,2,...,n) selected unit in the sample of size N . Now, let

R _ 1o
V== Vi s Vo == Vai Z_Z. 2%

n n

.1l o oy , o
Sy, = (n_l)Zi:l(yﬂ AR s}, = (n_l)zizl(yzi V)"

1 n = -
= 1)2. N S = () s =6
YoX (n—l) i—1 - 72)(Xi _Y) )

s, =ﬁ2?_l(yﬂ Y)Y -, -
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: : : Y, : S
Some particular estimators of ratio R :\7_1 of two population means Y; andY,
2

using known mean X of the auxiliary variable X are given as follows:

B = A k(X X)=R+k(x=X)

Y> ) 1)
R - yl+k£x—X)
Y, )
g b X
Y, X_ ©)
F§4:¥-é
2 % (4)
B ¥, +k(X - X)
¥, +(X—X) )
I:\A)G:Yl—l—ng—X)(;j
Y> (6)

whereKk is the characterizing scalar to be chosen suitably.
Seeing the forms of the estimators given in (1) to (6), we define a generalized

. . . Y, .
class of estimators of the population ratio R =\7_1t0 be the bounded function
2

Rg =g(71,72,i) satisfying the  Taylor’s series expansion and

A

Ry =9 (Vi Yo, X)at the point P = (\71,\72, >Z) is such that

(i) The value of the function g (¥, ¥,,X)at point(\?l,vz, )?) is
NASSE .

(ii)) The first partial derivatives of g (¥, Y,,X) with respectto ¥, and y,
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] _ag(vl,vz,i)} _1
| = =—
8?1 P=(\71.\72,>?) Y2
8
and
_09(V1, Y2, X) Y
2 P=(V,.Y,.X) 2 ©)

(iii) The second order partial derivatives of g()_/l, VZ,Y)With respect to y; and

Y,

9?9 (¥, V. X
gy = 9T, )} 0
ayl P_(ﬁ@_xi)
(10)
and
gzz:azg(vl,vz,f)} 2
2 N3
7 P=(Y,.V,.X) 2 (1)

(iv) The second order partial derivatives of g (71, VZ,Y)With respect to (71, 72)

and(¥,, V1)

] :azg(vl,vz,f)} _ 1
2 6?1872 p (*1 *2 *) Y_22
(12)
and
_azg(vl,vz,f)} _ 1
21 — W W o - Y—2
20Y1 P=(%,,.%) 2 13)

(v) The first and the second order partial derivatives of g (71, Vz,i)with respect

to X are
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09 (%1, Y2, X)
P&
P{%.%.X)
and
_0%9(%, V2. %)
Qoo =" —

aXZ

:lP(Yl,YZ,X)

(14)

(15)

It may be mentioned here that all estimators from (1) to (6) satisfy all the

conditions of Iig = g(yl,yz,i) and hence, they all belong to general class of

estimators FAeg and the results of (1) to (6) may be easily found as the special cases

of the general result ﬁg

2. Bias and Mean Square Error

Let us define,

X —X
WX

(

Nn

Y1

_Y_l) (72_

——~ e, =

<

N-n
E (6192) = ( ) PCC,

Nn

Expanding ﬁg =9(¥1, ¥, X) about the point P=(Y_1,\72,)?) in third order

Taylor’s series, we have
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where V. =Y, +0(%,-Y,), V. =Y, +60(¥,-Y,)and X. = X +6(X - X) for
0<6<l1.

On substituting 9(\71\72 )?) =R and the values of the derivatives in (16), we
get

(7)

=R +Re;—Re,+ Xe,9, +%{2Re§ + X %6290 —2Ree,+2Y; X €8, 1o

3
- l| 0 - 0 s O - -
+2Y2 Xezeogzo} + E{Ylel 51 +Y282 EZ + Xeo a_f} g (yl*, Yo, X*) (18)

Taking expectation on both sides of (18) and ignoring terms in powers of e;’s
(i=0,1,2) greater than two, we have bias to the first degree of approximation {that

iS, up to terms of order O(lj }to be

n

184 ISSN 2424-6271 IASSL



A generalized class of estimators Of The Ratio Of Two Population Means Using Auxiliary
Information

E(R,)-R=RE(e)~RE(e,)+ XE (&) g, + {2RE( 2)+ X?E (€)oo

—2RE (ee, )+ 2Y,XE (€,8,) Gy + 2Y,XE (€€, ) U0 | 19
2
Oor Bias(lig)z(l—ij RCZ + X* C

NN 9w —Rp,CC, +Y_1)Z P1CCo 1o

(20)
which shows that bias of Iig is of order 0(1]; hence, for sufficiently large
n

value of n, the bias is negligible.
Squaring both the sides of (18), taking expectation and ignoring terms in powers

of e’s greater than two, the mean square error of Iﬁ to the first degree of

approximation {that is, up to terms of order O( j} is

E(R, ~R)’=E[R(e, —&,)+ Xe,g, |
=E[{R(el—e2)}2 2e2g§+2R(el—e2)>Zeogo]
=R°E(e, —e,)’ + X?E (€] ) 95 + 2RXE (6,8, ~;¢,) 9,
:RZ{E(ef)+E(e§)—2E(ele2)}+)TZE(ej)gé
+2RX {E (e8,) ~E(ee,)} 9y
=(%_ij ?[C2+CE-2p,CC, |+ [__%] X2C2g?

(1 1
+2RX (H - Wj(ploclco ~PxC:Co) %0

[%—ij *[cl+C;-2p,CC, ]

1 1)\ 2R C C
+(E_WJXZC§{QS+7(ploc_;_pzoc_ngo}

MSE(F‘{ ):MSE(F&)+ 11 C2X? g§+£_g°D
g n N X (21)
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C C
and D = p, [C_(l)j ~ P (C_Zj

A

In (21), the optimum value of g, minimizing the mean square error of Rg is

<

where R = % is the ratio estimator of R =
Y>

<]

given by
RD

goz_(xj=6 (22)

and the minimum mean square error of R is

s o\ (1 1).o.(R?D?* 2R2D?
MSE(Rg)mm—MSE(R)+(H—WJCOX ( T %
35 1 1 2p2n2
=MSE(R)—(——WJCOR D (23)
n

From (22) and (23), it is clear that MSE(R,),,;, is attained if R satisfies the (i)

min

A RD
to (v) conditions of Rg along with the condition g, = —(7j =G in (22) which

. RD
means R, should not be function of (¥, Y,,X)only but g, = —(7] =G also

to attain the minimum mean square error in (23). This means, we should have the
estimator g(yl, VZ,Y,G)satisfying the conditions (i) to (v) and (22) to get the

RD
minimum mean square error in (23), but g, = —(7j = G is unknown; hence, it

should be estimated byé based on sample values and we get the estimator based

on estimated optimum value G and thus we have the estimator

Ry =9(, ¥, %.G) (24)
where é:—EE
X

_ F’é o sYl X o Syz X

i f(p” s P, SXJ
y 5 1X S 2X

- {2 29

yZSx yl y2
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2

1 1
with  s2 = X, —X )(x —X
(n—]-) i=l( ) |:1 )
1 n
d = =V . =X) .
and s, (n_l);(yz. Y.)(x —X)
Now we find the conditions on Iige = g()‘/ ¥, X )such that R . attains the

minimum mean square error of Rge in (23).

-<|
><|

Expanding F'ige = g(yl, VZ,Y,G) about the pointP, = (\7 ,G) in Taylor’s

series, we have
ﬁ g(Yl Y, X G) (7 Y_l)gle+(72_Y2)92e+(x_>z)90e

+2(,-%,)(6~6) g, +2(% - X)(G—G)g036}+... (26)
Similar to Rg , from (i) to (iv) and (22), substituting in (26),
0(% %, X,G)=R

(27)
B 39<71’72’7’é) 1
O1e = o, - = Y,
(Y., X.G) 28)
59(11721* é) Y,
gZe ayz _g
1., X ,G) (29)
o9(%,,.%,6)
Joe = X
d%.Y,.X.G6) (30)
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0G o
(%.Y;.X,G) (31)
g 6°g Vi, yz,i,é) 0
11 = =
: ot .
(%.Y2,X,G) (32)
*9(¥..9,,%.6) oY,
922e = 7 =—
3 o 2
WYz, X.G) (33)
6*9(91.%,.%.6)
Jo0e = 8Y2
J%.Y;.X.G) (34)
°9(%.¥2.%.6)
O33e = G2
%.Y,.X.G) (35)
g _829(71!72!¥!é) _ 1
e VY, Y
WY, X.G) (36)
6*9(¥1.¥2.%.6)
O10e = %, 0%
1 o
(W2 X.6) (37)
0 9(3’11721Y é)
920e = ,0%
2 o
(V.Y2,.X.G) (38)
_0°9(%.%,.%.6)
O13¢ = aylaé ) )
Y,.Y,.X,G) (39)
6*9(%1.92.%.6)
Q23 = oy P
2 o
(%.Y,.X.G) (40)
188 ISSN 2424-6271 IASSL



A generalized class of estimators Of The Ratio Of Two Population Means Using Auxiliary
Information

Jose =T 208
V.Y, X,G) (41)
We have
_ 1 ,_ -\Y ,_ o\RD
Ree =R=(¥, Yl)@‘(yz‘YZ)Y——lg‘(X‘X)T
1(_ - e . -
+(6-G) o+ 2 {(7.-%) 0+(7, %) 2 +(X= X O
" 2
R 2 [ | — \(e o
+(G_G) Os3e 2( 1_Y1) 27 2)—_2+2 1_Y1)(X_X)gloe

— Re,—Re,— RDg, +((§ —G) Ose +§{2Re§ + X %2900

A 2 — — — A
+(G—G) gu, —2Ree,+ 2Y,X €8, Gy, +2Y; 8, (G~ G gy,

427, Xe,8,050, +2Y, €, (G ~ G ) 9,5, + 2ty (G -G) goge} +.. (42)
The mean square error E ( Iige - R)2 to the first degree of approximation is
E(R, ~R)’ =E| R(e e, —eOD)+(G—G)93eT

e[ e o), 0 +(6 o
+{R(e1_ez)_eo D}(é_G)gse} (43)

For g,, =0,
MSE (R, ) = E{Rz(el—ez)z +R2D%? - 2RDe, (el—ez)}

=MSE(F§)+[R2D2(1—ijC§
n N

, (1 1
—2R°D H‘W (pIOClCO_pZOCZCO)
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:MSE(F‘Q)+[ j[CjRZDZ

_zcoszD{Plo (—;]"’ ? ((C:_JH

=MSE(F@)J{E—ij[CSRZDZ—2C02R2D2]

S
Olo Z|»

n N
3 )= 5 (1_1\cerepe
MSE (R,, ) = MSE(R) < |CiRD (44)
n

which is equal to MSE(FAQQ) in (23) if g,,=0. Thus, the estimator

ﬁge = g(yl,yz,i,é)attains the minimum mean square error F§g in (23) if

A

Rgezg(yl,yz,i,é) is based on estimated optimum G satisfies the
P =

following conditions at the point (\71\72 )?,G)
g(¥.Y,. X,G)=R
_89(71:72171(%) 1
gle - 671 o - Y—2
(.Y5.X,G)
a9 Y1r72a7’é‘ Y,
¥, o Y;
(.Y5.X,G)
~ 59(71’72’71(3) _ RD
Joe ox X
(%Y, X.6)
09729, %.6)
BT Tg =0
(VY. X G)

190 ISSN 2424-6271 IASSL



A generalized class of estimators Of The Ratio Of Two Population Means Using Auxiliary
Information

3. Some Special Cases Depending on Estimated Optimum

(2) First, we consider an estimator IQZ of Fig to be

5 Vi +k(x-X)

2= -
2
¥+ k(X=X 5
satisfying (i)w =R, (ii)glzaR_Z} =i,
2 p Wl p Y2
oR Y, . oR k RD
(i) g, =—2| =%, (WMG=—2| =z=6=-—=
¥ o Y5 X |, Y, X

and R, attains the minimum value of mean square error of R; to be

MSE(F&Z)  =MSE(R) - (l—ijc R?D?
min (46)
of (23) for k =\726 being unknown having some parameters lacks practical

utility of IR32 . To overcome the practical utility of IQZ , We see that IQZe of ﬁge

depending on estimated optimum g,, = VL =Gork= Y, G giving
2
5 _71+I2(Y—X) Vi +Y,6(X-X)
2% = -
) Y2 Yo (47)
Vi + -X 3]
and satisfying (i) Bty _( ) =R, (ii)% - i
2 b M p, Y;
(iii) aRZe} Y , (iv)al_2e _g-_RD
2 Pe Y2 aX —Pe X

of conditions in (45) attains the minimum value of mean square error of FAzg given
in (23) to be

MSE(R) — (%—%)C R2D? (48)
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(b) For R {Singh (1965; 1967)}, the values of

R 5 R 5
gO:Y for R, and gO:—7 for R, which when substituted in general

expression of mean square error of ﬁg in (21) give

MSE(FQ) MSE (R) + ——icx R 2R Rp
N X2 XX

= MSE(R) + (l—ijc R?(1+2D) (49)
n N
andMSE(Fi) MSE(R)+(%—%)C2X (;—z—zg%oJ

A 1 1

= MSE(R) + (———]C R? (1—2D)
n N

(50)

The estimators Iisand FA{4 do not satisfy the minimizing conditions of (22) and

(42); hence, F\A’3 and FA24 by (Singh, 1965; 1967) do not attain the minimum mean

square error of (23) given by

MSE(R) —(l—ljchzDz
n N (51)
(c) For IR35 and IQS , finding the values of g, =G and satisfying the conditions of

Fig along with (22) which gives the optimum value of k and the estimated

optimum Iz(based on sample observations)satisfying (42),we get the minimum
mean square error of FQS , IQG, F§5e and FAQGE {on the lines of (a) for FA%Z and FAQZS}
to be

MSE(R) — (Lijc R?D?
n (52)

4. An Empirical Study

The theoretical results obtained in the study are illustrated here numerically,
using the data given on page 177 of Singh and Chaudhary (2009). The data set
is summarized as follows:
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Y, =856.4118, Y, = 208.8824, X =199.4412, C, =0.8372, C, =0.7205
. C,=0.7532, p,, =0.2090, p,, =0.2105, p,, =0.9801

Table 1: Percent Relative Efficiencies of the estimators with respect to R

Estimators Mean Square Error Percent Relative
Efficiency
R 1.555166 100
Al 1.103932 141
Fiz 1.103932 141
|:\33 1.184017 131
|:\34 3.749341 41
|:\35 1.103932 141
ﬁe 1.103932 141
Qg 1.103932 141

From the above table we can easily conclude that the proposed generalized class
of estimators has lesser mean square error than the conventional ratio estimator
and the Singh (1965; 1967) estimators and is thus more efficient than the
conventional ratio estimator and the Singh (1965; 1967) estimators.
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