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ABSTRACT
The Weighted Cosine Exponential Distribution (WCED) is pro-

posed as a novel lifetime model, incorporating a trigonometric
weighting mechanism into the exponential distribution to enhance
flexibility and capture complex hazard behaviors, particularly the
inverted bathtub shape common in reliability and survival analysis.
Fundamental statistical properties are derived. A simulation study
evaluates five estimation methods (MLE, MME, OLS, WLS, CVM),
showing improved accuracy with larger samples. Applied to three
cancer survival datasets, WCED demonstrates superior fit over
existing weighted distributions, evidenced by lower information criteria
(AIC, AICC, HQIC) and higher statistical significance. The model
offers a parsimonious and adaptable tool for analyzing lifetime data
with nonmonotonic failure patterns, proving valuable for reliability
engineering and biomedical applications.
Keywords: Hazard function; Bathtub shape; Estimation; Reliabil-
ity; Application; Weighted distribution.
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1 Introduction

The motivation of this paper can be better understood in light of
a key observation made by Patil and Rao (1977) and Rao (1985).
They noted that although weighted distributions arise frequently
across a wide range of applications, their role as a fundamental
stochastic framework has not been sufficiently acknowledged. This
observation provides an important basis for the resolution of many
modern statistical challenges; however, research in this area remains
relatively limited. In many observational studies, researchers cannot
select sampling units with equal probabilities or rely on well-defined
sampling frames for populations such as humans, wildlife, insects,
plants, or fish. As a result, observed data are often subject to selection
bias and do not reflect the underlying population distributions unless
each individual has an equal probability of being observed.

The widespread occurrence of biased data across scientific disci-
plines has prompted researchers to develop interim methods for bias
correction. Within this context, Rao (1985) and Patil and Rao (1977) in-
troduced a comprehensive framework based on weighted distributions
to model biased data in situations where complete sampling frames
are unavailable and sampling units are selected with unequal prob-
abilities. Such conditions commonly arise in non-experimental, non-
replicated, and non-random study designs, often as a result of unob-
served events, data contamination, or the implementation of unequal
probability sampling schemes. A formal definition of a weighted distri-
bution is given by: theoremDefinitionLet (Ω, ζ, p) be a probability space
and X : Ω → S be a continuous random variable where S ∈ (a, b)
where a and b ≥ 0. Suppose f(x) be the probability density func-
tion (PDF) of distribution function F (x) and w(x) be the non-negative
weight function which should be greater than one. The weighted dis-
tribution of weight function w(x) with the pdf f(x) is defined as

fwx;φ(X) =
w(x;φ)f(x)

E(w(X;φ))
, x > 0. (1)

where E(w(X;ϕ)) =
∫
x
w(X;ϕ)f(x)dx and φ depends upon the pa-

rameter of weight function.
The exponential distribution is a cornerstone of lifetime and reli-

ability analysis due to its analytical simplicity and practical effective-
ness in modeling survival phenomena. Its tractable probability density
function (PDF) and cumulative distribution function (CDF) facilitate the
derivation of closed-form results, making it a natural baseline model.
Consequently, a broad range of extensions and generalizations have
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been developed to enhance its flexibility. Notable examples include
the weighted exponential (WE), generalized exponential, gamma, and
Weibull distributions, each representing a structured departure from
the classical exponential model (Chesneau et al., 2022).

To address biased sampling and heterogeneity in lifetime data, the
weighted exponential distribution (WED) and weighted inverted expo-
nential distribution (WIED) were first introduced by Gupta and Kundu
(2009). Subsequent developments by Kharazmi and Jabbari (2017)
and Rao (1985) extended the WED through the introduction of ad-
ditional shape parameters, leading to the generalized weighted ex-
ponential (GWED) and exponential weighted exponential (EWE) dis-
tributions, respectively. Moreover, Kharazmi and Jabbari (2017) pro-
posed the new weighted exponential (NWED) distribution, offering in-
creased flexibility within the class of weighted lifetime models. Further
contributions have substantially enriched the theory of weighted ex-
ponential distributions, yielding several important extensions such as
the wrapped weighted exponential (WWE), weighted inverted expo-
nential (WIE), generalized weighted exponential (GWE), size-biased
double weighted exponential (SBWE), extended exponential (ExtED),
two-parameter inverted weighted exponential (TIWE), and logarithmic
weighted exponential (LWED) distributions (Chesneau et al., 2022).
These models have demonstrated improved adaptability in capturing
diverse failure mechanisms.

Recent advances have also emphasized trigonometric-based gen-
erators as powerful tools for enhancing distributional flexibility. Sine-
and cosine-based extensions—including the Sine Weibull (Almalki,
2023), Sine Modified Lindley (Mondal et al., 2022), Cosine–Weibull
(Dey et al., 2020), and Cosine Exponential (Khan et al., 2022) distri-
butions—have shown strong performance in modeling asymmetric,
multimodal, and non-monotone hazard structures. More recently,
the Weighted Sine–Cosine Exponential distribution (Iqbal et al.,
2023) and the Sine Cosine-G family (Al-Babtain et al., 2023) have
incorporated trigonometric weight functions within general generator
frameworks. These developments motivate the present study, which
introduces the Weighted Cosine Exponential Distribution (WCED),
a parsimonious yet flexible model capable of capturing periodic and
inverted bathtub-shaped hazard rate behaviors frequently observed
in biomedical, engineering, and environmental applications.

In 2021, Christophe Chesneau and Hassan S. Bakouch proposed
a novel two-parameter weighted discrete distribution, known as the co-
sine geometric distribution, for modeling count data (Chesneau et al.,
2021). The probability mass function (PMF) of this two-parameter co-
sine geometric distribution is given by:
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P (X = k) = Cp,θ p
k [cos(kθ)]2, k ∈ N, (2)

where

Cp,θ =
2(1− p)(1− 2p cos(2θ) + p2)

2 + p [(p− 3) cos(2θ) + p− 1]
.

theoremDefinitionIf X be the non- negative random variable and f(x)
be the probability density function(PDF).Then the new weighted ex-
ponential distribution is obtained by introducing new weight function
known as trigonometric function w(x, β) = cos(βx) and substitute it
into equation (1), we get

f(xw; θ, β) =
4β2θ + θ3

2β2 + θ2
(cos(βx))2e−θx, x > 0, θ > 0, β > 0. (3)

where θ and β are the scale and shape parameters and f(x) belongs
to exponential distribution. The above established model is named as
Weighted Cosine Exponential Distribution (WCED).

Now, we represent the genesis of the modelWCED using the following
motivations
Motivation I. The new investigated model is periodic in nature due to
their weight functions.
Motivation II. The proposed model gives the multimodes at their differ-
ent values of random variable with their respective parametric values.
Other motivations of proposed models are discussed in the following
ways. Both models contained two parameters namely, scale param-
eter θ and shape parameter β and under these parameters models
are valuable and summarized in the following notes. Figure 1 presents
values of the PDF for theWCED across various parameter pairs (θ, β).
Each column corresponds to a specific parameter set, showing how
the PDF f(x) changes with the variable x. For example, when (θ, β) =
(1.1325, 0.2125), the PDF decreases from approximately 2.00 at x = 0
to about 0.70 at x = 0.5, indicating a right-skewed, decreasing density
typical of lifetime distributions. These computed values illustrate the
flexibility and shape variability of theWCED under different parametric
configurations.
Further, failure, survival and hazard rate function of modelWCED can
be expressed as

F (x) = 1− e−θx (4β2 + θ2 + θ2cos(2βx)− 2βθsin(2βx))

2(2β2 + θ2)
. (4)
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Fig. 1: PDF Graphs ofWCED by varying the scale and shape parameters.

θ = 0.1325, β = 2.7125

θ = 0.2325, β = 3.7125

θ = 0.3325, β = 4.7125

θ = 0.4325, β = 5.7125

θ = 0.5325, β = 6.7125

θ = 0.6325, β = 7.7125

θ = 0.7325, β = 8.7125

a: CDF Graphs of WCED

0 2 4 6 8 10 12 14
0.0

0.2

0.4

0.6

0.8

1.0

x

F
(x
)

θ = 1.1325, β = 0.2125

θ = 1.2325, β = 0.3125

θ = 1.3325, β = 0.4125

θ = 1.4325, β = 0.5125

θ = 1.5325, β = 0.6125

θ = 1.6325, β = 0.7125

θ = 1.7325, β = 0.8125

b: CDF Graphs of WCED

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

1.0

x

F
(x
)

Fig. 2: CDF Graphs ofWCED by varying the scale and shape parameters.

S(x) =
e−θx (4β2 + θ2 + θ2cos(2βx)− 2βθsin(2βx))

2(2β2 + θ2)
. (5)

Let X be a non-negative continuous random variable representing the
lifetime of a component or individual. Let f(x) and F (x) denote its
probability density function (PDF) and cumulative distribution function
(CDF), respectively. The hazard function, also known as the failure
rate or instantaneous risk function, is defined as

h(x) = lim
∆x→0

P (x ≤ X < x+∆x | X ≥ x)

∆x
=

f(x)

1− F (x)
, x ≥ 0.
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The hazard function represents the instantaneous rate at which
events occur at time t, given that the individual or system has survived
up to time x. Unlike the PDF, which describes the overall distribution of
lifetimes, the hazard function characterizes the local risk of failure at a
specific time point. The hazard function plays a crucial role in survival
analysis and reliability theory due to the following reasons:

• It provides a direct measure of the instantaneous risk
of failure, offering meaningful interpretation in medical,
biological, and engineering applications.

• Different shapes of the hazard function (increasing, de-
creasing, constant, or bathtub-shaped) capture diverse
aging and failure mechanisms.

• It allows for the comparison of risk patterns across pop-
ulations or treatment groups, even when their survival
distributions differ.

• The hazard function is central to many advanced sur-
vival models, including proportional hazards models and
accelerated failure time models.

• In reliability engineering, it helps identify early-life fail-
ures, wear-out periods, and useful life phases of sys-
tems.

A constant hazard function corresponds to the exponential distri-
bution, indicating a memoryless property, while non-constant hazard
functions arise in more flexible lifetime models. Now the hazard rate
function (HRF) ofWCED is expressed as

h(x) =
f(x)

S(x)
=

2(4β2θ + θ3cos(βx)2)

4β2 + θ2 + θ2cos(2βx)− 2βθsin(2βx)
. (6)

Figure 2 depicts the CDF of the WCED, with curves generated by
varying its scale parameter θ and shape parameter β. Each curve il-
lustrates the probability F (x) = P (X ≤ x) as x increases, showing
how the distribution’s shape and rate of accumulation change under
different parameter settings. This visualization highlights the flexibility
of the WCED in modeling various types of positively skewed lifetime
data. Figure 3 portays the survival function S(x) of WCED with dif-
ferent scale (θ) and shape (β) parameters. Each value corresponds
to a specific parameter set, showing how S(x)—the probability that a
unit survives beyond time x—decreases as x increases. For example,
when (θ, β) = (1.1325, 0.2125), the survival probability drops from 1.00
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at x = 0 to approximately 0.00 by x = 4, illustrating the model’s abil-
ity to describe various failure-time behaviors through its parameters.
Figure 4 portrays the HRF h(x) for WCED across various parame-
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Fig. 3: Survival behavior ofWCED on variation of parameters.

ter pairs (θ, β). Each column corresponds to a different combination
of the scale and shape parameters, showing how the instantaneous
failure rate evolves over time x. The HRF exhibits non-monotonic be-
havior for certain parameter sets, with values initially increasing to a
peak and then decreasing or stabilizing, characteristic of an inverted
bathtub-shaped hazard—a key feature of the WCED model’s flexibil-
ity. The subsequent sections of the paper are structured as follows:
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Fig. 4: HRF behavior ofWCED on variation of parameters.

Section 2 explores various statistical and mathematical characteristics
of the new model, such as moment generating functions, moments,
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mean deviation around the mean and median, entropy, and the stress-
strength parameter. Parameter estimation for the WCED using max-
imum likelihood and the method of moments, along with simulation
studies, is covered in Section 3. Section 4 involves fitting the models
to suitable real-world datasets, and Section 5 provides the conclusion.

2 Some Statistical and Mathematical Properties ofWCED

2.1 Moment Generating Function
Moment generating function (MGF) plays an important role in

describing the characteristics of distribution like shape, skew-
ness and kurtosis of the probability function . It is defined as
(E(etX) =

∫∞
0

etxf(x)dx) forWCED can be expressed as

MX(t) = E
(
etX
)
=

∞∫
0

etx
4β2θ + θ3

2β2 + θ2
(cos(βx))2e−θxdx,

which on simplification yields

MX(t) = E
(
etX
)
=

θ (4β2 + θ2) (2β2 + (t− θ)2)

(2β2 + θ2) (θ − t) (4β2 + (t− θ)2)
. (7)

By differentiating the above equation (7) w.r.t t and then putting t = 0
we can find out the required moments of new model. The first four
moments are;

µ1 = M ′
1(0) =

8β4 + 2β2θ2 + θ4

θ (2β2 + θ2) (4β2 + θ2)
.

µ2 = M ′′
2 (0) =

2 (32β6 + 24β4θ2 + θ6)

θ2 (2β2 + θ2) (4β2 + θ2)2
.

µ3 = M ′′′
3 (0) =

6 (128β8 + 128β6θ2 + 56β4θ4 − 4β2θ6 + θ8)

θ3 (2β2 + θ2) (4β2 + θ2)3
.

µ4 = M ′′′′
4 (0) =

24 (512β10 + 640β8θ2 + 320β6θ4 + 120β4θ6 − 10β2θ8 + θ10)

θ4 (2β2 + θ2) (4β2 + θ2)4
.

2.2 Skweness and Kurtosis OfWCED
Skewness and kurtosis gave the dual concept to define shape or

peaknes of probability function in statistics. Skewness tells about the
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symmetry of distribution whereas kurtosis notify about the peaked-
ness or height of the distribution . Skewness and kurtosis of WCED
are illustrated in the below figure. Skewness and kurtosis of WCED
distribution are expressed as

S =
2 (512β12 + 1152β10θ2 + 1632β8θ4 + 680β6θ6 + 60β4θ8 − 6β2θ10 + θ12)

(8β4θ + 6β2θ3 + θ5)3
.

K =
3 (12288β16 + 40960β14θ2 + 48640β12θ4 + 38912β10θ6)

(8β4θ + 6β2θ3 + θ5)4

+
3 (19440β8θ8 + 4800β6θ10 + 312β4θ12 − 32β2θ14 + 3θ16)

(8β4θ + 6β2θ3 + θ5)4
.

Figure 5 consists of two 3D surface plots visualizing the skewness

Fig. 5: Skewness and Kurtosis 3D Plots ofWCED

and kurtosis of the WCED as functions of its scale θ and shape β
parameters. Skewness (S) illustrates how the asymmetry of the distri-
bution changes across the parameter space, while kurtosis (K) shows
the corresponding variation in the tailedness (peak sharpness) of the
distribution. These plots confirm that the WCED can exhibit a wide
range of distributional shapes—from symmetric to highly skewed and
from platykurtic to leptokurtic—depending on the parameter choices,
highlighting its modeling flexibility.

2.3 Mean Deviation about Mean and Median
Mean deviation about mean and median is usually used to mea-

sure the spread of population. Mean deviation about mean is an abso-
lute difference between the random variable and their mean µ. Math-
ematically, E | x − µ |= 2µG(µ) − 2µ + 2

∫∞
µ

xg(x)dx. Mean devia-
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tion about median offers a direct measure of a random variable ’y’
around their median(µ̃). Mathematically it takes the form, E | x− µ̃ |=
µ̃− 2

∫ µ̃

0
xg(x)dx.

ForWCED, mean deviation about mean can expressed as;

E|x− µ| = −µe−θµ (4β2 + θ2 + θ2cos(2βµ)− 2βθsin(2βµ))

(2β2 + θ2)
+(

4β2θ + θ3

2β2 + θ2

) ∞∑
n=0

(−1n)(2β)2n

2n!

(
θ−(2n+2)Γ(2n+ 2,−θµ)

)
.

ForWCED, mean deviation about median can expressed as;

E | X − µ | = µ− 4β2θ + θ3

2β2 + θ2

∞∑
n=0

(−1n)(2β)2n

2n!

(
θ−(2n+2)Γ(2n+ 2,−θµ)

)
.

2.4 Concavity and Convexity of (WCED)
In order to determine the concavity and convexity of our new model

we apply the sufficient condition for concavity up(convexity down) and
convexity up(concavity down) which can express as

Consider a function f(x) whose first derivative exist in closed
interval [c, d] and their second derivative occurs in an open interval
(a, b). Then the following sufficient conditions are acceptable for
concavity and convexity of a function:
• A function is said to be concave up/convex down at their open
interval if f ′′(x) > 0.
• A function is said to be concave down/convex up at their open
interval if f ′′(x) < 0.

Now we apply this test for our model to find out their convexity and
concavity .
Therefore, the function (WCED) shows the concavity up/convexity
down at point

x < − 1

β
tan−1

(
θ ±

√
2β2 − θ2

2β

)
, θ > 0 β > 0.

Similarly, the PDF of (WCED) shows the concavity down/convexity up
at point

x > − 1

β
tan−1

(
θ ±

√
2β2 − θ2

2β

)
, θ > 0 β > 0.

52 ISSN-2424-6271 IASSL



A Weighted Cosine Exponential Distribution

By taking the different values of parameters we can detect the curve
where function is concave or convex.

2.5 Stress-Strength Parameter
When we discuss the analysis of reliability, the stress and

strength parameter explain the life of an item or device. Suppose
X and Y be the two independent random variables of an item.
When strength (Y) being exposed under the stress(X) then reliability
parameter gives the performance of an item. Furthermore, reliability
describes the failure of a device when stress was exceeded the
strength than the item will not be able to perform well or have no more
chances to live more.i.e, (R = P (X ≥ Y )).In mathematically, it can be
express as,

R = P (X ≥ Y ) =

∞∫
0

f(x)

∞∫
y

F (y)dy

 dx. (8)

Where f(x) is a pdf of new investigated models and 2nd integral
represent the survival function of a new proposed weighted distribu-
tion. Now, for new proposed model (WCED) sress- strength parame-
ter can be evaluated by substitution of CDF and PDF of (WCED) in
equation(8), then we get,

R =
e−θ2y (4β2

2 + θ22 + θ22cos(2β2y)− 2β2θ2sin(2β2y))

2(2β2
2 + θ22)

.

2.6 Entropy
Entropy measures the disorderness or unpredictable state of a

system which is associated to the random variable ′X ′. To designating
and identifying the behavior of engineering and biological systems the
concept of information coding and transmissions play their important
rule. In information theory it provides a baseline idea which is asso-
ciated to statistical mechanics and thermodynamics. Here, the three
different and most popular entropies are obtained to measure the un-
certainty of a random variable. The entropies are Shannon, Renyi and
residual Entropy.

2.6.1 Shannon Entropy:

In 1948, Shannon introduced the concept of entropy in communication
theory. The Shannon entropy is a classical entropy and is defined as
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the negative expected value of the logarithm of the PDF (Shannon,
1951). In mathematically,

H(x) = −E[log f(x)] = −
∞∫
0

f(x)logf(x)dx. (9)

By solving the equation(9), Shannon Entropy for new model WCED
can be formulated as;

H(x) = − log

(
4β2θ + θ3

2β2 + θ2

)
+

(
4β2θ + θ3

2β2 + θ2

)[
1− 4β2θ2

8β4 + 6β2θ2 + θ4
+ J
]
.

Where J is

∞∑
n=0

(−1)n+m22(n+m)(βx)2n+2m(22m − 1)|B2m|
2m(2n!)(2m!)

2(n+m)

θ2(n+m)+1
Γ(2(n+m)).

2.6.2 Renyi Entropy:

If X be a random variable with CDF F (x) and PDF f(x). The Renyi
Entropy of X can be defined as

Hγ (X) =
1

1− γ
log

∞∫
0

fγ (x) dx. (10)

The Rényi entropy is a sub-case of Shannon entropy (Rényi, 1961).
Now, Renyi entropy forWCED can be evaluated by solving the above
integral and finally it takes the following form;

Hγ (x) =
1

1− γ
log

((
4β2 + θ3

2β2 + θ2

)γ ∞∑
n=0

(
(−1)n(2β)2n

2(2n)!

)γ
1

(αθ)2nα+1Γ(2nγ + 1)

)
.

2.6.3 Residual Entropy:

Suppose X is a non-negative random variable. The residual entropy
explains the lifetime of a system as a dynamic form of improbability of
X at time t (Belzunce et al., 2004). Mathematically, it can be defined
as

R.E = H(x : t) = −
∞∫
t

f(x)
¯F (t)

log
f(x)
¯F (t)

. (11)
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Where ¯F (t) is the survival function of investigated models.
By solving the equation(11), Residual entropy of WCED can be ex-
pressed as;

H(x; t) =
2 (4β2θ + θ3)

e−tθ (4β2 + θ2 + θ2cos(2βt)− 2βθsin(2βt))

× log

(
2(4β2θ + θ3)

e−tθ (4β2 + θ2 + θ2 cos(2βt)− 2βθ sin(2βt))

)
(
−

∞∑
n=0

(−1)n(2β)2n

2n!

(
θ−(2n+1)Γ(2n+ 2, θt)

))
∞∑
n=0

∞∑
m=0

(−1)n+m22(n+m)(βx)2n+2m(22m − 1)|B2m|
m(2n!)(2m!)

(
θ−2(m+n)+1Γ(2n+ 2m+ 1, θt)

)
.

3 Parameter Estimation and Simulation Study

The parameters of our proposed model are estimated using a se-
lection of five widely recognized methods. These include maximum-
likelihood (ML), ordinary least-squares (OLS), weighted least-squares
(WLS), maximum product of spacing (MPS), and Cramér-von Mises
(CVM).

3.1 Simulation Study
To investigate the performance and behavior of the estimators dis-

cussed in the previous section, we conduct a Monte Carlo simulation
study. In this process, the sample size n is increased from 15, 25,
50, 150, 350 to 500 by varying the parameters of the models under
investigation, i.e., (θ, β) = (0.3596, 0.1529), (θ, β) = (1.2965, 0.0593),
and (θ, β) = (1.0329, 2.3054). For each sample size n, we generate
1000 independent samples and estimate the parameters using various
methods. The bias, mean squared error (MSE), root mean squared
error (RMSE), and convergence rate (Con.Rate) for each estimator
Θ̂ = (θ̂, β̂) are evaluated using the following formulas.

Bias(Θ̂) =
1

n

n∑
i=1

(Θ̂i −Θ), MSE(Θ̂) =
1

n

n∑
i=1

(Θ̂i −Θ)2

,

RMSE =

√√√√ 1

n

n∑
i=1

(Θ̂i −Θ)2 Con.Rate =

∣∣∣Θ̂n+1 −Θ
∣∣∣∣∣∣Θ̂n −Θ
∣∣∣
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. Now we shall study different estimation methods to estimate the
parameters of both new proposed models.

3.2 Maximum Likelihood Method
The Maximum Likelihood Estimation (MLE) approach is a widely

adopted and structured technique for parameter estimation. It mini-
mizes bias and maximizes the likelihood of observing the given data
under the assumed probability distribution. MLE’s popularity stems
from its desirable characteristics, including asymptotic efficiency and
consistency. Let’s consider n observations,x1, x2, x3, . . . , xndrawn
from a continuous random variable, WCED. For this random sample
x1, x2, . . . , xn, the likelihood function is:

L(θ, β) =
n∏

i=1

f(xi; θ, β) =

(
4β2θ + θ3

2β2 + θ2

)n n∏
i=1

cos2(βxi)e
−θ

∑n
i=1 xi .

The log-likelihood function for the WCED distribution is then defined
as:

ℓ(θ, β) = n ln

(
4β2θ + θ3

2β2 + θ2

)
+ 2

n∑
i=1

ln cos(βxi)− θ
n∑

i=1

xi. (12)

Taking the partially derivative of above equation w.r.t θ and β and
equating them equal to zero to find out the MLEs of θ and β respec-
tively as,

∂ℓ

∂θ
= n · 2β

2 + θ2

4β2θ + θ3
· 8β

4 + 2β2θ2 + θ4

(2β2 + θ2)2
−

n∑
i=1

xi

= n · 8β4 + 2β2θ2 + θ4

(4β2θ + θ3)(2β2 + θ2)
− nx̄

where x̄ = 1
n

∑n
i=1 xi. and

∂ℓ

∂β
= n · 2β

2 + θ2

4β2θ + θ3
· 4βθ3

(2β2 + θ2)2
− 2

n∑
i=1

xi tan(βxi)

=
4nβθ3

(4β2θ + θ3)(2β2 + θ2)
− 2

n∑
i=1

xi tan(βxi).
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So we have
8β4 + 2β2θ2 + θ4

(4β2θ + θ3)(2β2 + θ2)
= x̄. (13)

4nβθ3

(4β2θ + θ3)(2β2 + θ2)
= 2

n∑
i=1

xi tan(βxi). (14)

The system of Equations (13) and (14) cannot be solved analytically.
The MLEs (θ̂, β̂) are obtained by solving:

(θ̂, β̂) = arg max
θ>0,β>0

ℓ(θ, β) (15)

via Mathematica and MatLab where ℓ(θ, β) is given in Equation (12).
For parameters estimation we have used the following algorithm.

Algorithm 1: Maximum Likelihood Estimation via Numerical Opti-
mization

• Input: Sample x = {x1, x2, . . . , xn}, initial guesses θ0 >
0, β0 > 0, tolerance ϵ > 0, max iterations K.

• Output: MLEs θ̂, β̂.

• Steps:

1. Compute x̄ = 1
n

∑n
i=1 xi.

2. Define log-likelihood function:

ℓ(θ, β) = n ln

(
4β2θ + θ3

2β2 + θ2

)
+2

n∑
i=1

ln cos(βxi)−θ
n∑

i=1

xi.

3. Initialize: (θ(0), β(0)) = (θ0, β0), k = 0.

4. While k < K and ∥∇ℓ(θ(k), β(k))∥ > ϵ:

(a) Compute gradient:

gθ = n · 8β4 + 2β2θ2 + θ4

(4β2θ + θ3)(2β2 + θ2)
− nx̄

gβ =
4nβθ3

(4β2θ + θ3)(2β2 + θ2)
− 2

n∑
i=1

xi tan(βxi)
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(b) Compute Hessian H(k) (or approximate via
BFGS update).

(c) Update parameters: (θ(k+1), β(k+1)) = (θ(k), β(k))−
[H(k)]−1∇ℓ(k).

(d) Project onto feasible set: θ(k+1) ← max(θ(k+1), 10−6),
β(k+1) ← max(β(k+1), 10−6).

(e) k ← k + 1.

5. Return (θ̂, β̂) = (θ(k), β(k)).

The Hessian matrix elements are derived as:

∂2ℓ

∂θ2
= n

[
8β4 + 2β2θ2 + θ4

(4β2θ + θ3)(2β2 + θ2)

]2
− n

[
(8β2θ + 3θ2)(2β2 + θ2)− 2θ(8β4 + 2β2θ2 + θ4)

(4β2θ + θ3)2(2β2 + θ2)

]
∂2ℓ

∂β2
= n

[
4βθ3

(4β2θ + θ3)(2β2 + θ2)

]2
− n

[
4θ3(2β2 + θ2)2 − 8β2θ3(2β2 + θ2)

(4β2θ + θ3)2(2β2 + θ2)2

]
− 2

n∑
i=1

x2
i sec

2(βxi)

∂2ℓ

∂θ∂β
=

∂2ℓ

∂β∂θ
= n

1

(4β2θ + θ3)2(2β2 + θ2)2

× {(8β3 + 4βθ2)(4β2θ + θ3)(2β2 + θ2)

− (8β4 + 2β2θ2 + θ4)(8βθ(2β2 + θ2) + 4βθ3)}

The Fisher information matrix for a single observation is:

I(θ, β) = −E

[
∂2 ln f
∂θ2

∂2 ln f
∂θ∂β

∂2 ln f
∂β∂θ

∂2 ln f
∂β2

]
(17)

For large samples, the MLEs have asymptotic distribution:

√
n

(
θ̂ − θ

β̂ − β

)
d−→ N

(
0, I−1(θ, β)

)

3.3 Ordinary and Weighted Least-Square Estimators
Suppose that X(1) ≥ X(2) ≥ . . . ≥ X(n) are the order statistics of a

random sample from any probability distribution. The ith order statistic
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has the mean and the variance as follows:

E(F (X(i))) =
i

n+ 1
,var(F (X(i))) =

i(n− i+ 1)

(n+ 1)2(n+ 2)
, ∀i ∈ 1, 2, 3, ...., n.

Ordinary Least-Squares (OLS) and Weighted Least-Squares (WLS)
estimators were proposed in 1988 by Swain et al. (1988). We can get
OLS estimates for the parameters by minimising the following function
with respect to the parameters, as follows:

R =
n∑

i=1

(F (xi)−F(i))2 ,

where F (x(i)) represents the theoretical CDF of the observation x(i)

of the distribution under study and F(i) represents the empirical CDF
which is usually estimated by F(i) = i

n+1
, then we have

R =
n∑

i=1

(
F (xi)−

i

n+ 1

)2

,

where F (xi) is defined in Equation (4). Similarly we can get WLS es-
timates for the parameters by minimising the following function with
respect to the parameters, as follows:

R =
n∑

i=1

wi

(
F (xi)−

n+ 1− i

n+ 1

)2

,

where wi =
(n+1)2(n+2)
i(n+1−i)den

.

3.4 Method of Moments
Method of Moments(MME) is a slow method comparatively to MLE.

MME of WCED can be obtained by equating the sample moments to
the parent or new weighted distributions moments. Equating the first
two moments of WCED corresponding to their sample moments we
get,

1

n

n∑
i=1

xi =
8β4 + 2β2θ2 + θ4

θ (2β2 + θ2) (4β2 + θ2)
,

1

n

n∑
i=1

x2
i =

2 (32β6 + 24β4θ2 + θ6)

θ2 (2β2 + θ2) (4β2 + θ2)2
.
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Since closed form solution are not possible so we have estimated its
parameters by minimizing the squared residual w.r.t β and θ of the
form

R =

(
8β4 + 2β2θ2 + θ4

θ (2β2 + θ2) (4β2 + θ2)
−
∑n

i=1 xi

n

)2

+

(
2 (32β6 + 24β4θ2 + θ6)

θ2 (2β2 + θ2) (4β2 + θ2)2
−
∑n

i=1 x
2
i

n

)2

.

3.5 Cramér-von Mises Estimators
Cramér–von Mises estimators (CVM) were proposed by MacDonald

in 1971 (Macdonald, 1971). The idea of this method is to min- imise
the following function:

CVM =
1

12n
+

n∑
i=1

(
F (xi)−

2i− 1

2n

)2

, (16)

where F (xi) is defined in Equation (4). We can determine the CVM
estimates by maximising (16) via computationl package Mathematica
11.0. Since, in all above discussed methods the parameters θ and β
are not in closed form so we use numerical approach via Mathematica
11.0. to estimate the parameters.

Algorithm 2: Monte Carlo Simulation Study for Estimator Com-
parison

• Input: True parameters θtrue, βtrue; sample sizes
S = {n1, n2, . . . , nm}; number of replications R; es-
timation methods
M = {MLE,MME, LSE,WLSE,CVM}.

• Output: Bias, MSE, and variance tables for each esti-
mator.

• Steps:

1. For each n ∈ S:
(a) Initialize arrays: Biasθ[M],MSEθ[M],Varθ[M],

similarly for β.
(b) For r = 1 to R:

i. Generate sample: x1, . . . , xn ∼WCED(θtrue, βtrue).
ii. For each method M ∈M:
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A. Obtain estimates (θ̂r, β̂r) using method
M .

B. Accumulate: Sumθ[M ]← Sumθ[M ] + θ̂r.
C. Accumulate squares: SumSqθ[M ] ←

SumSqθ[M ] + θ̂2r .
D. Similarly for β.

(c) For each method M ∈M:
i. Compute:

Biasθ[M ] =
Sumθ[M ]

R
− θtrue

MSEθ[M ] =
SumSqθ[M ]

R
−
(

Sumθ[M ]

R

)2

Varθ[M ] = MSEθ[M ]− (Biasθ[M ])2

ii. Similarly for β.
2. Compile results into tables (Tables 1–6 in

manuscript).

Interpretation of Simulation Results for Weighted Cosine Exponential
Distribution The simulation study evaluates five estimation methods for
the WCED parameters (θ, β) across three different parameter config-
urations namely

• Configuration-I: θ = 0.3596, β = 0.1529.

• Configuration-III: θ = 1.2965, β = 0.0593.

• Configuration-IV: θ = 1.0329, β = 2.3054.

and varying sample sizes n = {15, 25, 50, 150, 350, 500}. The estima-
tors compared are via (i) Maximum Likelihood Estimation, (ii) Method
of Moments Estimation, (iii) Ordinary Least Squares Estimation, (iv)
Weighted Least Squares Estimation, and (v) Cramér–von Mises Esti-
mation. The performance metrics are Bias and Mean Squared Error
(MSE). The simulation results presented in Tables 1–3 provide a com-
prehensive evaluation of five estimation methods for the Weighted Co-
sine Exponential Distribution (WCED) across different parameter con-
figurations and sample sizes. For Scenario 1 as portrayed in Table-1
and Figures-6 and -9 (θ = 0.3596, β = 0.1529), the Cramér–von Mises
(CVM) estimator demonstrates the most consistent performance for
the scale parameter θ, achieving the lowest MSE across all sample
sizes, particularly for n = 15 (MSE = 0.005044) and n = 500 (MSE
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= 0.002177). However, for the shape parameter β, estimation proves
considerably more challenging, with all methods exhibiting substan-
tial bias and MSE that fails to decrease meaningfully with increasing
sample size. This indicates that β is inherently difficult to estimate
accurately, even with large samples. In Scenario 2 as portrayed in

Table 1: Summary Tables for Different Sample Sizes (θ = 0.3596, β =
0.1529)

Sample Size n = 15
Method θ Bias β Bias θ MSE β MSE θ RMSE β RMSE Conv. Rate
MLE 0.099699 0.339057 0.020296 0.117059 0.142463 0.342139 1.0
MME 0.114018 7.572614 0.027461 73.178977 0.165714 8.554471 1.0
LSE -0.018320 0.827114 0.008155 1.256030 0.090304 1.120727 1.0
WLSE -0.037976 0.653315 0.008275 1.124258 0.090967 1.060310 1.0
CVM -0.035678 0.643845 0.005044 0.792219 0.071020 0.890067 1.0

Sample Size n = 25
MLE 0.098532 0.347100 0.020632 0.120478 0.143640 0.347100 1.0
MME 0.111477 8.457200 0.021705 82.262425 0.147325 9.069864 1.0
LSE -0.031799 1.066377 0.004002 2.203755 0.063262 1.484505 1.0
WLSE -0.038575 0.673628 0.005007 0.906992 0.070759 0.952361 1.0
CVM -0.021786 1.059822 0.004710 2.491709 0.068631 1.578515 1.0

Sample Size n = 50
MLE 0.086113 0.347100 0.011842 0.120478 0.108820 0.347100 1.0
MME 0.081785 6.780354 0.012983 63.712852 0.113941 7.982033 1.0
LSE -0.007234 1.554487 0.003255 4.092142 0.057049 2.022904 1.0
WLSE -0.020298 1.322984 0.003804 4.578537 0.061679 2.139752 1.0
CVM -0.007939 1.685710 0.002977 4.633923 0.054563 2.152655 1.0

Sample Size n = 150
MLE 0.068322 0.347100 0.005977 0.120478 0.077310 0.347100 1.0
MME 0.082333 7.427209 0.009048 69.762024 0.095122 8.352366 1.0
LSE 0.034993 4.593741 0.002279 25.316062 0.047736 5.031507 1.0
WLSE 0.016079 2.813290 0.002316 12.848793 0.048123 3.584521 1.0
CVM 0.038484 4.096537 0.002415 20.243352 0.049144 4.499261 1.0

Sample Size n = 350
MLE 0.068568 0.347100 0.005213 0.120478 0.072199 0.347100 1.0
MME 0.080288 7.494597 0.007236 69.095380 0.085062 8.312363 1.0
LSE 0.045032 5.745554 0.002558 36.238989 0.050573 6.019883 1.0
WLSE 0.044845 6.313446 0.002980 49.375751 0.054590 7.026788 1.0
CVM 0.042225 6.040183 0.002297 40.643038 0.047927 6.375189 1.0

Sample Size n = 500
MLE 0.070179 0.347100 0.005208 0.120478 0.072164 0.347100 1.0
MME 0.073477 8.188957 0.006031 77.416467 0.077657 8.798663 1.0
LSE 0.045444 6.132741 0.002454 41.236003 0.049539 6.421527 1.0
WLSE 0.050787 7.227967 0.003149 59.307995 0.056112 7.701168 1.0
CVM 0.043181 6.784402 0.002177 50.628996 0.046657 7.115406 1.0

Table-2,Figures-7 and -10 (θ = 1.2965, β = 0.0593), a distinct pattern
emerges: Maximum Likelihood Estimation (MLE) shows excellent be-
havior for θ, with bias decreasing from -0.1727 at n = 15 to near-zero
(0.0130) at n = 500, and corresponding MSE reduction from 0.1490
to 0.0038. For β estimation, the Weighted Least Squares (WLSE)
method performs best at larger sample sizes (n = 500: bias = -0.0082,
MSE = 0.0109), demonstrating superior convergence properties. No-
tably, the Method of Moments (MME) exhibits persistent negative bias
for θ across all sample sizes, suggesting systematic underestimation
in this parameter regime. Scenario 3 (θ = 1.0329, β = 2.3054) reveals
particularly challenging estimation conditions, especially for the shape
parameter β as portrayed in Table-3 and Figures-8 and -11. All meth-
ods show substantial negative bias for β, ranging from -0.4474 (MME
at n = 15) to -2.3054 (WLSE at n = 150), indicating systematic un-
derestimation that does not improve with increased sample size. For
θ estimation, MLE performs most consistently with MSE decreasing
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Fig. 6: Bias, MSE, RMSE and Conv.Rate of θ for θ = 0.3596, β = 0.1529
under different methods ofWCED

from 0.2635 (n = 15) to 0.0128 (n = 500). The convergence rates re-
main at 100% across all methods and scenarios, confirming numerical
stability of the optimization procedures.

Across all scenarios, several general trends are evident: (1) θ
estimation consistently improves with sample size for most methods,
particularly MLE and CVM; (2) β estimation remains problematic even
with large samples, suggesting parameter identifiability challenges;
(3) MLE generally provides the best overall performance for θ, while
WLSE often excels for β; (4) MME frequently exhibits the highest
MSE values, especially for β; and (5) sample sizes of n ≥ 150 are
necessary for reasonably stable parameter estimates. These findings
provide valuable guidance for practitioners selecting estimation
methods based on their specific parameter regimes and sample size
constraints.
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Fig. 7: Bias, MSE, RMSE and Conv.Rate of θ for θ = 1.2965, β = 0.0593
under different methods ofWCED

4 Evaluation Statistics and Data Applications

4.1 Evaluation Tests
This subsection will provides us to apply our new model on the

real time data sets and for this purpose we will contrast our models
with another models. The unknown parameters of WCED are esti-
mated by MLE method and log-likelihood of new investigated models
are compared with other models. Further we will find out the informa-
tion criteria of proposed model and compare it with others models in
order to exhibit that our model is best life-time distribution. Here we
will use the different information criteria methods in which includes
AIC, AICC and HQIC. These information criteria are defined as;

AIC = 2k−2(L), AICC = AIC+
2k(k + 1)

n− k − 1
, HQIC = −2L+2kln(ln(n)).
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Fig. 8: Bias, MSE, RMSE and Conv.Rate of θ for θ = 1.0329, β = 2.3054
under different methods ofWCED

Algorithm 3: Model Comparison via Information Criteria

• Input: Dataset D = {t1, t2, . . . , tN}; candidate models
G = {WCED,NWED,WWD,EIWD,WEIWD}.

• Output: Best-fitting model based on information criteria.

• Steps:

1. For each model G ∈ G:

(a) Estimate parameters η̂G via MLE (Algorithm 1
for WCED).

(b) Compute log-likelihood: ℓG =
∑N

i=1 ln fG(ti; η̂G).
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Table 2: Summary Tables for Different Sample Sizes (θ = 1.2965, β =
0.0593)

Sample Size n = 15
Method θ Bias β Bias θ MSE β MSE θ RMSE β RMSE Conv. Rate
MLE -0.172744 0.307694 0.149008 0.125122 0.386015 0.353727 1.0
MME -0.155339 0.611030 0.130885 2.530814 0.361780 1.590853 1.0
LSE -0.183659 0.173645 0.306135 0.118296 0.553295 0.343942 1.0
WLSE -0.168318 0.160443 0.206230 0.105971 0.454125 0.325531 1.0
CVM -0.116547 0.280410 0.239216 0.286894 0.489098 0.535625 1.0

Sample Size n = 25
MLE -0.145582 0.294485 0.081496 0.111806 0.285475 0.334374 1.0
MME -0.135601 0.289577 0.115355 0.174646 0.339640 0.417907 1.0
LSE -0.178600 0.153060 0.198092 0.083267 0.445076 0.288560 1.0
WLSE -0.110066 0.120461 0.146552 0.086775 0.382821 0.294576 1.0
CVM -0.154276 0.172976 0.189511 0.088357 0.435329 0.297250 1.0

Sample Size n = 50
MLE -0.109324 0.356301 0.047831 0.141325 0.218703 0.375933 1.0
MME -0.167564 0.223929 0.092808 0.067688 0.304644 0.260169 1.0
LSE -0.072395 0.087376 0.120741 0.052507 0.347478 0.229145 1.0
WLSE -0.111064 0.095002 0.109623 0.043806 0.331093 0.209299 1.0
CVM -0.179036 0.145717 0.133818 0.069104 0.365811 0.262876 1.0

Sample Size n = 150
MLE 0.011043 0.416183 0.012908 0.179267 0.113613 0.423399 1.0
MME -0.275788 0.228789 0.122777 0.069436 0.350395 0.263508 1.0
LSE -0.084345 0.077773 0.059472 0.036353 0.243868 0.190664 1.0
WLSE -0.085947 0.071178 0.059656 0.036238 0.244246 0.190362 1.0
CVM -0.116865 0.108908 0.061201 0.046366 0.247389 0.215327 1.0

Sample Size n = 350
MLE 0.000551 0.436847 0.005349 0.191566 0.073135 0.437683 1.0
MME -0.299235 0.253968 0.120565 0.077063 0.347225 0.277603 1.0
LSE -0.055191 0.053061 0.032448 0.025788 0.180134 0.160585 1.0
WLSE -0.027627 0.002409 0.019210 0.013768 0.138599 0.117336 1.0
CVM -0.047092 0.060952 0.034801 0.026746 0.186550 0.163542 1.0

Sample Size n = 500
MLE 0.013024 0.440700 0.003768 0.194216 0.061385 0.440700 1.0
MME -0.324164 0.259268 0.128855 0.078309 0.358963 0.279838 1.0
LSE -0.082880 0.068386 0.030371 0.026090 0.174273 0.161524 1.0
WLSE -0.017639 -0.008232 0.013770 0.010921 0.117344 0.104506 1.0
CVM -0.084005 0.083538 0.029246 0.027069 0.171015 0.164526 1.0

(c) Compute information criteria:

AICG = 2kG − 2ℓG, AICCG = AICG +
2kG(kG + 1)

N − kG − 1
,

HQICG = −2ℓG + 2kG ln lnN

where kG = number of parameters in model G.
(d) Compute goodness-of-fit statistics:

KSG = max
i

∣∣∣∣FG(t(i))−
i

N + 1

∣∣∣∣ ,
ADG = −N −

N∑
i=1

2i− 1

N
[lnFG(t(i)) + ln(1− FG(t(N+1−i)))]

(e) Compute p-value via appropriate distribution for
KSG.

2. Identify best model: G∗ = argminG∈G AICG (or
AICCG, HQICG).
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Fig. 9: Bias, MSE, RMSE and Conv.Rate of β for θ = 0.3596, β = 0.1529
under different methods ofWCED

3. Validate with TTT-plot:

TTTi =

∑i
j=1 t(j) + (N − i)t(i)∑N

j=1 t(j)
, i = 1, . . . , N

4. Compare TTT-plot shape with hazard shapes of
candidate models.

5. Return G∗, information criteria table, goodness-of-
fit statistics.

4.2 Statistical Analysis of Real Life Time Data Sets
Before undertaking formal model comparisons, we first establish

the appropriateness of the WCED for the empirical datasets through
graphical alignment of data patterns and model properties. The Total
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Fig. 10: Bias, MSE, RMSE and Conv.Rate of β for θ = 1.2965, β = 0.0593
under different methods ofWCED

Time on Test (TTT) plot (Aarset, 2009) is employed to diagnose the
empirical hazard shape, while the theoretical hazard function of the
WCED (derived in Section 2 and visualized in Figure 4) exhibits flexi-
ble non-monotonic behavior, including inverted bathtub forms.

Figure 12 as portrayed in Appendix, presents the TTT plots for
the three survival datasets, each displaying a characteristic con-
vex–concave trajectory that mirrors the increasing-then-decreasing
hazard pattern producible by the WCED. This visual congruence
confirms that the datasets indeed reflect the type of failure process
that the WCED is designed to model, thereby validating its use in the
subsequent comparative analysis.
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Fig. 11: Bias, MSE, RMSE and Conv.Rate of β for θ = 1.0329, β = 2.3054
under different methods ofWCED

4.2.1 Rationale for Selection of Competing Models

To fairly assess the performance of the proposed WCED, we have
selected the following established weighted and lifetime distributions
for comparison:

• New Weighted Exponential Distribution (NWED): Se-
lected as a direct competitor because it represents a re-
cent and flexible generalization within the broader family
of weighted exponential distributions. It was proposed by
Oguntunde (2015). Comparing WCED to NWED allows
us to evaluate whether the introduction of the trigono-
metric weight function offers a substantive improvement
over another modern, parameterized weighted exponen-
tial model.
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Table 3: Summary Tables for Different Sample Sizes (θ = 1.0329, β =
2.3054)

Sample Size n = 15
Method θ Bias β Bias θ MSE β MSE θ RMSE β RMSE Conv. Rate
MLE 0.119333 -2.008838 0.263547 4.077126 0.513369 2.019189 1.0
MME 0.003999 -0.447426 0.181747 11.377114 0.426318 3.372998 1.0
LSE 0.216154 -1.771849 0.384024 4.342358 0.619696 2.083832 1.0
WLSE 0.245292 -1.950256 0.673810 4.281719 0.820859 2.069232 1.0
CVM 0.471972 -1.909754 0.958746 4.544993 0.979156 2.131899 1.0

Sample Size n = 25
MLE 0.103648 -1.976700 0.127649 3.947243 0.357280 1.986767 1.0
MME -0.047546 -0.549065 0.089059 9.733397 0.298427 3.119839 1.0
LSE 0.346859 -2.051519 0.449629 4.772775 0.670544 2.184668 1.0
WLSE 0.227081 -1.996944 0.279026 4.412085 0.528229 2.100496 1.0
CVM 0.245420 -2.039326 0.377309 4.751266 0.614255 2.179740 1.0

Sample Size n = 50
MLE 0.089518 -1.868093 0.042252 3.511756 0.205552 1.873968 1.0
MME -0.151651 -0.979411 0.051090 7.497459 0.226031 2.738149 1.0
LSE 0.302058 -2.287538 0.249101 5.261670 0.499100 2.293833 1.0
WLSE 0.229902 -2.150922 0.211416 4.875985 0.459800 2.208163 1.0
CVM 0.244018 -2.154430 0.170456 4.907199 0.412863 2.215220 1.0

Sample Size n = 150
MLE 0.102740 -1.805400 0.020165 3.259469 0.142005 1.805400 1.0
MME -0.225339 -1.382408 0.059780 4.892599 0.244499 2.211922 1.0
LSE 0.242141 -2.263641 0.096991 5.201735 0.311433 2.280731 1.0
WLSE 0.204863 -2.305325 0.068175 5.314523 0.261104 2.305325 1.0
CVM 0.274666 -2.302462 0.136705 5.301783 0.369736 2.302560 1.0

Sample Size n = 350
MLE 0.100787 -1.805400 0.014648 3.259469 0.121027 1.805400 1.0
MME -0.254297 -1.814401 0.067327 3.511710 0.259474 1.873956 1.0
LSE 0.244058 -2.305399 0.079813 5.314865 0.282512 2.305399 1.0
WLSE 0.218664 -2.305346 0.061066 5.314620 0.247115 2.305346 1.0
CVM 0.236889 -2.303651 0.076665 5.307108 0.276885 2.303716 1.0

Sample Size n = 500
MLE 0.099744 -1.805400 0.012794 3.259469 0.113111 1.805400 1.0
MME -0.263234 -1.820463 0.072194 3.507697 0.268689 1.872885 1.0
LSE 0.217891 -2.303377 0.058186 5.305950 0.241218 2.303465 1.0
WLSE 0.210777 -2.305325 0.050209 5.314524 0.224073 2.305325 1.0
CVM 0.227687 -2.305399 0.063487 5.314865 0.251966 2.305399 1.0

• Weighted Weibull Distribution (WWD): The Weibull
distribution is a cornerstone of reliability and survival
analysis due to its flexible hazard rate. The WWD incor-
porates a weighting mechanism, making it a natural and
strong benchmark. It was examined by Nasiru (2015).
This comparison tests if the specific structure of WCED
(with its periodic weight) can outperform a weighted
version of one of the most widely used lifetime models.

• Exponentiated Inverted Weibull Distribution (EIWD)
and Weighted Exponentiated Inverted Weibull Dis-
tribution (WEIWD): These models were developed by
Flaih et al. (2012) and Saghir et al. (2017), respectively,
and were chosen for two primary reasons. First, they are
capable of modeling inverted bathtub-shaped hazard
rates, which is a key characteristic we have identified
for the WCED (see Figure 4). This ensures we are
comparing against models suited for the same failure
pattern. Second, they represent a different philosophical
extension—using exponentiation and inversion of a
base distribution—providing a contrast to the weighted
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approach of the WCED. This tests the WCED’s per-
formance against alternative parametric strategies for
achieving similar hazard shapes.

The selection is therefore not arbitrary; it is designed to benchmark
theWCED against:

1. Contemporary peers within its own weighted class
(NWED),

2. A weighted version of a classical standard (WWD), and

3. Established alternatives known to exhibit the same in-
verted bathtub hazard shape (EIWD, WEIWD).

This multi-faceted comparison provides a comprehensive evalua-
tion of the WCED’s efficacy across different lineages of lifetime distri-
butions and for the specific hazard profile it aims to model.
Analysis of real data I. The first dataset consists of survival times for
121 breast cancer patients, measured in months, and is reported in
Lawless (2011). The proposed WCED demonstrates superior perfor-
mance on breast cancer survival data (Dataset I) across all statistical
criteria. In Table 1(a),WCED achieves the lowest AIC (1174.94), AICC
(1175.04), and HQIC (1177.10) values, with an AIC difference of 11.02
over the second-best model (NWED), indicating very strong empirical
support.

Table-1(a) Log Likelihood (−L)and Information Criterion for data set I
Distribution −L AIC AICC HQIC
WCED 585.47 1174.94 1175.04 1177.10
WWD 791.42 1586.84 1586.94 1589.09

WEIWD 837.91 1679.82 1679.92 1682.09
NWED 590.98 1185.96 1186.06 1188.21
EIWD 635.89 1275.88 1275.88 1277.95

Table 1(b) shows WCED’s exceptional goodness-of-fit with a
Kolmogorov-Smirnov p-value of 0.9089, while all competing models
yield p < 0.001, statistically rejecting their adequacy. The WCED
also produces the most plausible parameter estimates (θ̂ = 0.0129,
β̂ = 0.0057) and the lowest distance statistics (A2 = 0.0442,
W 2 = 0.0587), confirming its optimal balance of parsimony and fit
quality for modeling survival data with complex hazard patterns.

Table-1(b) Maximum Likelihood Estimators and Goodness Fitness Statistics of real data set I
Distribution θ̂ β̂ λ̂ A∗

0 W∗
0 KS p− value

WCED 0.0129 0.0057 0.4289 0.0442 0.0587 0.9089
WWD 0.1202 0.3250 0.9828 114.30 20.699 0.8182 0.0000
NWED 0.0898 0.0173 36.064 5.2610 0.3443 0.000
EIWD 6.7445 0.6534 36.333 7.0387 0.4336 0.000

WEIWD 0.5758 0.081 0.0387 35.843 7.7672 0.5652 0.000
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Analysis of real data II: The second dataset comprises survival
times of bile duct cancer patients following therapy, as documented in
Lawless (2011), and is also presented in the Appendix. The analysis
of Dataset II (bile duct cancer survival after therapy, n = 25) reveals
that the WCED provides the optimal statistical fit among competing
models. WCED achieves the lowest information criteria values (AIC
= 347.76, AICC = 348.30, HQIC = 348.43) and yields a statistically
acceptable Kolmogorov-Smirnov p-value (0.0322), while all alternative
models show poor fit (p < 0.001). The parameter estimates (θ̂ = 0.0014,
β̂ = 0.0009) suggest a distribution with gradual hazard changes appro-
priate for post-treatment survival patterns see Table-2(a) and Table-
2(b). These results establish WCED as the most suitable model for
characterizing bile duct cancer survival data following therapeutic in-
tervention.

Table-2(a) Log Likelihood (−L)and Information Criterion for data set II
Distribution −L AIC AICC HQIC
WCED 171.882 347.76 348.30 348.43
WWD 172.286 348.56 349.08 349.23

WEIWD 195.528 395.10 395.23 395.23
NWED 220.62 349.24 349.76 349.91
EIWD 175.34 354.68 355.20 359.87

Table-2(b) Maximum Likelihood Estimators and Goodness Fitness Statistics of real data set II
Distribution θ̂ β̂ λ̂ A∗

0 W∗
0 KS p− value

WCED 0.0014 0.0009 2.4823 0.5154 0.2932 0.0322
WWD 0.8956 0.0027 0.9546 NA 7.6186 0.91652 0.000

WEIWD 0.6469 0.081 0.0207 9.7661 2.0903 0.5550 0.000
NWED 0.1406 0.0023 5.8972 0.6845 0.3007 0.0260
EIWD 14.899 0.58 10.791 2.0951 0.4391 0.0001

Analysis of real data III: Third data set shows the the survival times
of bile duct cancer patient during radiation-drug therapy see Lawless
(2011) and portrayed in Appendix. For Dataset III (bile duct cancer
during therapy, n = 22), the WCED demonstrates superior perfor-
mance across all evaluation metrics see Table-3(a) and Table-3(b).
WCED achieves the lowest information criteria (AIC = 290.01, AICC =
290.11, HQIC = 292.26) and the highest Kolmogorov-Smirnov p-value
(0.5152), indicating excellent agreement with the empirical distribution.
The competing models either show substantially higher AIC values
(WEIWD: 391.76) or statistically insignificant fits (p < 0.001). WCED’s
parameter estimates (θ̂ = 0.0026, β̂ = 0.0011) suggest a survival distri-
bution well-suited for modeling treatment-phase failure times, confirm-
ing its utility in active therapeutic monitoring scenarios.
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Table-3(a) Log Likelihood (−L)and Information Criterion for data set III
Distribution −L AIC AICC HQIC
WCED 143.005 290.01 290.113 292.26
WWD 143.84 291.68 292.31 292.19

WEIWD 193.88 391.76 392.39 392.27
NWED 143.89 291.78 292.41 296.29
EIWD 153.47 310.94 311.57 311.45

Table-3(b) Maximum Likelihood Estimators and Goodness Fitness Statistics real data set III
Distribution θ̂ β̂ λ̂ A∗

0 W∗
0 KS p− value

WCED 0.0026 0.0011 0.9187 0.1537 0.1784 0.5152
WWD 1.0042 0.0025 0.4866 128.74 6.4663 0.8984 3.88 ×10−15

WEIWD 0.6430 0.081 0.0180 8.9364 1.9177 0.5910 0.000
NWED 0.7786 0.0022 11.982 2.0969 0.4993 0.0000
EIWD 14.9 0.5890 10.170 2.1740 0.5547 4.87×10−6

5 Conclusion

This study has introduced and systematically investigated the
Weighted Cosine Exponential Distribution (WCED), a novel
trigonometric-weighted lifetime model derived through cosine-
based transformation of the exponential distribution. The proposed
distribution exhibits enhanced flexibility, particularly in its capacity
to model inverted bathtub-shaped hazard rates, a characteristic
of considerable importance in reliability engineering and survival
analysis.

A comprehensive examination of the WCED’s mathematical prop-
erties has been conducted, establishing its fundamental characteris-
tics including moments, generating functions, mean deviations, en-
tropy measures, and stress-strength reliability. The model’s statisti-
cal robustness has been validated through extensive simulation stud-
ies evaluating five distinct estimation methodologies: Maximum Likeli-
hood, Method of Moments, Ordinary Least Squares, Weighted Least
Squares, and Cramér–von Mises estimation. Results demonstrate that
maximum likelihood estimation generally provides the most reliable
parameter recovery, particularly for the scale parameter θ, while ade-
quate sample sizes (n ≥ 150) are recommended for stable estimation
of the shape parameter β.

The practical utility of the WCED has been substantiated through
application to three real-world survival datasets from oncology
studies. Comparative analyses against established weighted distri-
butions—including NWED, WWD, EIWD, and WEIWD—consistently
reveal the WCED’s superior goodness-of-fit, as evidenced by lower
information criteria values (AIC, AICC, HQIC) and higher p-values
in Kolmogorov–Smirnov tests. These empirical results confirm the
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model’s effectiveness in capturing complex survival patterns observed
in biomedical data.

The WCED offers researchers and practitioners a parsimonious
yet flexible alternative for modeling lifetime data characterized by non-
monotonic hazard patterns. Its trigonometric weighting mechanism
introduces periodic behavior that may prove particularly valuable in
applications where failure processes exhibit cyclical or multimodal
characteristics. Future research directions include extension to
censored data scenarios, development of Bayesian estimation frame-
works, and investigation of regression formulations incorporating
covariates, which would further enhance the model’s applicability in
clinical trials and reliability studies.

In summary, theWCED represents a valuable addition to the family
of weighted lifetime distributions, combining mathematical tractability
with enhanced modeling capability for complex hazard patterns. Its
demonstrated performance on real survival data suggests significant
potential for applications in reliability engineering, biomedical statis-
tics, and related fields where accurate characterization of failure-time
distributions is essential.*
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Appendix

Table 4: Complete Dataset Listing with References
Dataset Survival Times (in months)

Dataset I: Breast Cancer Patients 0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8,
7.4, 7.5, 8.4, 8.4, 10.3, 11.0, 11.8, 12.2, 12.3, 13.5, 14.4, 14.4, 14.8, 15.5,
15.7, 16.2, 16.3, 16.5, 16.8, 17.2, 17.3, 17.5, 17.9, 19.8, 20.4, 20.9, 21.0,
21.0, 21.1, 23.0, 23.4, 23.6, 24.0, 24.0, 27.9, 28.2, 29.1, 30.0, 31.0, 31.0,
32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0, 38.0, 38.0, 39.0, 39.0, 40.0, 40.0,
40.0, 41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 46.0,
47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 55.0, 56.0, 57.0, 58.0, 59.0,
60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0,

83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0, 111.0, 115.0,
117.0, 125.0, 126.0, 127.0, 129.0, 129.0, 139.0, 154.0

n = 121
Source: Lawless (2011) (p. 564)

Dataset II: Bile Duct Cancer Patients (After Therapy) 57, 58, 74, 79, 89,
98, 101, 104, 110, 118, 125, 132, 154, 159, 188, 203, 257, 257, 431, 461,

497, 723, 747, 1313, 2636
n = 25

Source: Lawless (2011) (p. 565)
Dataset III: Bile Duct Cancer Patients (During Radiation–Drug

Therapy) 30, 67, 79, 82, 95, 148, 170, 171, 176, 193, 200, 221, 243, 261,
262, 263, 399, 414, 446, 446, 464, 777

n = 22
Source: Lawless (2011), (p. 566)
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Fig. 12: TTT Plots of Three Data Sets
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