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ABSTRACT

Many statistical procedures require the assumption that the observations
in a random sample are drawn from a normal distribution. Several statistical
techniques, mostly based on either population moments or empirical distri-
bution functions, are currently available to test whether the observations in
a random sample are normally distributed. In this study, we use the Edge-
worth series expansion to model deviations from normality, depending on
the skewness and excess kurtosis of a normal population. We develop a test
statistic based on these two measures to test for normality. However, the sam-
pling distribution of the test statistic is not mathematically tractable. There-
fore, we conducted a simulation study by generating the sampling distribu-
tion of the proposed test statistic for different sample sizes when the data
are normally distributed. The critical values were also calculated at differ-
ent levels of significance. The power of the proposed test was empirically
compared with the Shapiro-Wilk (SW), Shapiro-Francia (SF), Jarque-Bera
(JB), Cramer-von Mises (CM), Lilliefors (LF), Kolmogorov-Smirnov (KS),
and Anderson-Darling (AD) tests. The proposed test demonstrates compet-
itive power against JB, CM, LF, KS and AD tests for small samples under
specific alternatives with low skewness.
Keywords: Normality tests, Edgeworth expansion, Power comparison,
Skewness, Kurtosis
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A Test for Normality

1 Introduction

Generally, the assumption that the observations of a random sample are nor-
mally distributed is a prerequisite for many statistical procedures. Widely used
tests such as the F, Z, and t tests, as well as the error term in the classical linear
model, rely on normality. When this assumption is violated, the resulting test
statistics and associated inferences may be misleading. It is therefore standard
practice to examine the validity of the normality assumption before perform-
ing statistical analyzes.

A large number of tests for normality have been proposed, and they can
be broadly classified as parametric (often moment-based or regression-based)
and non-parametric (typically empirical distribution function (EDF)-based)
procedures. The early parametric work by Fisher (1930b,a), Pearson (1930,
1931, 1963, 1965), and Williams (1935) introduced the standardized third
and fourth moments, 3, and s, as test statistics for normality. These moment-
based tests focus on detecting departures from normality attributable to skew-
ness and kurtosis. Subsequently, Geary (1935, 1936, 1947) highlighted the
ratio of the mean deviation to the standard deviation as a further test statistic,
and David et al. (1954) emphasized the use of the relative range (the ratio
of the range to the standard deviation). These results were further refined by
Pearson and Stephens (1964).

Another important class of parametric tests is based on regressions or cor-
relations designed to detect departures from linearity in normal probability
plots. The Shapiro—Wilk family of tests (Shapiro and Wilk 1965; Shapiro et al.
1968; Shapiro and Francia 1972) and the procedures proposed by D’ Agostino

(1973, 1971) fall into this category. Filliben (1975) introduced the normal
probability plot correlation coefficient as a test statistic for the composite hy-
pothesis of normality, and Verrill and Johnson (1988) proposed a modification
of the Shapiro—Wilk correlation statistic.

Non-parametric and EDF-based procedures provide another major class
of normality tests. The Pearson y? goodness-of-fit test is a well-known exam-
ple for grouped or nominal data. For continuous distributions, Kolmogorov
(1933) proposed a goodness-of-fit test based on the supremum distance be-
tween the empirical and hypothesized distribution functions, and Smirnov
(1939) extended this idea to the two-sample case. These are now known as
the Kolmogorov—Smirnov one-sample and two-sample tests. EDF-based tests
have been further developed and modified over time: Friedman et al. (1988)
introduced a modified Kolmogorov—Smirnov-type test for normality, while
Sinclair et al. (1990) discussed two modifications of the Anderson—Darling
test statistic. Additional EDF-type and related statistics for normality have
been proposed by Birnbaum (1952), Miller (1956), Darling (1957), Lil-
liefors (1967), Srinivasan (1970), Guo et al. (2010), Torabi et al. (2016),
and Bayoud (2021).

Further extensions of normality testing include multi-sample tests, such
as the procedure of ?, which is based on the generalized distance between the
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standardized order statistics vectors across samples and their expected val-
ues under normality, as well as tests for multivariate normality discussed by
Székely and Rizzo (2005) and Hanusz and Tarasinska (2014). A substantial
simulation literature has compared the power of many of these tests with a
wide range of alternatives; see, for example, Dufour et al. (1998), Oztuna et
al. (2006), Bayoud (2016, 2021), Kahya (1991), Seier (2002), Mendes and
Pala (2003), ?, Razali and Wah (2011), and Romao et al. (2009). These stud-
ies consistently indicate that no single test is uniformly most powerful and that
performance often depends on the pattern of departure from normality (e.g.,
primarily skewness, primarily kurtosis, or a combination of both).

Despite this extensive literature, most existing tests either (i) emphasize
separate assessments of skewness and kurtosis via low-order moments, or
(1) provide omnibus EDF- or regression-based procedures whose connection
to specific features of the underlying distribution (such as the joint effect of
skewness and kurtosis) is less explicit. In particular, there is a relative lack of
tests that are explicitly constructed from an Edgeworth expansion, using the
standardized third and fourth cumulants to build a single, interpretable mea-
sure of deviation from normality that simultaneously captures asymmetry and
tail behavior.

In this study, we address this gap by deriving a test statistic based on the
Edgeworth series expansion of the standardized density. Following the ap-
proach of Gayen (1949), who used Edgeworth expansions to approximate
Student’s ¢-distribution for non-normal populations, we consider a third-order
approximation of the standard normal density of the form

10A2

20, W

A A
f2)=0(2) = 5 0¥ (2) + 5y 0 (=) +

where ¢(z) is the standard normal density, ¢")(z) = (£)"¢(z), and A3 and
A4 measure the skewness and excess kurtosis of the distribution, respectively.
For the normal distribution, A3 = Ay = 0, so that f(2) = ¢(z).

By varying A3 and )4, we obtain a wide class of symmetric and asym-
metric marginal distributions that represent a broad spectrum of deviations
from normality. Our proposed test statistic combines information on both A3
and )\, into a single measure and is therefore specifically designed to be sen-
sitive to departures characterized by simultaneous changes in symmetry and
tail heaviness.

Because the exact sampling distribution of the proposed Edgeworth-based
test statistic is not analytically tractable, we employ a large-scale Monte Carlo
simulation study to obtain critical values at a few selected levels of signifi-
cance and prepare a table to refer to test the null hypothesis. Then, we con-
duct another simulation study to investigate its empirical power at 5% level
of significance using the statistical software R via RStudio and the packages
graphics, stats, tseries, and nortest, where we compare the perfor-
mance of our test with several existing moment-based (especially, the Jarque—
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Bera test), regression-based, and EDF-based tests across a range of sample
sizes and alternative distributions.

Consistent with earlier simulation studies, our results confirm that no test
dominates in all scenarios, but show that the proposed Edgeworth-based pro-
cedure offers competitive, and in some cases superior, power for alternatives
involving joint deviations in skewness and kurtosis.

The remainder of this article is organized as follows. In Section 2, we
present the methodological framework: we first develop the proposed Edge-
worth based test statistic, then introduce the penalized test statistic, derive
the sampling distribution, and obtain critical value tables. After that, we de-
scribe the design of the power comparison with seven existing normality tests.
Section 3 reports and discusses the main empirical findings, including the be-
haviour of the sampling distribution of the test statistic and the comparative
power performance of the proposed test against the seven competitors under
selected alternatives and sample sizes. Section 4 concludes with a summary of
the main contributions, practical implications for normality assessment, and
possible directions for future research.

2  Methodology

2.1 Development of the test statistic

In many classical statistical inferences, we typically assume that we have se-
lected a sample from a normal population. Suppose, however, that the process
of generating the data does not follow a normal distribution. We will still as-
sume that the mean and the standard deviation are finite and denoted by . and
o respectively. Let us introduce two additional parameters A3, the coefficient
of skewness, and \4, a measure of excess (from kurtosis). We can then model
the process through an Edgeworth expansion given below.

15 o) =o(F2E) 50 (F2E)
)

g (”” - “) n 10A§¢<6> (x —H
4! o 6! o

For a single observation of this distribution; E(%) =0, B(* )2 =1,
BE(X21)° = Xy and BE(¥2£)" =3+ ),

When making statistical inferences about the mean based on a sample
drawn from a normal population with mean ; and variance o2, we gener-
ally compare the value of the sample mean, X with the value of the sample
standard deviation, s, as in the test statistic, t = \/n(%), or the interval
estimate, (X — ks, X + ks).

What happens when (X ,s) are computed from a non-normal population?
Consider sampling from a non-normal population, still with the mean 4 and
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the variance o2, but with some skewness and excess of kurtosis quantified by
means of the parameters A3 and A4, respectively. Thus, we are retaining the
same description of the location and dispersion of the distribution by adding
additional parameters to account for the way in which the mass is dispersed,
namely a measure for the direction of the spread (skewness, A\3) and the flat-
ness/ peakedness (excess of kurtosis, \y).

We can then approximate the true distribution of the sample by an Edge-
worth expansion, as in equation 2, to obtain the approximate joint distribution
of (X,s) for this non-normal population. Using the simplified joint distribu-
tion of (X ,s) given by Gayen (1949), a marginal distribution of the sample
mean, X, is obtained as

not 172 A A
9(z) = <”;T ) {1 + ng( 72— 3) + ﬁ(n%? — 6nz> + 3) 5

2
(n335 — 15027 + 4507 — 15)}

3
+ 2n

here, £(X7#) =0, B(*7#)" = 1 E(*7#)" = Jrand B(*2#)" = 2401,

Note that,/ n(%) — N(0,1) as n — oo, which is a direct consequence
of the Central Limit Theorem. Hence, the distribution of the sample mean is
apparently unaffected by the additional parameters A3 and \4.

Now, let us consider the distribution of the sample standard deviation for
this non-normal population. The distribution of the sample standard deviation,
s, for the Edgeworth expansion in equation 2, as given by Gayen (1949) can
be written as,

5 = 25" Al =D 5y
e A T

A3 (n—1)° 6 (n—1) 4 2
+m(n—2)(n—1){(n+3)(n+1)s _3(n+1)8 + 3s —1H

Approximating this distribution by a normal with the same first two moments,
as depicted in the appendix, we compute the moments as F(s) = ~yco and
V(s) = (1 — 7*c*)o? using the distribution in 4, where co is the mean under
normality, and + is a correction factor given by

:{1 Mn-1) ¥ (-2 }

8n(n+1)  4n(n+3)(n+1)

)

Now suppose that we have taken a sample of size n from a non-normal
population. In this case, we could compute the sample equivalent of ~, the
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correction factor.

8 (n+1) 4n(n+3)(n+1)

gl (6)

[ M=) N (n-2)
{i-simn e |

where & = B(258)! = B and 3, = B(30)! g = Bt g

Using the maximum likelihood estimators for the central moments,

n

N . 1

[L]’:E(X_M)]:E;(mi_x)jv J=2,3,4

and, so \3 = 3/2 and )\4 = % -
2

When samphng from a normal distribution, skewness and excess of kur-
tosis are equal to 0. Thus, v is equal to 1 in the normal case. Hence, the null
and alternative hypotheses can be written as,

Hy: Data are normally distributed (y = 1) Vs
H;: Data are not normally distributed (v # 1)

One can identify that the proposed statistic v can be viewed as an Edgeworth-
based analogue of the Jarque—Bera (JB) statistic (Jarque and Bera (1987)),
but with a different scaling and weighting structure that gives it a distinct
behaviour. The JB statistic, which is derived as a Lagrange multiplier test,
aggregates the squared skewness and squared excess kurtosis through

)\2
B =
) 6<>\3 4),

so that departures from normality are measured by a growing (order n) chi-
square type quantity in which A2 and \? enter with fixed weights proportional
to sample-size. In practice, the JB test relies on the asymptotic x3 approxi-
mation, which is known to provide a poor fit in small samples and to yield
inflated Type I error rates relative to the nominal level.

In contrast, our statistic in equation 5 is constructed directly from a third-
order Edgeworth expansion, so that excess kurtosis (\4) and squared skewness
(\2) appear as finite-sample correction terms to the benchmark value v = 1
under normality. This yields a bounded, interpretable index of normality (with
nearby values corresponding to small Edgeworth corrections), in which skew-
ness and kurtosis are combined through sample-size—dependent coefficients
derived from the expansion.

Moreover, instead of relying on an asymptotic chi-square approximation,
critical values for y are obtained from its finite-sample sampling distribution
by Monte Carlo simulation, leading to improved control of the Type I error
rate at the nominal significance level. The novelty of ~ therefore lies in pro-
viding a single, Edgeworth-based measure that simultaneously reflects skew-
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ness and kurtosis, incorporates explicit finite-sample adjustments, and is cal-
ibrated via its non-standard sampling distribution rather than via asymptotic
x? theory.

2.2 The # statistic with penalty

The distribution of % is suspected to be biased and skewed, especially for
small samples, as it depends on the sample size. Ideally, as with many test
statistics, with unknown sampling distributions, we would hope that 4 or some
simple transformation of 4 will have an approximate normal distribution as the
sample becomes large. However, even as n becomes large, the convergence
to an unbiased, symmetric, normal-like distribution may be quite slow. This
is a conjecture that needs to be tested.

The bias in 4 is accounted for, in that, by calculating the maximum like-
lihood estimates of A3 and \,. The ratios of the sample moments are being
taken which is unlikely to be unbiased estimates of A3 and ). One possible
remedy is to introduce a penalty factor, &, and estimate the sample moments by
dividing the quadratic forms by (n-k) rather than n. A similar kind of method
is used in the calculation of the sample variance where a penalty of £ = 1
produces an unbiased estimator. Thus, we can define the penalized gamma
statistic .

N 1— 5\471C (77, — 1) )\;ik (77, — 2) (7)
s 8n (n+ 1) 4n (n+3)(n+1)
where, A3 = “f—/’; and Ay, = 2+ _ 3 and so,
’ o'y, ’ H2 1

n

X 1 i
P = n=h Z(lﬁz —z), j=2,3,4

i=1

Then, to correct the bias only, a penalty between +2 and +3 is required for
various sample sizes. A sampling distribution requires a penalty of approxi-
mately 2.923 forn = 4, apenalty of 2.8 for n = 5, a penalty of 2.3 for n = 20,
and a penalty of 2 for large n. Thus it is suggested that a penalty of k£ = 2 be
used for all sample sizes as this will give a statistic that is almost unbiased for
all sample sizes and with a sampling distribution that converges more rapidly
to v as n becomes large. We anticipate that the sampling distribution of 7,
will also stabilize to a symmetric normal-like distribution more rapidly than
the non-penalized 4. Here calculating critical values of the penalized ~, and
drawing histograms have to be done following the same concepts discussed
in the following sub-sections.

We name this test the ‘HPW’ (‘Hapuarachchi-Peiris-Wickramarachchi’)
test. The test statistic without penalty is given in equation 6 is named as

116 ISSN-2424-6271 TIASSL



A Test for Normality

‘HPW1’ and the test statistic with penalty is given in equation 7 is named
as ‘HPW2’. We intend to use these abbreviations throughout the paper.

2.3 The sampling distribution of s and critical value tables

We need to obtain or approximate the distribution of 4 when sampling from a
normal population to use ¥ as a test statistic to test the normality of samples.
The distribution of 7 does not appear to be readily available or mathematically
tractable as it involves both A3 and \,, combined non-normality. Instead, let
us generate the empirical distribution for different sample sizes by simulating
samples from a normal population similar to Bayoud (2016,2021). According
to Glass et al. (1972) simulation size and the level of significance are impor-
tant factors in building critical values for the test and conducting an inferential
power study.

First, 150000 samples were drawn from the standard normal distribution
for each sample size from 3 to 200. Then HPW1 and HPW2 were calculated
using those samples that eventually formed two empirical distributions for
each sample size. After that, histograms were drawn for each of these distri-
butions to identify changes in the shape of the distributions with the various
sample sizes. A summary of these histograms is given in section 3.1. Fur-
thermore, the minimum and maximum of each sampling distribution were
calculated to recognize changes in the range of the distribution for different
sample sizes. It allowed us to get an idea about the density of the empirical
distribution. Then we determined the (§ x 100)th and ((1 — §) x 100)th per-
centiles from each of these distributions as critical values for different levels
of significance (o = {1%, 2.5%, 5%, 10%}) to test normality. The critical val-
ues were observed to be almost identical up to 3 decimal places for sample
sizes greater than 30. Reflecting changes in critical values, we selected a set
of large sample sizes. Thus, we finalized user friendly critical value tables to
use the test with {3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21,22, 23, 24, 25, 26, 27, 28, 29, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 85,
90, 95, 100, 110, 120, 130, 140, 150, 160, 170, 180, 190, 200} sample sizes
which are listed in the Appendix under Tables 4, 5, 6 and 7.

2.4 Power comparison with seven other normality tests
We compared the power of HPWs for normality of observations with Shapiro—
Wilks (SW), Shapiro—Francia (SF), Lilliefors (LF), Kolmogorov—Smirnov
(KS), Cramer—von Mises (CM), Anderson—Darling (AD), and Jarque—Bera
(JB) tests. These tests are from the categories of Tests based on the empirical
distribution function”, "Regression and correlation tests” and “Tests based on
measures of the moments”, according to Romao et al. (2009). Thus, we used
9 tests in the power comparison.

To calculate the power of a test, we first drew a data set from a selected
alternative distribution with a size listed in the Table 1. Then we calculated
the power at the 5% level of significance. This method was repeated for all
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sample sizes and alternatives in table 1. As described in section 3.1, empirical
distributions of sample sizes from 3 to 6 had contradictions with the condi-
tion in the null hypothesis. Also, considering that the minimum sample size
for the AD test is 8, we arbitrarily selected these sample sizes for the power
comparison. In addition, we followed such categorization for the convenience
of comparing and interpreting the results of power comparison, motivated by
the work of Romao et al. (2009) and Torabi et al. (2016).

Table 1: Summary of sample sizes and alternative distributions used in the
power comparison study.
Component Category  Values

Sample size  Small n € {8,9,10,12,13,15,20}
Moderate  n € {25, 30, 35,40,45}
Large n € {50, 75,100, 150, 200}
Alternative ~ Symmetric Cauchy(0, 1), Cauchy(0, 3), £(1),
distributions t(30), Unif(0, 1), Unif(0, 5)

Skewed  F(10,1), F(5,10), v3(3), v2(30),
Exp(1.5), Beta(2, 5), Beta(5, 1), Exp(0.5),
Log-normal(0, 0.25), Log-normal(0, 1),
Weibull(1, 1.5), Weibull(1.5, 1),
Gamma(2, 2), Gamma(2, 3)

Finally, we summarize the final results of the power values calculated for
the 9 selected tests under 20 alternatives and 19 sample sizes. And it is orga-
nized according to the categories that appear in Table 1. In addition, Table 2
contains extracted power values from the final results of the power analysis
for the median sample sizes of each category in Table 1 and 10 alternative
distributions. It shows the power of each test under limited conditions.

3 Results and Discussion

3.1 Sampling distribution of s (HPWs)
Histograms for various sampling distributions illustrated three types of shapes.
The first shape was approximately symmetric and bimodal, which occurred
when n = 3,5, in figure 1 and 3. The second was a positively skewed shape,
which occurred when n = 4, in figures 2. The third was a negatively skewed
shape, occurred when n > 5, in figures 4. Thus we only list four figures, as for
increasing n, histograms got narrower around 1 and the mode moved towards
1 while maintaining a similar shape in 4.

According to the form of both test statistics in equations 6 and 7, the value
of ‘HPW’ is a summation of three components. Hence, we can expect extreme
values of these test statistics on two occasions as given below.

A negative Asaddsa positive amount to the sum. Hence a positive extreme
value of ‘HPW’ can be expected if A2 is high and )\, is negatively low. Thus,
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a skewed and light-tailed distribution can give a positive extreme value for
‘HPWs’. .

A positive A4 adds a negative amount to the sum. Hence a negative ex-
treme value of ‘HPW’ can be expected, if 5\§ is close to 0 and Ay is positively
high. Thus, a symmetric or a least skewed and heavy-tailed distribution can
give a negative extreme value for ‘HPWs’.

In addition, we can observe that when n increases, the effects of the second
and third components in these equations get closer to 0. Thus we can expect
that these tests can recognize non-normality for small samples from a skewed
and light-tailed distribution or for small samples from a symmetric/least-skewed
and heavy-tailed distribution.

Histogram of HPW1 whenn =3 Histogram of HPW2 whenn =3

o4
r T T T 1 r T T T 1
10310 10815 10320 10325 10330 1.0520 1052 10524 10526 10528

HPW1 Values HPW2 Values

(a) Histogram of ‘HPW1". (b) Histogram of ‘HPW2’.

Fig. 1: Histograms of the sampling distributions of two test statistics (n=3).

Histogram of HPW1 whenn =4 Histogram of HPW2 whenn=4

J o4
r T T T T T 1 r T T T T T 1
1015 1020 1.025 1.030 1035 1.040 1045 1015 1020 1025 1.030 1035 1040 1045

HPW1 Values HPW2 Values

(a) Histogram of ‘HPW1". (b) Histogram of ‘HPW2’.
Fig. 2: Histograms of the sampling distributions of two test statistics (n=4).

The ranges of test statistics for each sample size are less than 0.065. Due to
this, the critical values should be calculated at least up to five decimal places
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Histogram of HPW1 whenn =5 Histogram of HPW2 when n = 5

4000 6000 8000 10000
L L L

2000
L

o
L

T T T T T T T —‘ 1

T T T 1 r T T T T
1,005 1010 1015 1,020 1025 1.030 1035 1,040 1.005 1010 1015 1.020 1025 1030 1035 1040

HPWA Values HPW2 Values

(a) Histogram of ‘HPW1°. (b) Histogram of ‘HPW2’.

Fig. 3: Histograms of the sampling distributions of two test statistics (n=5).

Histogram of HPW1 whenn =6 Histogram of HPW2 when n = 6

12000
,

2000 4000 6000 8000
L L L L

L

r T T T T T 1 r T T T T T 1
098 099 100 101 102 103 1.04 098 099 1.00 101 102 103 104

o
L

HPW1 Values HPW2 Values

(a) Histogram of ‘HPW1°. (b) Histogram of ‘HPW2’.

Fig. 4: Histograms of the sampling distributions of two test statistics (n=6).

in order to provide a good decision by minimizing the effect of truncation and
round-off errors of the critical values. The minimum of the sampling distri-
bution of ‘HPW1’ is greater than 1 for n = 3,4, 5. The respective values of
‘HPW2’ are greater than 1 for n = 3,4, 5, 6. Consequently, on each of these
occasions, the values of test statistics are not equal to 1.

Based on the characteristics of the empirical distributions and the critical
value tables of HPWs, we can suggest that HPW1 can be used at each of the
four levels of significance for samples larger than 5. In comparison, HPW2
can be used at each of four levels of significance for samples greater than 9
as all critical value intervals include 1 for these sample sizes. According to
ranges of empirical distributions of ‘HPWs’, we cannot expect critical values
to be monotonically increasing or decreasing. Based on histograms, ‘HPW2’
has a lower skewness than ‘HPW1°.
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3.2 Power comparison with seven other normality tests
Considering the categories of sample size and alternative distributions in Ta-
ble 1, we can draw several insights from the calculated power values.

As reported in Tables 2 and 3, it is difficult to declare one of the two HPW
tests is uniformly superior, as their power values are very similar across the
scenarios considered. However, both HPW tests outperform the KS test un-
der every condition examined. According to the summary of power values in
Table 3, the proposed tests exhibit competitive power relative to the JB test
for all sample sizes under symmetric distributions and for small samples from
asymmetric distributions.

Table 3 further indicates that HPW tests are more powerful than the LF test
for moderate and large samples from symmetric distributions. They perform
comparably to the JB test for small and moderate sample sizes and remain
on a par with the JB test for large samples under symmetric alternatives. The
HPW tests are also broadly comparable to the AD, SW, SF, LF, and CM tests
for moderate and large samples from symmetric distributions. Nevertheless,
the Shapiro—Wilk and Shapiro—Francia tests tend to show higher power than
all other procedures in almost all situations considered in this study.
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Table 3: Results of Power Comparison for both Symmetric and Asymmetric
Distributions

Symmetric Distributions

Sample  Results

size

Small ‘HPWSs’ have power higher than KS and JB tests for all 6 dis-
tributions.
‘HPWs’ have power higher than AD, SW, SF, LF and CM tests
for t(30), Unif(0,1) and Unif(0,5) distributions.

Medium ‘HPWSs’ have power higher than KS and JB tests for all 6 dis-
tributions.
‘HPWSs’ have power higher than LF test for t(30), Unif(0,1) and
Unif(0,5) distributions. And those two have power higher than
LF test for t(1), Cauchy(0,1) and Cauchy(0,3) when sample size
is greater than 35.
‘HPWs’ have power higher than AD, SW, SF and CM tests for
t(30), Unif(0,1) and Unif(0,5) distributions.

Large ‘HPWSs’ have power higher than KS and LF tests for all 6 dis-
tributions.
‘HPWSs’ have power closer to JB test for t(1) and Cauchy(0,3),
while power is higher than JB test for Cauchy(0,1), Unif(0,1)
and Unif(0,5).
‘HPWSs’ have power higher than AD and CM tests for t(30),
Cauchy(0,1), Unif(0,1) and Unif(0,5) distributions.
‘HPWs’ have power higher than SW and SF tests for t(30),
Unif(0,1) and Unif(0,5) distributions.

Asymmetric Distributions

Sample  Results

size

Any ‘HPWSs’ have power values higher than KS test for all 14 dis-
sample tributions.

Small ‘HPWSs’ have power values closer to the power values of JB

test for all 14 distributions while showing higher power values
than JB test when sample size is less than 14.

4 Conclusion

The simulation study indicates that the proposed HPW tests perform particu-
larly well when the data are generated from symmetric distributions, in line
with the expectations set out in Section 3.1. Under the sample sizes and al-
ternative distributions considered in Table 1, the HPW tests generally achieve
power values comparable to those of the Kolmogorov—Smirnov, Jarque—Bera,
and Lilliefors tests. For skewed alternatives, the HPW tests outperform the
Kolmogorov—Smirnov test across all sample sizes and the Jarque—Bera test
for small samples, and they exhibit power close to that of the competing pro-
cedures for sample sizes between 8 and 20.
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At the same time, HPW tests do not uniformly dominate the classical pro-
cedures. In particular, they do not consistently outperform the Shapiro—Wilk
or Shapiro—Francia tests, which often retain the highest power among the
methods considered. Thus, our tests should be viewed as providing a com-
plementary Edgeworth-based perspective on normality rather than a universal
replacement for existing procedures.

In practice, the HPW tests appear most useful when the sample exhibits
an approximately symmetric shape or when the practitioner is especially con-
cerned with symmetric, heavy-tailed alternatives and small sample sizes. In
such settings, HPW tests offer competitive or superior power while maintain-
ing reasonable control of the Type I error rate. For highly skewed distribu-
tions, their main advantage is observed for small samples, as anticipated in
Section 3.1. Further work on the behaviour of the sampling distributions for
very small samples (e.g., n < 6) would be valuable.

The necessary calculations are demonstrated below to perform new tests
for a given sample. Let x = {82, 84, 85, 88, 92, 93, 94, 95, 98, 100, 102, 107,
110, 116, 116} be a data set of 15 patients whose mean arterial pressure was
measured by Mishra et al. (2019). Since the sample mean is 97.46 we can
calculate HPW1 as follows.

i (i — 97.46)? S0 (2, — 97.46)3

fg = = — 113.049, jig — = — 429.207,
15 4
15 (. — O7.46 A A
fig = 2z (? = S 26208.95, Js = 035715, A, = —0.04923
—0.94923 /14y 0.357152, 13
HPW1=141— —(—) ( ) — 1.007017
{ 8x15 \16 4+ 15 \(18)(16)

At 5% level of significance and n = 15, the critical values are given in
the Appendix Table 4.

Decision rule: We reject Hy, if HPW1 is less than 0.988826 or greater than
1.010006 at 5% level of significance.

Decision: Since HPW1 (=1.007017) is in between than 0.988826 and 1.010006,
we cannot reject the null hypothesis.

Similarly, we can perform the proposed test for this sample data set using
HPW?2 and its related calculations. For more clarification, we performed the
JB, SW, SF, LF, and AD tests with this data set. The P-values of these tests
are 0.6434, 0.4541, 0.64, 0.7928 and 0.644. That is clear to see that all these
tests give the same decision as the proposed test.

Furthermore, letz = {8,9,8,15,9, 10, 14, 16, 18,19, 21, 18, 19, 10, 15, 21,
16,19,9, 18} be a random sample of size 20. Since the sample mean is 14.6
we can calculate HPW1 as above and test statistics value becomes 1.008253.
When n = 20, we reject Hy, if HPWI is less than 0.991129 or greater than

124 ISSN-2424-6271 TIASSL



A Test for Normality

1.007138 at 5% level of significance. Since HPW1 (= 1.008253) is greater
than 1.007138, we reject the null hypothesis of normality.

We perform JB, SW, SF, LF, and AD tests with this data set. The P-values
of these two tests are 0.382, 0.022, 0.053, 0.054, and 0.02 respectively. Thus,
it is clear that the AD and SW tests suggest rejecting the null hypothesis of
normality, while the JB, SF and LF tests suggest vice-versa at 5% level of
significance. In conclusion, these two examples show how well the proposed
test can test the normality assumption for small samples.

To facilitate practical use, we will work on an R package implementing
the HPW test statistics, together with critical values for a range of sample
sizes in the appendix. This implementation allows practitioners to apply the
proposed tests directly in empirical work and is intended to encourage further
exploration and comparison of HPW-based procedures in applied settings.
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Appendix

A Derivation of the test statistic

Let ¢(x) be the probability density function of standard normal distribution. And
$(z)*) be the k" derivative of ¢(z) with respect to x. Hence probability density

22

test can be written as ¢(z) = ex\p/; . Also we take S; = nX and Sy = (n — 1)s?
as in Gayen (1949).
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By the third order approximation of Edgeworth expansion where X ~ N (j, 0?)
T — T — A T — A
P o s ) = o T=E ) = So@ (TE )+ e (FE
o 3! o 4! o

10)\3¢(6)< - )
_¢<x_“

g g
Mg, — 4 T — [\2
MUEY 6 4y
1073

- Kx;“f+¢ax;“f+4a$;“ff1ﬂ

Now consider the following mathematical relationships
H(52)
o

E(x_“)2—1+A3m 3(0)] + f%ﬂ5—6@)+ﬂ

o 3!
10)\2
6!

+ —2[105 4 15(15) + 45(3) — 15] =

That is Var(z — u)? = o2,

3
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00 2

C 2n )\ )\
E(S) = \X/I;niﬁ [s1 5 ( 1—3nsi) + 24;3 (53 — 6ns? + 3n’s1)
2
+ ;(2))\4 (s] + 15ms] +45n°s% — 15n°s1)|ds;

A3 A4 2
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2 0A3 /s 6 2.4 3.2
+3n°s7) + s + 15ns7 + 45n°s7 — 15n°s7) |ds1
72nt
A3 A4 5 5
+’6‘5(0 3n(0)) + 51 ~_(15n° — 6n(3n?) + 3n%(n))
102
+»78 2 (105n* + 15n(15n%) + 45n%(3n%) — 15n°(n)) = n
n
— 1
SX ~(0,—
0,-)
E(S3 exp_zl3 /\3634 Ag T _ 6ns® + 3n2s
(S7) = \/%[14— (s — n81)+24n3(81— ns) + 3n’s})
1073
+72 7] (51 + 15ns] + 45n2s] — 15n3s‘%)}d81

B(S3) = E?3(1571 —3n(3n2)) = nAs

B(S?) nXs s
E(52)% B n% N \/ﬁ

E(S?) =3n* +

1022
—%72 2 (945n° 4 15n(105n") 4 45n*(15n%) — 15n°(3n?))
n

A
24n3(105n —6n(15n°) + 3n°(3n?))

E(Sf) =3n? +n\y
IfT = \/nX then E(T) =0 and V(T) =1,thenT ~ N(0,1)

E(T%) = and E(T4)_3+éé

A3
v

130 ISSN-2424-6271 TIASSL



A Test for Normality

S :(n—l)iﬁE(S2):U2[&]
’ o? (n—1)
P S e A
"o - (n—1) — - n—1
T 2y o)

Using the above equation we can derive the following quantities,

n—+1 n—1

hy2 = [VEL(3)]/0 (5 D=a =2 (=) =n-1
Jg/Z:[Qﬂr(“”)]/r( Y a h=@m-D@+1)
Jsj2 = n(n+1)a J3=(Mn—-1)(n+1)(n+3)
Jrp =n(n+2)(n+4)a  ect.
E(S) = Ji + M(Jg —2(n+1)Jo + (n* —1)J1)
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B CED R

Thus, we get the for of the test statistic from above.

B Ciritical value tables

These critical value tables are made considering 4 different levels of significance and
49 sample sizes. Under each level of significance, there are 2 critical values that are
used to test the normality.
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