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ABSTRACT

Accurate estimation of rare events in clustered populations is paramount
for effective public health planning, yet traditional estimators often assume
population homogeneity, leading to inefficiencies and potential bias. This
study employs a case study approach using a real-world public health dataset
to compare two estimators for the proportion of a rare event (incomplete
Hepatitis B vaccination) within an Adaptive Cluster Sampling (ACS) frame-
work: a classical ACS estimator and a heterogeneous estimator derived from a
Bayesian hierarchical model. The hierarchical structure accounts for cluster-
ing at the College-Department level (networks, representing 279 distinct net-
work units identified through the adaptive sampling process, including both
expanded clusters and singleton networks) and the College-Year level (sub-
networks, representing 45 nested groupings within the 380-student popula-
tion). By treating a complete dataset as a known (population), we rigorously
assess estimator performance in terms of bias, variance, and Mean Squared
Error (MSE). Our findings demonstrate that the Bayesian hierarchical esti-
mator (estimate: 0.182, variance: 0.00038, MSE: 0.00038) consistently yields
estimates with negligible bias, lower variance, and a substantially lower MSE
compared to the classical ACS estimator (estimate: 0.172, variance. 0.00050,
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MSE: 0.00059). This represents a 1.31-fold reduction in variance and a 1.55-
fold reduction in MSE for the Bayesian approach. Posterior predictive checks
further confirm the good fit of the Bayesian model to the observed data. This
underscores the critical importance of explicitly accounting for population
heterogeneity and employing robust model-based inference in adaptive sam-
pling designs to generate reliable estimates for informed public health policy.
Keywords: Adaptive cluster sampling, Population heterogeneity, Bayesian
hierarchical modelling, Rare events, Incomplete vaccination, Public health
surveillance

1 Introduction

Rare events, characterized by their low prevalence yet often significant im-
pact, pose considerable challenges for statistical estimation in diverse fields
such as public health, environmental science, and epidemiology (Bouchet et
al., 2019; Kalton , 2009). In public health, accurately estimating the preva-
lence of conditions like incomplete vaccination is crucial for effective re-
source allocation, intervention design, and policy formulation. Conventional
sampling designs, such as Simple Random Sampling (SRS), are often inef-
ficient for these “hard-to-reach” populations due to the high probability of
missing rare units (Qureshi et al., 2018; Tourangeau , 2014).

Adaptive Cluster Sampling (ACS), introduced by Thompson (1990), of-
fers a robust solution by adaptively expanding the sample around initially de-
tected rare events. This design efficiently targets areas of high prevalence,
thereby improving the capture of clustered units and enhancing the precision
of estimates for rare and spatially clustered populations (Thompson , 2013;
Breininger et al., 2019). A common limitation in the application of traditional
estimators within ACS is the implicit assumption of population homogeneity.
In real-world public health contexts, factors such as socioeconomic status, ge-
ographical location, or institutional affiliation often induce heterogeneity and
clustering in health outcomes. Ignoring such structural variability can lead to
biased and inefficient estimates.

Building upon these foundational principles, this study presents a re-analysis
of a real-world dataset to rigorously compare the performance of a classical
ACS estimator with a heterogeneous estimator derived from a Bayesian hier-
archical model. The comparison is conducted within a case study framework
where a complete real-world public health dataset is treated as a known popu-
lation. This approach allows for a direct and unbiased assessment of estimator
performance against a known truth, particularly regarding bias, variance, and
Mean Squared Error (MSE). We apply this methodology to a public health sur-
vey scenario involving Hepatitis B vaccination status among tertiary students,
hypothesizing that the Bayesian hierarchical model, by explicitly accounting
for population structure, will yield superior accuracy and efficiency.
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2 Methodology

Our approach is a case study that uses a real-world dataset to compare two
estimators for a rare event proportion. The dataset, comprising responses from
380 tertiary students, is treated as a complete population. The rare event is
defined as incomplete Hepatitis B vaccination. The true population proportion
for this rare event is 0.1816.

2.1 Data Source and Rare Event Definition

The data for this study is a real-world dataset collected from a survey of
tertiary students, comprising a known population of 380 individuals. For this
analysis, this complete dataset is treated as the known population from which
we assess estimator performance. This approach allows us to calculate the
true population proportion of the rare event and rigorously assess the bias,
variance, and efficiency of the estimators against a known truth.

The study population comprised students from 10 colleges and 39 depart-
ments across the institution. The rare event of interest is defined as incomplete
Hepatitis B vaccination, categorized as any student who has received “0 dose,”
“1 dose,” “2 doses,” or is “Not sure” about their vaccination status. Students
who reported receiving “3 doses” are considered completely vaccinated. Cru-
cially, respondents with missing Vaccine Doses information are treated as ‘0’
for Incomplete Vaccination (i.e., not an incomplete vaccination), ensuring the
full population is utilized. The true population proportion of incomplete vac-
cination in this 380-individual dataset is 0.1816, confirming its status as a rare
event.

Preliminary descriptive analysis of this dataset revealed varying rates of
incomplete vaccination across different colleges and combinations of college
and year of study, confirming the presence of significant heterogeneity, thus
justifying the application of a heterogeneous modeling approach.

2.2 Adaptive Cluster Sampling (ACS) Procedure

Following the principles established by Thompson (1990), the logic of the
ACS procedure was applied to the known population to identify the underly-
ing network structure, which is then utilized in the subsequent analyses.

1. Initial Sample Selection: An initial sample of 10% of the to-
tal population, resulting in 38 units, was conceptually selected
using simple random sampling without replacement. The pur-
pose of this step is to define the starting point of the adaptive
process, which informs the network structure.

2. Neighbourhood Definition and Adaptive Expansion Logic:
The neighbourhood was defined to include all other students
within the same College and Department, reflecting a natural
clustering. The adaptive expansion logic was then applied to
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this conceptual initial. If a unit in the sample met the rare event
condition, all units in its neighborhood would be included in
the network. This expansion logic was used to identify all in-
terconnected networks of individuals.

3. Network ID Assignment for Full Population: Based on this
ACS logic, a unique Network ID was systematically assigned
to every unit in the entire 380-individual population. Units be-
longing to a similar expanded network were assigned a com-
mon Network ID. Units that did not trigger an expans1on and
were not part of an expanded network were treated as “single-
ton networks” and were each assigned a unique Network ID.

This process effectively utilizes the ACS framework as a tool for defin-
ing the population’s clustered structure, allowing the Bayesian hierarchical
model to leverage this information without performing a physical sampling
and inference from a smaller subset.

2.3 Estimators for Incomplete Vaccination Proportion

This study compares two estimators applied to the known population: a
simplified classical estimator and a heterogeneous estimator derived from a
Bayesian hierarchical model.

2.3.1 Classical Adaptive Cluster Sampling Estimator

For this case study, a simplified classical estimator is used to provide a bench-
mark for comparison. This estimator utilizes the full population data with its
assigned network structure. The estimator for the proportion of incompletely
vaccinated individuals, Dejassical, 18 calculated by taking the average of the net-
work means:

pclasswal - 37 Z Z Y (1)

zEN

where M is the total number of distinct networks identified, /V; is the set of
individuals in network j, n; is the size of network 7, and Y; is the vaccination
status of individual 7. The variance of this estimator is approximated by the
variance of the network means, a simplification appropriate for this case study
context, where all network means are known.

2.3.2 Bayesian Hierarchical Estimator

To explicitly address the observed heterogeneity, a Bayesian hierarchical model
is applied to the full population of 380 individuals. The model assumes that the
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Incomplete Vaccination status (Y;) for each individual ¢ follows a Bernoulli
distribution with a probability p;:

Y; ~ Bernoulli(p;) (2)

The probability p; is linked to a linear predictor through a logit function,
incorporating fixed and random effects to capture heterogeneity:

logit(p;) = it + QNetwork D[i] + Bsub Network ID[3] 3)
where:

1. u is the overall mean log-odds of incomplete vaccination.

2. QNetwork_1DJi) TEpresents the random effect for the Network ID
to which individual 7 belongs. This accounts for variability in
incomplete vaccination rates across larger clusters defined by
the adaptive sampling process (e.g., specific College-Department
groups formed as networks). These random effects are assumed
to be drawn from a normal distribution:

a; ~ Normal(0,02), forj=1,....,M 4)

3. Bsub_Network D[] T€presents the random effect for the
Sub_Network ID to which individual 7 belongs. This captures
additional fine-grained heterogeneity within networks, defined
by combining College and Year of Study. These random ef-
fects are also assumed to follow a normal distribution:

By ~ Normal(0, O’é), fork=1,...,K ®)

where M = 279 represents the total number of network units (includ-
ing expanded clusters and singletons) and K = 45 represents the number of
College-Year sub-network groupings identified in our data.

Prior Distributions:

Weakly informative priors are assigned to ensure the data drives the pos-
terior distribution:

p ~ Normal(0,0.01)
a; ~ Normal(0, o2)
B ~ Normal(0, o3) (6)
0, ~ Half-Normal(0, 1)
op ~ Half-Normal(0, 1)

The Bayesian estimator for the average proportion of incomplete vaccina-
tion is derived from the posterior distribution of the avg_incomplete vaccination
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parameter. The mean of the posterior samples provides the point estimate, and
its variance quantifies the uncertainty.

2.4 Data Analysis and Comparison

The data analysis was performed using R statistical software (R Core Team,
2016). The Adaptive Cluster Sampling procedure was implemented using cus-
tom R scripts. The Bayesian hierarchical model was fitted using JAGS (Just
Another Gibbs Sampler) (Plummer , 2004), accessed from R via the rjags
package (Plummer , 2017). Convergence diagnostics and posterior sample
analysis were conducted using the coda package (Plummer et al., 2006) and
bayesplot (Gabry et al., 2019), including Gelman-Rubin diagnostics, Geweke
diagnostics, effective sample size, and visual inspection of trace and density
plots.

The analysis involved the following steps:

1. Data Preparation: Cleaning and structuring the known pop-
ulation data, defining the rare event, and identifying network
variables based on the ACS procedure.

2. Bayesian Model Fitting: Running multiple Markov Chain Monte
Carlo (MCMC) chains for the Bayesian hierarchical model and
assessing their convergence.

3. Estimator Calculation: Computing the point estimates and
variances for both the classical ACS estimator and the Bayesian
hierarchical estimator.

4. Estimator Comparison: Comparing the calculated estimates
against the true population proportion to assess bias. Their vari-
ances and Mean Squared Errors (MSEs) were compared to as-
sess efficiency and overall accuracy. The MSE for an estimator
is given by:

MSE(p) = Bias(p)? + Var(p) (7)

where Bias(p) = E[D] — Puue, and pyye is the true population
proportion.

The relative efficiency based on MSE (REysg) is then com-
puted:

REmsg = —— 4 (8)

A ratio greater than 1 indicates that the Bayesian estimator is
more efficient in terms of overall accuracy. Similarly, a Vari-
ance Ratio (REy,,) was calculated.
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3 Results

The analysis began with a full population of 380 individuals. The ACS pro-
cedure, with a conceptual initial sample size of 38 units, identified various
networks and singleton units across the dataset. The true population propor-
tion of incomplete Hepatitis B vaccination was determined to be 0.1816.

Table 1: Posterior Estimates and MCMC Convergence Diagnostics

) . Effective
Posterior 95% HPD 95% HPD Gelman-Rubin .
Parameter M L U (Rhat) Sample Size
an WEr T a
e owe ppe (ESS)
pOverall Mean | oo g -1.269 1.00 1446
Log-Odds)
90 (SD of 0.234 0.025 0.693 1.05 41
Network Effects)
o3 (SD of Sub- 0.352 0.031 0.819 1.00 374
Network Effects)
Avg Incomplete ¢, 0.145 0.222 1.00 5833

Vaccination

MCMC Trace Plots for Model Parameters Each panel displays the pos-
terior samples (trace) and density plot for three independent Markov chains,
indicating good mixing and convergence.

0.30
|

0.20
|

15000 20000 25000 30000 35000

Iterations

Fig. 1: MCMC Trace Plots for Average Incomplete Vaccination Rate.
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The posterior distribution of the average incomplete vaccination param-
eter provides the most accurate estimate, integrating all hierarchical effects.
Its density, along with the 95% Highest Posterior Density (HPD) interval, is
visualized in Figure 2, showing its alignment with the true population propor-
tion.

Posterior Density of Average Incomplete Vaccination Rate

0 € QE%HPD'I'l_a,'['U'I'I'm_’nerv: 18, 0.

0.10 0.15 0.20 0.25 030
Average Incomplete Vaccination Rate

Fig. 2: Posterior Density of the Average Incomplete Vaccination Rate with
95% HPD Interval and True Population Proportion.

The dashed red line indicates the posterior mean, the green horizontal bar
represents the 95% HPD interval, and the vertical dashed red line marks the
true population proportion from the full dataset.

The calculated estimates and their corresponding variances and Mean Squared
Errors (MSEs) for both the classical and heterogeneous estimators are pre-
sented in Table 2.

Table 2: Comparison of Classical and Heterogeneous Estimators for Incom-
plete Hepatitis B Vaccination Proportion

Estimator Estimate Varian Mean Square
stmato (Proportion) anance  prror (MSE)
Classical 0.172 0.00050 0.00059

Heterogeneous 0.182 0.00038 0.00038

As shown in Table 2, the heterogeneous Bayesian estimator yielded an
estimate of 0.182 for the proportion of incompletely vaccinated individuals,
while the simplified classical estimator provided an estimate of 0.172.
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A critical finding is the comparison of their variances. The variance of
the simplified classical estimator was 0.00050, whereas the variance of the
heterogeneous Bayesian estimator was 0.00038. The calculated variance ratio
(REvar) was 1.31. Since this ratio is greater than 1, it indicates that the hetero-
geneous Bayesian estimator has a lower variance and is thus more efficient in
estimating the proportion of incompletely vaccinated individuals.

Furthermore, the Mean Squared Error (MSE) for the simplified classical
estimator was 0.00059, and for the heterogeneous Bayesian estimator, it was
0.00038. The relative efficiency based on MSE (REysg) was 1.55. This further
reinforces that the heterogeneous Bayesian estimator is more efficient, as its
MSE is lower, suggesting a better overall performance in terms of both bias
and variance.

To visually capture these significant efficiency gains, the Variance and
MSE of both estimators are compared in Figure 3.

Estimator Efficiency Comparison (Variance & MSE)

6e-04

4e-04

Metric

. MSE
. Variance

Value

2e-04

De+00

Classical ACS Heterogeneous
Estimator

Fig. 3: Comparison of Estimator Efficiency across Metrics.

A bar chart comparing the variance and MSE of the simplified classical
and heterogeneous Bayesian estimators, demonstrating the superior efficiency
of the heterogeneous estimator.

3.1 Model Fit and Posterior Predictive Check
To assess the goodness-of-fit of the Bayesian hierarchical model, a posterior
predictive check was conducted. Replicated datasets were simulated from the
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posterior predictive distribution, and the mean proportion of incomplete vacci-
nations was calculated for both the observed data and each simulated dataset.
As depicted in Figure 4, the observed mean proportion falls well within the
posterior predictive distribution of the simulated mean proportions, indicating
that the model adequately captures the underlying data-generating process and
provides a good fit to the observed data.

Posterior Predictive Check: Replicated vs. Observed Mean
1

bserved Mean: 0.182

Density

0.10 0.15 0.20 0.25 0.30
Mean of Incomplete VVaccination

Fig. 4: Posterior Predictive Check for the Bayesian Hierarchical Model.

The histogram shows the distribution of the average incomplete vaccina-
tion rate from simulated datasets. The vertical dashed line indicates the ob-
served data average. Good model fit is indicated when the observed average
falls within the predictive distribution.

4 Discussion

This case study provides compelling evidence that explicitly modeling hetero-
geneity within an Adaptive Cluster Sampling (ACS) framework significantly
enhances the accuracy and overall performance of rare event proportion es-
timation. Our Bayesian hierarchical estimator consistently outperformed the
simplified classical estimator, demonstrating superiority in terms of both pre-
cision (lower variance) and overall accuracy (lower Mean Squared Error).

The results show that the Bayesian hierarchical estimator provides an esti-
mate (0.182) that is remarkably close to the true population proportion (0.1816),
indicating negligible bias. This is a crucial advantage, as unbiasedness is paramount
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for reliable public health surveillance and policy formulation. While the sim-
plified classical estimator also exhibited relatively low bias in this analysis,
its performance was still inferior to the Bayesian approach.

The lower variance (0.00038) of the Bayesian estimator compared to the
simplified classical estimator (0.00050) indicates greater precision. This means
the Bayesian estimates are more tightly clustered around their true value.
When combined with its negligible bias, this precision translates directly into
a substantially lower Mean Squared Error (0.00038 vs. 0.00059). The MSE ra-
tio of 1.55 unequivocally demonstrates the Bayesian model’s superior overall
accuracy.

The successful posterior predictive check further strengthens the valid-
ity of our Bayesian model, confirming its ability to adequately represent the
observed data. The model effectively leverages the hierarchical structure (net-
works and sub-networks) identified by the ACS logic, allowing it to ”borrow
strength” across different groups and provide more robust estimates of the rare
event proportion.

These findings underscore the critical importance of integrating sophisti-
cated modeling techniques, such as Bayesian hierarchical models, into adap-
tive sampling designs. For public health applications, where accurate preva-
lence estimates of rare conditions (like incomplete vaccination) directly in-
form policy, resource allocation, and intervention strategies, minimizing both
bias and overall error is paramount.

This study represents an independent research contribution that applies
and evaluates the principles of Bayesian hierarchical modeling within ACS,
building upon foundational work in the field, including that of Wale-Orojo et
al. (2022). While their work focused on modeling total counts with specific
parameterizations, our study specifically addresses the accurate estimation of
proportions of rare events in a public health context, demonstrating similar
gains in accuracy and precision.

While this case study provides strong evidence, it is important to acknowl-
edge its limitations. The findings are based on a single real-world dataset
treated as a known population. The simplified classical estimator used for
comparison is a simplified version for analysis purposes; a real-world applica-
tion would necessitate a more complex design-based estimator (e.g., Hansen-
Hurwitz or Horvitz-Thompson) with its corresponding variance calculation.
Future research could explore the robustness of this approach across a wider
range of simulated population structures, varying levels of rarity and cluster-
ing, and different adaptive sampling parameters. Further investigation could
also include additional individual-level covariates (e.g., age, gender) as fixed
effects to further refine the model’s predictive capabilities.

5 Conclusion

In this study, using a complete dataset as a known population, we demon-
strated the superior performance of a heterogeneous Bayesian hierarchical es-
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timator over a classical ACS estimator for estimating a rare event proportion.
The Bayesian approach, by explicitly modeling the heterogeneity inherent in
the clustered data, resulted in a substantial reduction in both variance and
Mean Squared Error. This work demonstrates that the combination of Adap-
tive Cluster Sampling and a Bayesian hierarchical model provides a more pre-
cise and efficient estimator for rare event-proportions, offering a robust alter-
native to traditional survey methods. This finding has significant implications
for public health surveys and other fields where the accurate estimation of rare
events is crucial for effective decision-making.
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